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Abstract. In this note we introduce and investigate the concepts of dual entwining structures and
dual entwined modules. This generalizes the concepts of dual Doi—Koppinen structures and dual
Doi—Koppinen modules introduced (in the infinite case over rings) by the author in his dissertation.
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Introduction

This note deals with the following problem: let (A, C, ) be a given entwining
structure over a commutative base ring R. Find an R-subalgebra A € C* and an
R-coalgebra C € A*, such that (A, C, ¢*) is an entwining structure.

For general entwining structures, it is not clear if such a dual entwining structure
exists. However, once it is found, we have the expected duality relations between
the corresponding categories of entwined modules. For the special case of Doi—
Koppinen structures over Noetherian rings, the problem was solved by the author
in his dissertation. Our results are formulated for right-—right entwining structures.
Corresponding versions for left-left, right-left and left—right entwining structures
can be derived easily using the left-right dictionary (e.g., [9]).

The paper consists of three sections. In the first section, we give the necessary
definitions and results from the theory of Hopf algebras and entwining structures.
In the second section we present and investigate the concepts of dual entwining
structures and dual entwined modules. The third section is an extended version
of [2, § 3.4] formulated for right—right Doi—Koppinen structures. Our results in
the third section generalize also those achieved independently by L. Zhang [29] on
dual relative Hopf modules in the case of a commutative base field.

* Current address: Department of Mathematical Sciences, P.O. Box 5046, King Fahd University
of Petroleum & Minerals, 31261 Dhahran, Saudi Arabia.
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Throughout this paper R denotes a commutative ring with 1z # Og. The cat-
egory of R-(bi)modules will be denoted by M. For an R-coalgebra (C, Ac, &¢)
and an R-algebra (A, (4, na) we consider Homg(C, A) as an R-algebra with the
so called convolution product (f * g)(c) := ) f(c1)g(c2) and unity n, o &c. For
an R-algebra A and an A-module M, an A-submodule N C M will be called R-
cofinite, if M/N is f.g. in M. We call an R-submodule K € M pure (in the sense
of Cohn), if the canonical map tx ® idy: K ®x N — M ®pg N is injective for
every R-module N.

1. Preliminaries

In this section we give some definitions and lemmata from the theory of Hopf
algebras and entwining structures.

1.1. MEASURING R-PAIRINGS

If C is an R-coalgebra and A is an R-algebra with a morphism of R-algebras
k: A— C*,ar> [c+> (a,c)],thenwecall P := (A, C) a measuring R-pairing.
In this case C is an A-bimodule through

a—\c::Zq(a,cz) and ¢ < a:= Z(a,cl)cz
foralla € A, c € C. (D)
Let (A, C) and (B, D) be measuring R-pairings, §: A — B an R-algebra mor-

phism and #: D — C an R-coalgebra morphism. Then we say (¢, 0): (B, D) —
(A, C) is a morphism of measuring R-pairings, if

(£(a),d) = (a,0(d)) foralla e Aandd € D.

The category of measuring R-pairings and morphisms described above will be
denoted by £,,.

1.2. THE a-CONDITION

Let P = (A, C) be a measuring R-pairing. We say P satisfies the «-condition
(or P is a measuring «-pairing), if for every R-module M the following map is
injective:

ozA’j,: M ®r C — Homg(A, M), Zmi R c; [a — Zmi(a,ci)]. (2)

With #7 C £, we denote the full subcategory of measuring o -pairings.

We say an R-coalgebra C satisfies the «-condition, if (C*, C) satisfies the o-
condition (equivalently, if xC is locally projective in the sense of B. Zimmermann-
Huignes [30, Theorem 2.1], [16, Theorem 3.2]).
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1.3. SUBGENERATORS

Let A be an R-algebra and K an A-module. We say an A-module N is K -subgene-
rated, if N is isomorphic to a submodule of a K -generated A-module (equivalently,
if N is Kernel of K-generated A-modules). The full subcategory of A-modules,
whose objects are the K-subgenerated A-modules is denoted by o[ K ]. Moreover
o[K] is the smallest Grothendieck full subcategory of the category of A-modules
that contains K. The reader is referred to [25] for the well developed theory of
categories of this type.

