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Abstract In this paper we study the asymptotic behavior and periodicity of the equa-
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1 Introduction
In this paper, we study the dynamics of the non-autonomous difference equation

Xn

ey

Xn+1 = Pn +
Xn—1

where xg > 0, x_1 > 0 and p, is a positive bounded sequence. This kind of difference
equations has been considered in some articles cited below. Interested reader can go
bach to these titles and the references cited therein. In [10] the authors studied the

difference equation
P
Xn—1

q
Xn

Xp1 = Ap +
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where x_1 > 0,xp > 0, the sequence A, is a positive bounded sequence, p and
q € [0, 00). In [12] the authors studied an extension of this equation, which is

.xp 1
Xr = A+ 2L G)
Xn

In addition, the authors in [4,6,11] studied the dynamics of the difference equation

.xp k
Xpyl =0+ n_p 4)
Xn

where p, @ € [0, 00) and x_, x¢ are positive numbers.
Finally, in [5,8,14] the authors studied the difference equation

Xn—1

n

where xg > 0, x_1 > 0 and p, is a positive bounded sequence.
Motivated by the above papers we will study the boundedness and attractivity of
the equation

ntl = pa + —2, (6)
Xn—1
where xo > 0, x_; > 0 and p, is a positive bounded sequence.

Studying the dynamics of Nonautonomous difference equations is an impor-
tant and interesting subject in its own right. Nonautonomous difference equations
have many applications in different areas such as economics, social sciences, biol-
ogy,...etc. We cite here the book by Sedaghat [13] for applications of nonautonomous
difference equations. Equation (1) could be obtained from the population model
Yn+1 = (UWKpyn)/(Knyn—1 + (u — 1)y,) by taking x, = 1/yy.

In order to have a self-content article, we list below some definitions of basic
concepts discussed in the paper.

Definition 1.1 We say that a solution {x,} of a difference equation x,4+; =
f(xn, Xp—1, ..., xp—k) is bounded and persists if there exist positive constants m and
M suchthatm < x, < M forn=-1,0, ...

Definition 1.2 We say that a solution {x,} of a difference equation x,4; =
f(xn, Xn—1,...,xp—k) is periodic if there exists a positive integer p such that
Xpt+p = X,. The smallest such positive integer p is called the prime period of the
solution of the difference equation.

Definition 1.3 The equilibrium point of the equation x,+1 = f(Xp, Xp—1, - -+ Xn—k),
n =0, 1,...1s the point that satisfies the condition x = f(x, X, ..., X).

Definition 1.4 Consider the difference equation x,4+1 = f(Xn, Xp—1, -, Xn—k)-
Then
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Dynamics of non-autonomous difference equation 281

(a) A positive semi-cycle of a solution {x,} of this equation is a string of terms
{x1, X141, ..., xm}, all greater than or equal to the equilibrium x, with/ < —k and
m < oo and such that either / = —k or/ > —k and x;_| < x and either m = oo
orm < oo and x4+ < X.

(b) A negative semi-cycle of a solution {x,} of this equation is a string of terms
{x1, X141, ..., xm}, all less than or equal to the equilibrium x, with [ > —k and
m < o0 and such that either /| = —k or/ > —k and x;_{ > x and either m = oo
orm < oo and x4 > X.

Definition 1.5 A solution of the difference equation x,,11 = f(x,, Xp—1, -+ ., Xn—k)
is called nonoscillatory if there exists N > —k such that x,, > x foralln > N of
x, < x foralln < N. A solution {x,} is called oscillatory if it is not nonoscillatory.

In the next section, we discuss boundedness, persistence and invariant interval
of solutions of Eq. (6). Then, semi-cycle behavior and attractivity of solutions are
considered. Finally, existence of periodic solutions is studied.

2 Boundedness and persistence
Let p, is a positive bounded sequence with

liminf p, = p>0 and limsupp, =¢g < oo. @)
n—00 n—00

The following results can be obtained and proved directly as in [5]. For the convenience
of the reader, we refer to the main arguments in the proof.