Rational Modules

1.4.Let P = (A, C) be a measuring «-pairing. Let M be a left (a right) A-module,
om: M — Homg(A, M) the canonical A-linear map and put Rat®(4,M) =
0y (M ®g C) (resp. “Rat(M,) = p,,' (C @ M)). We call 4M (resp. M,) C-
rational, if Rat(4,M) = M (resp. “Rat(M,) = M). If M is an A-bimodule,
then we set “Rat®(4M4) = Rat(4M)N “Rat(M,) and call M C-birational, if
CRatC (4M,) = M.

LEMMA 1.5 ([2, Lemma 2.2.7]). Let P = (A, C) be a measuring o-pairing. For
every left (resp. right) A-module M we have:

(1) Rat® (4 M) C M (resp. “Rat(M,) C M) is an A-submodule.

(2) For every A-submodule N C M, it follows that Rat® (4, N) = N N Rat® (4 M)
(resp. “Rat(N,) = NN CRat(M,)).

(3) Rat®(Rat® (4 M)) = Rat® (4 M) (resp. “Rat(“Rat(M,)) = “Rat(My)).

(4) For a left (resp. a right) A-module L and an A-linear map f: M — L, we
have f(Rat®(4M)) € Rat®(4L) (resp. f(‘Rat(M4)) C “Rat(L 4)).

NOTATION. For a measuring a-pairing (A, C) we denote with Rat€ (4, M) C 4 M
(resp. CRat(M ) € My, RatC (4 My) S 4 My) the full subcategory of C-rational
left A-modules (resp. C-rational right A-modules, C-birational A-bimodules).

THEOREM 1.6 ([2, Satz 2.2.16, Folgerung 2.2.22]). For a measuring R-pairing
P = (A, C) the following are equivalent:

(1) P satisfies the o-condition;
(2) gC is locally projective and kp(A) C C* is dense (w.r.t. the finite topology).

If these equivalent conditions are satisfied, then we have isomorphisms of cate-
gories
ME >~ Rat® (4 M) = o[4C]
Ratc(c*M) = O'[C*C];
CM =~ “Rat(M,) = o[Cal

[
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~ CRat(Mc+) = o[Cexl;
CRat® (4 M4) = o [4(C @ C) 4]
~ CRatC(C*Mc*) = U[C*(C ®R C)C*]

CMC

[

LEMMA 1.7 ([2, Lemma 2.1.23]). Let P = (A, C), Q = (B, D) be measuring
R-pairings and&é: A — B, 0: D — C be R-linear maps with

(£(a),d) = (a,0(d)) forallae Aandd € D.
(1) Set P@ P := (A®g A, C ®x C) and assume that C @g C 23" (A ®x A)*
is an embedding. If £ is an R-algebra morphism, then 0 is an R-coalgebra
morphism. Moreover, if A is commutative, then C is cocommutative.

(2) Assume B & D* 10 be an embedding. If 0 is an R-coalgebra morphism, then
& is an R-algebra morphism. Moreover, if C is cocommutative and A C C¥,
then A is commutative.

1.8 ([4, Theorem 2.8], [5, Remark 2.14, Proposition 2.15]). Assume R to be Noethe-
rian. Let A be an R-algebra and consider A* as an A-bimodule through the left and
the right regular A-action (af)(b) = f(ba) and (fa)(b) = f(ab). We define the
finite dual of A as the R-module

A° = {f e A" | AfAisf.g in Mg}
= {f € A*| f(I) = 0 for some R-cofinite ideal I <1 A}.

An R-algebra (resp. an R-bialgebra, a Hopf R-algebra) A with A° C R* pure will
be called an «-algebra (an a-bialgebra, a Hopf «a-algebra). For every a-algebra
(resp. a-bialgebra, Hopf «-algebra) A, the finite dual A° becomes a locally projec-
tive R-coalgebra (resp. R-bialgebra, Hopf R-algebra). If A is an «-algebra and
C C A° is an R-subcoalgebra, then (A, C) is a measuring «-pairing. For a-
algebras (resp. «-bialgebra, Hopf o-algebras) A, B and a morphism of R-algebras
(resp. R-bialgebras, Hopf R-algebras) f: A — B, it follows directly from
Lemma 1.7 that the restriction of f*: B* — A* to B° induces a morphism of
R-coalgebras (resp. R-bialgebras, Hopf R-algebras) f°: B° — A°.

Remark 1.9 ([2, Folgerung 2.1.10(1)]). Let V, W be R-modules and X C V*,
Y € W* be R-submodules. If R is Noetherian and X C R is Y-pure (or Y ¢ RV
is X-pure), then the following induced canonical map is injective:

w: XQrY > (VR W), fRgr— f ® g,
where

(f @ 9v®w) = f(v)gw).
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Entwined Modules

1.10. A right-right entwining structure (A, C, ) consists of an R-algebra
(A, 4, na), an R-coalgebra (C, Ac, ec) and an R-linear map

Yv: CRQrA—> AR C, c®a|—>2a¢®cv’,
such that

Y @by ®c? =) ayby @'Y, YUy =L, ®c,

3
Zaw ® Ac(c?) = Zaw\y ® c}p ® c‘zp, ZSC(C'//)aw = ¢ec(c)a. ©)

Let (A, C,v) and (B, D, V) be right-right entwining structures. A morphism
(y,90): (A,C,v¥) — (B, D, ¥) consists of right entwining structures an R-algebra
morphism y: A — B and an R-coalgebra morphism §: C — D, such that

D r@) @) =) y@w®8()".

With E; we denote the category of right—right entwining structures. For defini-
tions of the categories of left—left, right—left and left—right entwining structures the
interested reader may refer to [9].

1.11. Let (A, C, ¥) be a right-right entwining structure. An entwined module cor-
responding to (A, C, ) is aright A-module M, which is also a right C-comodule,
such that

om(ma) = me)alp ®m2”1) forallm e M, a € A.

For entwined modules M, N corresponding to (A, C,v{¥) we denote with
Homg (M, N) the set of A-linear C-colinear morphisms from M to N. The cat-
egory of right-right entwined modules and A-linear C-colinear morphisms is de-
noted by M§ (). Entwined modules were introduced by T. Brzezifiski and S. Ma-
jid in [8] as a generalization of Doi—Koppinen modules presented in [13] and [17].

LEMMA 1.12. Let (A, C, ) be a right—right entwining structure over R and set
C:=AQgC.

(1) C is an A-coring with A-bimodules structure given by
a(@®c):=ad ®c, (@R c)a ::Zﬁaw@)cw, 4

comultiplication
Ae: AQRrC - (ARrC) ®4 (A®g C),

a®cr Z(a®61)®A (14 ® ¢2)
and counity ge := ¥ o (ids ® ec). Moreover Mg(lp) ~ MC.
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2) #pr(C ,A) := Homg(C, A) is an A-ring with A-bimodule structure given by
(af)(c) := Za,pf(c‘//), (fa)(c) := f(c)a, multiplication

(f )0 =) flcysglc]) %)

and unity na o &c.
(3) Consider *C := Homu_(C, A) as an A-ring with the canonical A-bimodule
structure, multiplication

(f % 8)(©) =) _gleif(c)) forall f.g € *Candc e C
and unity ee. Then #pr(C, A) >~ *C as A-rings via
v: Homg(C, A) — Homy_ (A ®r C, A), f > [a®cr af(c)] (6)

with inverse h — [c — h(l4 ® ¢)].

Proof. (1) This was noticed first by M. Takeuchi and can be found in several
references (e.g., [7, Proposition 2.2]).
(2)Foralla,b € A, f € #;(C, A) and ¢ € C we have

(ab) f)(©) = Y (ab)y f(c¥) =) aybyf(c"")
= Y ay (b)) = (abf))(c).