Lemma 2.1 Assume Eq. (7) is satisfied. Let x,, be a solution of (6). Then,

(1) If p > O, then {x,} persists.
(1) If p > 1, then {x,} is bounded from above.

Proof Assume that p > 0. It’s clear that x,,1| > p, from which we conclude that
liminf,_, o x, > p. Thus, x,, persists. To prove the second part we assume that p > 1.
From part (i) we have x,+1 > p — €. Then we have x,+1 < p, + px_"e. Referring to
theorem B in [5], we get the result. O

The following results are readily obtained as in [5]

Lemma 2.2 Assume that Eq. (7) is satisfied and p > 1, and let x,, be a solution of
Eq. (6). If

A =liminfx, and p =limsupux,,
n—00 n—00

then

Pa—l s cp<?a”]

qg—1 p—1

®)

@ Springer



282 A. Awawdeh, M. Alogeili

Proof Let € > 0, then forn > No(e), wehave A — ¢ <x, < u+eand p —€ <
Pn < q + €. Then,

A— A
xn+12p—e+—6, as n—>00 A>p+ —, )
n+e w
and +
€
xn+1§q+e+u ,as n— 00 M§q+ﬁ. (10)
A—e€ A
Hence,
up+2r <Apu <qgi+pu.
Then,
u(p—1) <@g —1),
so we get
—1 A —1
Efq and _Zp
AT p—1 uw - qg—1
For n > Ny Eqgs. (9) and (10) give
A—E€ —1
Xn4l = p—€+ =2 + O(e),
u+e q—1
and
+€ —1
xn+1§q+e+u — P4 + O(e).
A—E€ p—1
Then,
— —1
)L>P61  and MSPCI
q— pP—
So we get
pa-l_,_,pa-t
qg—1 rp—1
which is the required result. O

Theorem 2.1 Consider the interval I = [PQQ__ll, PPQ__II], where 1 < P < p, < Q,

forn=0,1,2,...1If x, is a solution of Eq. (6) such that x_1, xo € I, then x,, € I for
alln =1,2,...
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Proof
X0
X1=po+—.
X-1
Now, x_1,x9 € I = [PQQ__ll, PPQ__II] then,
X0 PO -1
= + — < —
BRI
and
X0 PO -1
x| =py+ — > —.
1= P0 .- 0-1
So x1 € I. Then we proceed by induction. O

3 Attractivity

Assume that x is a positive solution of (6). Here we are interested in finding sufficient
conditions such that x attracts all the positive solutions of the equation x, of Eq. 6.
Now, let

yw=—, n=-10,1,.... (11)

Xn

Equation (6) becomes after substituting from (11)

pot
Ynl = ———EL (12)
Pn + Xn—1

Lemma 3.1 Let x,, be a positive solution of Eq. (6). Then the following are true

(i) Equation (12) has a positive equilibrium solution y = 1.

(i) If for some n, yp—1 < yn, then y,41 > 1. Similarly, if for some n, y,—1 > yp,
then y,4+1 < 1.

Proof (ii)Assume that for some 7, y,_1 < vy, then % > 1.

Xn Yn X,
_ Pn + Xn—1 (ynfl) < Pn + )Enil _
Yn+1 = on =, on + P
n n Xn—1

Xn—1

So yu41 > 1.
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Similarly, assume y,_1 > y,, then "l < 1. Now,

Xn Yn X
pn+)_‘n71 (Ynfl) pn+)fn 1
Vntl = Sl < il
Pn + Xn—1 Pn + Xn—1

So yu+1 < 1. |

Theorem 3.1 (a) Assume that there exists n such that y,—1 < 1 and y, > 1 and
Yn+2 < Yn+3 < Yn+4 < -
(i) If yn > Y41, then yyqp > 1 forallk = 4,5, ...
(i) If yn < Yn+1 and Y42 > Yp+1, then ypor > 1 forallk = 1,2, ...
(b) Assume that there exists n such that y,—1 > 1l and y, < 1 and y,42 < yn43 <
Vs < --
1) If yn > Ynt1 and yp42 > Yn41, then y,qp > 1 forallk =3,4, ...
1) If yn < Yn+1, then yyqp > 1 forallk =2,3, ...