It is clear then that the left and the right A-actions given above define on #owp(C , A)
a structure of an A-bimodule. Moreover we have for all f, g, h € Homg(C, A) and
ceC:

(f &) M) = YIS - &) enlgh(e))
= 3 1 f en)ys@DIghie])
= S ey gecylh )’
= Y lfeygeel)plhc)?)
= 3" fenpge)phe)H))

= ) fley(g- )
= (- (g m)(.

It is clear that n4 o &c is a unity for #?/,p(C, A).
(3) Note that v is given by the canonical isomorphisms

Homg(C, A) ~ Homz(C, Hom,_(A, A)) ~ Hom,_(A ®f C, A).
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Foralla € A, f € #;(C, A) and ¢ € C we have

v(af)(b®c)

b)) =b(Y ayf(e")

= Zbawf(cw) = v(f)(Zba,/, ®c'/’>
= (I ®c)a) = (av(f))(Db R c).

It is obvious that v is right A-linear. For all f, g € #)7(C, A),a € Aand ¢ € C we
have

v(fg)a®c) = al(f-g)c) =a)y_ flea)yg(c))
= Y afeg)) =v (Y ey ad)
= v@ (Yo ) =ve (Y @emiife)

= v@ (X @ean(Niiee)
() % V(@)@ @ ).

Consequently, v is an isomorphism of A-rings. O

1.13. Let (A, C, ¥) be a right-right entwining structure over R and consider the
corresponding A-coring C := A @ C. We say that (A, C, ) satisfies the o-
condition (or is an a-entwining structure) if for every right A-module M, the
following map is injective

all: M ®g C — Homg(#)/ (C, A), M), m ® ¢ > [f = mf(c)]

(equivalently if 4C is locally projective).
Inspired by [14, 3.1] we introduce

DEFINITION 1.14. Let (A, C, 1) be a right-right entwining structure that satis-
fies the «-condition. Let M be a right #fyp(C, A)-module, py: M —

Homf#?bp(c’ A)(#pr(C ,A), M) the canonical map and put Rat® (M#;p(c) a) =
Py (M @ C). Then M will be called #-rational, if Rat® (Myr(c.a)) = M. Fora
#-rational right #fbp(C, A)-module M we set gy := (oz;f;)_l opu: M - M ®gC.
The category of #-rational right #7(C, A)-modules and #(C, A)-linear maps will
be denoted with Rat® (Myeric,a))-

THEOREM 1.15 ([3, Lemma 3.8, Theorem 3.10]). Let (A, C, {) be a right—right
entwining structure and consider the corresponding A-coring C := A Q¢ C.

(1) If rC is flat, then oC is flat and Mg(w) is a Grothendieck category with
enough injective objects.



282 JAWAD Y. ABUHLAIL

(2) If rC is locally projective (resp. f.g. projective), then 4C is locally projective
(resp. f.g. projective) and

MG () = Rat® (Myoc 4)) = 0[(A ®r Oy c.a)]
(resp. M5 (W) = My ). (7)

2. Dual Entwined Modules

In this section we fix the following: R is Noetherian, (A, C, ¥) is a right-right
entwining structure with A an «-algebra and A € C* is an R—subalgebraNWith
ec € A, C € A®is an R-subcoalgebra. So we have a measuring R-pairing (A, C)
and a measuring «-pairing (A, C °). Besides the above technical assumptions we
assume moreover that y* (C Rr A) CA® R C i.e. the following diagram

(A®k C)F —= (C ®r A)*
5 ®R Z @ > Z ®R 5
can be completed commutatively with an R-linear morphism
p: CorA—> A@rC, f@F— ) 3,8 %
where (Z 8o ® f“’) (c®a):= Z f(aw)g(c"’). (8)

THEOREM 2.1. (Z, C, @) is a right—right entwining structure and we have iso-
morphisms of categories

M5 () ~ Rat" (Myr & 7)) = o [(A ®r C)yr & ). 9)
If moreover Rg is f.g. projective, then

M5 () = Myr & - (10)

Proof Let f € C,3,h € A,c € C anda, b € A be arbitrary. Then we have
Y (@*h)y @ Fc®a) = ) flay)@*h)(c”)
= Y flap)Z()h(c))
= Y flayw)3(c)h(cy)
= Z@p ® ho ® f*®)(c1 ® ¢, ®a)
= Y (@ *he) @ [*)(c®a)



DUAL ENTWINING STRUCTURES AND DUAL ENTWINED MODULES 283

and

> Fapecc”) = flec(c)a)
= (17 ® Ne®a.

(Yo & F¥)eoa

On the other hand we have
(e e@nedn)coass
= (X% e ) caaw
=Y fllab)y)g(c")
=Y flayb)2(c"™)
=Y filay) ba)Z(™)
=) B ® /' ® ) c®ab)

and

(e )© = Y @Eefeen
= Y FUE) = FUDZ(©) = (N e).

Hence (A, C, @) is a right-right entwining structure. Since (A, C)isa measuring
a-pairing, it follows by Theorem 1.6 that zxC is locally projective. The isomor-
phisms of categories 9 and 10 follow then by Theorem 1.15. O

LEMMA 2.2. Consider the entwining structure (Z ,C, ®).

(1) Consider the measuring o-pairing (A, (~f). Let M € Mf{ (¥) and consider M*
with the induced right A-module and left A-module structures. Then M, :=
Rat® (4 M*) € M5(¢).

IfM,N € M§(~w) and f: M — N is A-linear C-colinear, then f*. N, —
M, is A-linear C-colinear.

(2) Assume the measuring R-pairing (AV, C) to satisfy the a-condition (equiva-
lently, rC is locally projective and ACC*is dense). Let K € M%(go) and
consider K* with the induced left A-module and right A-module structures.
Then K" := Rat® (3K*) € MS ().

IfK,L € .Mg(go) and g: K — L is A-linear C-colinear, then g L" - K"
is A-linear C-colinear.
Proof. (1) Let M € Mg(w). Since (A, 5) is a measuring «-pairing, M, :=

Rate( AM?*) is by Theorem 1.6 a right C-comodule. Moreover we have for all a €
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A Zc€A meMandh e M,:

[a(hD)1(m) = (hZ)(ma)
h(glma))
= > h((ma) g3 ((ma)))

= > h(mgaygm}))

= > (ayh)(m)3(m})

= Y hoy(mo)h(ay)gm})
= > h(m)8(mahf, (a)
= Y h@mhf, (@

= Y (hg)mhf, @

_ <Z(h(0>§¢)h‘fl>(a)>(m),

ie. h € M, with o(hg) = Y h(y 8, ® h%,,. Hence M, € MS(9).
The second statement follows now by Lemma 1.5(4) and Theorem 1.6.
2) Let K € M%((p). By assumption (A, C) satisfies the a-condition, hence

K" := Rat‘( 1K*) is by Theorem 1.6 a right C-comodule. Moreover we have for
alae A,ge A,ke Kand f € K":

[F(fa)lk) = (fa)(kB)
f@k®))
= Y F(R) o kB (@)

= ) [(r0Z ki) (@)

= > @y ) k)l (@)

= > foytkio)Zp(fuyky (@)
= > folko){ay. kp)g(fL)
= wa)(ax//k)g(f(l{f))

= > (foan®F(f)

= (X Cmanzi) .,

ie. fa € Rat®(3K*) with o(fa) = Y foyay @ f&”). Hence K" € MS{(¥). As
in (1), the second statement follows by Lemma 1.5 (4) and Theorem 1.6. O
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DEFINITION 2.3.  With the same notation and assumptions as above, we call the
right—right entwining structure (A, C, ¢) a dual entwining structure of (A, C, ¥).
We also call M, (resp. K") a dual entwined module of M (resp. of K).

THEOREM 2.4. Assume that (Z , C) satisfies the a-condition. Then we have right
adjoint contravariant functors

(=) MSW) > ME(9) and (=) MS(@) — ME ).