Proof (a) Assume that y,_1 < 1 and y, > 1, then }”1 > 1, which concludes that

Xn Yn X
y Pn + Xn—1 (ynfl) Pn + fn,1
+1 = - =
! P+ =2 pn + .

Xn—1

Xn—1

(i) It follow that y, 4> and y, 3 are less than 1.
Now, to prove the main result we will use the mathematical induction.
Assume that y,42 < Yp43 < Ynta < ...

Fork =4
xn+% Yn+3 n+3
DPn+3 + xn+2 (yn+2) Pn+3 + X N2 (1)
In+d = T3 Y43
Pn+3 + FoweY Pn+3 + T2
Assume that y,44 > 1 forallk = 5,6,7,..., m. We will prove the result for k =
m 1. According to the assumption y, 4, > Yn4+m—1, then yy”% > 1, and as aresult
xn+m Yn+m
Pntm + Xntm—1 (yrH»mfl) pn+m Xn+m (1)
Yn+m+1 = Xntm > Xn+m
Pn-tm + jnerfl Pntm + /Enerfl

Hence y, 4 > 1 forallk =4,5,6, ...
(i1) One can easily show that y, 1> and y,, 13 are greater than 1. Assume that y, 4 > 1
forall k = 4,5,6,...,m. We will prove the result for k = m + 1. According to the

assumption Y,4+m > Yn4+m—1, then yy”% > 1, and as a result
+m—

_)zn+m Yntm Xntm
Pn+m + Xn+m—1 (}’n+m—l) . pn+m Xntm—1 (1) -1

Yn+m+1 =

7)?n+m
Xn4+m—1

pn+n1 + _ n+m

Pntm + Xn4+m—1
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Hence y, 4 > lforallk =1,2,...
(b) Assume that y,_; > 1 and y, < 1, then y’vﬁl < 1, thus we have

Xn Yn Xn
P + 55 (yH) + 5.1 B
Yn+1 = . < % =
Pn + Xn—1 Pn + Xn—1

(1) The assumption in this implies that y,1» < 1 and y,43 > 1.
Assume that the result holds for k = 4,5, 6, ..., m. We need to prove the result

for k = m + 1. It’s assumed that y,4,,—1 < Yn4m, SO )’:’f"’l > 1 and as a result
i

Xntm Yntm x
puim + gt () pn + 222D
>

Xn+m—1 Xntm—1
Yntm+1 = iz + _)zn+m D + _xn +m
ntm Xn+m—1 ntm Xn4+m—1

Then y,+r > 1 forallk =3.,4, ...

(ii) Clearly, we have y,4> > 2 in this case.

Assume that the result holds for k = 3,4, ..., m, we must prove that this result
holds for k = m + 1 and we have that y,,+,,—1 < Yn+m- Thus

Prtm + Xn+m—1 (yn-%—m—l) Pntm + )? ntm—1 (1 )
yn+m+1 = in+m = n+m
Pn-tm + )Enerfl Pntm + errm—l
Hence, y,4r > 1 forallk =2,3, ... |

We have also the following theorem which can be proved as above.

Theorem 3.2 (a) Assume that there exists n such that y,—1 < 1, y, > 1 and y,12 >
Yn+3 > Yn+4 >
Q) If yn > Yn+1, then yp4x < L forallk =2,3, ...
1) If yn < Yn+1 and yn42 < Yn+1, then yp4k < 1 forallk =3,4, ...
(b) Assume that there exists n such that y,—1 > 1,y, < 1l and y,42 > yu43 >
Yntd > -
Q) If yu < Yn+1, then yp4x < 1 forallk =4,5, ...
(1) If yn > Yn+1, then ypip < 1 forallk =1,2, ...

Theorem 3.3 If y, > y,+1 > 1 and y:j’r—ﬁl > 1 for k = 21 + 1, where | is an odd

number and )v:% <lfork=41+1,1=1,2,3,..., then every semicycle has two
terms with positive semicycle followed by negative semicycle each of which consists

of two terms.

Proof To prove this theorem we use mathematical induction. Assume y, 4 > 1 and
Ynt+2 < 1, then y,43 < 1 and according to the assumption y,;4 > 1, consequently
Yn+5 > 1.Assume that the result holds for /, in other words fork = 7, 11, ...,2] + 1,
where [ is an odd number we have that % > 1l,and fork = 5,9,...,4l + 1,
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286 A. Awawdeh, M. Alogeili

where [ = 1, 2, ... we have that yyi:f o< 1, and thus every positive semicycle with

two terms is followed by a negative semicycle with two terms, in other words

xn+2/+l Yn+20+1
Prt2i+1 + 700 ( Yn421 ) 1

yn+2]+2 - 7£+21+1

Pn214+1 + 0

and y,42/+3 > 1, the elements y,y2/4+2 and y,42;43 constitute a positive semicycle
with two terms. And

Xntal+1 [ Yntal+l
Pr+ar+1 + Xndl ( V4l ) 1

yn+4l+2 - rL+4l+1

Pntal+1 + 0

and y,44743 > 1, the elements y, 44742 and y, 1443 form a negative semicycle with
two terms.
Now, for k =2(I +2) + 1 = 21 + 5, [ is an odd number we have

Xntk—1

xn+k Yn+k
Pntk + ()’n+k 1)

Yntht1 = Xntk

p"+k+x+k1

Ent2145 ( Ynt2i+s
Pn+21+5 + Xn42044 (Yn+21+4) 1

Yn+204+6 =

’

Xn 42145

Pn+2145 + Xnt20+4

and y,42147 > 1, S0 {Vn42i+6, Yn+2147} 18 @ positive semicycle with two terms.
Fork=4(l+1)+1=4]+5,wherel =1,2,...

Xn+dl+4 \ Yn+dl+4

n+4l+5
Xn+dl+4

DPridies + Xn+dl+5 (J’n+4l+5)
1

Yn+4l+6 =

k]

Pn+41+5 +

and yp44147 < 1, 80 {¥n+4i+6, Ynt4i4+7} 1S a negative semicycle with two terms. O

Theorem 3.4 If y, 11 > y, > 1 and 2% < 1 for k = 21 + 1,1 is an odd number

Yn+k—1
and y)j’r% >1fork=2k=41+1,1 =1,2,3, ..., then every semicycle has two
terms with positive semicycle followed by two terms negative semicycle.

Theorem 3.5 If y, < yp41 < 1 and V’“’f] < 1 fork =2+ 1,1 is an odd number

and % > lfork =41+ 1,1 =1,2,3,..., then every semicycle has two terms

with positive semicycle followed by negative semicycle.

Theorem 3.6 Ify, 1 < y, < 1andyﬁ:fl <l1fork=2,k=41+1,1=1,2,3,...

and yny:_:: > 1 fork =21+ 1,1 is an odd n, then every semicycle has two terms with

negative semicycle followed by positive semicycle.
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Dynamics of non-autonomous difference equation 287

Theorem 3.7 Every nonoscillatory solution to Eq. (12) converges to 1.

Proof Let y, be a nonoscillatory solution of Eq. (12), then
yo<1, or y,>1, n> Np.

Without loss of generality, assume that y, < 1, for n > Nj.
Claim

Yn+1 < Yn-

In order to prove this claim, assume the contrary, in other words there exists m such
that

Ym+1 > Ym-

Now,

Ym+1
Ym

> 1,

which implies that y,,+> > 1. This contradicts the assumption, so our claim is valid.
Hence,

Yut1 < Yn, n = Np.

Now,
Yn+l = =%
pn + )Enfl
X (L _ 1)
Xn—1 Yn—1
Dt — 1] = |2 L) (13)
Pn + Tl
Pn 1S a positive sequence. So
Y
s — 11 < 1|2 - 1‘
Yn—1
Now, % < land y,y; < 1, hence,
L=y < 1— 22,
Yn—1
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then
yﬂ
—Vn+1 < — i
Yn—1
thus,
Yn
Yn+1 > )
Yn—1

Yn+1 < 1,80 as n — oo we have liminf,, .~ y, = n < 1, that is
liminfy, =n < 1.
n— o0

And according to Eq. (14) we conclude that

yn+1yn71)’n_l > 1.