Proof. Let M € eMg W), K € MAQ (¢) and consider the canonical R-linear maps
Ay: M — (M)* and Aig: K — (K")*.

Clearly Ay is A-linear and Mg 1s A-linear, hence Ay (M) C (M,)" and Agx(K) C
(K"), by Lemma 1.5(4). It is easy then to see that the right-adjointness is given by
the functorial inverse isomorphisms

Ayk: Homg(M, K" — Homg(K,M,), f ffolgk,
Ty x: Hom$(K, M,) — Hom$(M, K”), g+ g* 0 hu. O

2.5.Let (A, C,¥), (B, D, W) be right-right entwining structures and assume that
A, B are «-algebras. Let (y,8): (A,C,¥) — (B, D, V) be a morphism in E,
y°: B® — A° the induced R-coalgebra morphism and §*: D* — C* the induced
R-algebra morphism. Let C € A°, D C B°be _R-subcoalgebras and A c C*,
B C D* be R- subalgebras with ¢ € A €p € B and assume that Ye (D) - C
and 8* (B) CA. Assume moreover that (/8 (C Rr A) CA Rr C \IJ*(D Qr B) C
B Rr D and let (A , ¢) and (B D @) be the induced dual entwmmg structures
of (A, C,v) and (B, D, W) respectively. Then we have for all g € B, f e D,
de Dandb € B:

(Z 8" (%) @ v°(f° <I>))(c ® a)

Y Fo ® F*)(6(c) ® y(@))
=Y (F®Dy@v®8)")
= Y (f@D(ay) ®8(c")
=Y (8 @)ay ®c)
= ) @@y (N ®a),

ie. (8*,¥°): (B, D, ®) — (A, C, ¢) is a morphism in E2.

3. Dual Doi-Koppinen Modules

Doi—Koppinen structures were presented independently by Y. Doi [13] and M.
Koppinen [17] and provide a fundamental example of entwining structures. The



286 JAWAD Y. ABUHLAIL

corresponding categories of Doi—Koppinen modules unify themselves many cat-
egories of modules well studied by Hopf-algebraists such as the categories of
Hopf modules [24, 4.1], relative Hopf modules [11], Doi’s [C, H]-modules [11],
Dimodules, Yetter—Drinfeld modules and modules graded by G-sets [9].

Dual Module (Co)algebras & Comodule (Co)algebras

Before we present our dual Doi—Koppinen modules we introduce some definitions
and results concerning duality of (co)module (co)algebras.

DEFINITION 3.1. Let H be an R-bialgebra.

(1) A right H-module algebra is an R-algebra (A, (4, n4) with aright H-module
structure through ¢p4: A ® g H — A, such that u, and n, are H-linear, i.e.

(ab)h = Z(ahl)(bhz) and 1 h =¢ep(h)l4
foralla,be€ Aand h € H. (11)

In a similar way we define a left H-module algebra. An H -bimodule algebra,
is a left and a right H-module algebra, such that A is an H-bimodule with the
given left and right H-actions.

(2) A right H-module coalgebra is an R-coalgebra (C, A, e¢) with a right H-
module structure through ¢¢c: CQrH — C,suchthat A¢ and e¢ are H-linear
(equivalently, ¢¢ is an R-coalgebra morphism), i.e.

Acleh) =) cthi ® oy and  ec(ch) = ec(c)en (h)
forallce Cand h € H. (12)

In a similar way we define a left H-module coalgebra. An H-bimodule coal-
gebra, is a left and a right H-module coalgebra, which is an H-bimodule with
the given left and right H-actions.

(3) A right H-comodule algebra is an R-algebra (A, pa, na) with a right H-
comodule structure through o4: A — A ®g H, such that u, and n4 are
H-colinear (equivalently, o4 is an R-algebra morphism), i.e.

oalab) =Y apbe ®ambyy and 0a(14) = 14 ® 1. (13)

In a similar way we define a left H-comodule algebra. An H-bicomodule
algebra is a left and right H-comodule algebra, which is an H-bicomodule
under the given left and right H-coactions.