Asn — o0

So

n = liminf y, = 1.
n— o0

Also we have y,4+1 < 1, soas n — oo we have limsup,_, ., y» =y < I, thatis

limsupy, =y < 1.
n—oo

And according to Eq. (14) we conclude that

Ynt1 o1y, > L.
Asn — o0
1+1-1 _
So

y =limsupy, = 1.

n—o0

Then, liminf, o y, = limsup,_, o, y» = 1, thenlim, o y, = 1.

@ Springer
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4 Periodic solutions

Definition 4.1 We say that {p,} is periodic with prime period k if
Pntk = pn for n=-1,0,...
Assume that {p, } is periodic with prime period k.
p = liminf p,
n—>00
and

q = limsup p,

n—o00

Lemma 4.1 A necessary condition for the existence of a periodic solution {x,} of Eq.
(6) with prime period k is that {p,} is periodic with prime period k.

Proof Assume that x,, is a periodic solution with prime period k, so we have x,, 1 = x,,,
forn = —1,0, ..., we have

Xn+k
Xptk+1 = Pn+k + .
Xn+k—1
So we get that
Xn+k Xn
Pn+k = Xn+k+1 — = Xn+1 — = Pn-
Xn+k—1 Xn—1

Then py,+r = pn, this means that p, is periodic with period k. O

Theorem 4.1 Assume that p, is periodic with prime period k, and let 1 < p < q.
Then there exists a positive periodic solution {x,} of Eq. (6) with prime period k.

Proof We aim here to show that there is a periodic solution for Eq. (6) with period k.
It is enough to show that the system has a positive solution

X0 Xk
X1=po+—=pk+—
x-1 Xk—1

X1 X1
Xo=p1+—=p1+—
X0 Xk

Xk—1
Xk = Pk—1*+ .
Xk—2
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Define a function F : Rﬁ — Rﬁ_ such that,

Uy up Uk—1
F(ul,uz,--.,uk)z(Pk+—,P1+—,.--,Pk—1+ )
U1 u Ug—2

In addition define an interval I = [pqq—:ll, ’;q—:ll]. Now, we aim to show that I¥ is

invariant under the function F. If u, us, ..., u; € I, we have

IA

: _1
pi4 A< P i=1,2,... k j=( - Dmod(k),
” ~

j p—1’
1
pi4+ 4 P = i= 120k ) = = Dmod(k).
M] q—

Then p; + :j_; elfori=1,....k, j= (i — Dmod(k). So I* is invariant under the

function F'. Now, we have F : | ks I* and F is continuous on 7* and I* is convex
and compact. Then, by Brower Fixed Point Theorem F has a fixed point in 7.

Assume that the fixed point is (i, uz, ..., i) € I*. Define the sequence
X_1 =Ug—1, Xo=1ur and Xpkq; =u;, for i=1,2,..., m=0,1,....
This sequence satisfies the Eq. (6) and is periodic with period k. O

Corollary 4.1 Assume that {p,} is a convergent sequence and

lim p, =p > 1.

n—00
Then every solution {x,} of Eq. (6) is convergent and

lim x, =p+ 1.

n—00
Proof p, is bounded so {x,} is bounded and persists according to (2.1). Moreover,

we have

A =liminfx, and p = limsupx,.
n—00 n—00

And

p =liminf p, and ¢ = limsup p,.
R—00 n— 00

And from Lemma (2.2) we have that

pq_lsksuqu_l

qg—1 p—1
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pn 18 convergent so p = liminf, .~ p, = limsup,_, ., p» = ¢q. Then we have that

2 2
-1 -1
prt=C" a<cu<l _—pt1
p—1 p—1
So we have A = u = p + 1. Then as a result we get lim, o x, = p + 1. O
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