(4) A right H-comodule coalgebra is an R-coalgebra (C, A, e¢) with a right
H-comodule structure through oc: C — C ®g H, such that A¢ and ¢¢ are
H-colinear, i.e.

Z co)1 ® co2 ® ¢y
= ch<o> ® 2(0) ® C1(1yCaq1)s Z8C(C<0>)C<1) =ec(O)1n. (14)
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In a similar way we define a left H-comodule coalgebra. An H-bicomodule
coalgebra is a left and a right H-comodule coalgebra, which is an H-bico-
module with the given left and right H-coactions.

LEMMA 3.2. Let R be Noetherian and H an R-bialgebra. If A is a right (resp. a
left) H-module algebra, then A° C A* is a left (resp. a right) H-submodule. If A
is an H-bimodule algebra, then A° C H* is an H-subbimodule.

Proof. Let A be a right H-module algebra. If f € A°, then we have for all
he Handa,b € A:

(b(hf)) (@) = (hf)(ab)
= f((ab)h)

= /(X @hn®h)
= Y filahy) fa(bhy)
= [ X tpo)mm]@.

Sohf € A° forevery h € H,i.e. A° C A* is a left H-submodule.
If A is a left H-module algebra, then a similar argument shows that A° C A* is
aright H-submodule. The last statement becomes then obvious. O

PROPOSITION 3.3. Let R be Noetherian, H an o-bialgebra and U C H° an
R-subbialgebra.

(1) Consider the measuring R-pairing (U, H). If A is a right (a left) H-comodule
algebra, then A is a left (a right) U-module algebra and A° is a right (a
left) U-module coalgebra. If A is an H-bicomodule algebra, then A is a U-
bimodule algebra and A° is a U-bimodule coalgebra.

(2) Consider the measuring a-pairing (H, U).

(a) If A is a right (a left) U-comodule algebra, then A is a left (a right)
H-module algebra. If A is a U-bicomodule algebra, then A is an H-
bimodule algebra.

(b) If A is a left (a right) H-module algebra, then RatY (; A) (resp. YRat(Ag))
is a right (a left) U-comodule algebra. If A is an H-bimodule algebra,
then YRatY (y Ay) is a U-bicomodule algebra.

Proof. (1) Without loss of generality assume that A is a right H-comodule
algebra through an R-algebra morphism o: A — A ®g H.Foralla,b € A and
f € U we have

f—ab =) (ab)p f((ab)y)
= Zdw)b(mf(a(l)b(l)) Za«))bm)fl (aqny) f2(bg1y)
= > (fi—~a)(fr—~b),



288 JAWAD Y. ABUHLAIL

and moreover
f=1a=) 1o f) =1af(n) = Laey(f).

Hence A is a left U-module algebra.

Consider now the canonical R-linear map @w: A° @g U — (A ® H)°. Then
(A, A°), (A ®r H, A° ®g U) are measuring o-pairings and we have a morphism
of R-pairings

(0, 0°cw): (A®r H,A° ®r U) — (A, A°).

Moreover A° Qg A° — (A ®g A)* and it follows from the assumption and
Lemma 1.7(1) that p° o w: A° ®g U — A° is an R-coalgebra morphism, i.e. A°
is a right U-module coalgebra. If A is an H-bicomodule, then A is a U-bimodule
by Theorem 1.6 and A° € A* is a U-subbimodule by Lemma 3.2, hence A is a
U-bimodule algebra and A° is a U-bimodule algebra.

(2) Consider the measuring «-pairing (H, U).

(a) Without loss of generality, let A be a right U-comodule algebra. Then we have
forallh € H anda, b € A:

h = (ab) = Y (ab)y(h, (ab)y))
= D abuh. ag *by)
= Y agboih, ap)th, by)
= ) (= a)(hy =~ b)

and
h — 1A = S(h)lA,

i.e. A is a left H-module algebra. If A is a U-bicomodule algebra, then A is
by Theorem 1.6 an H-bimodule, hence an H-bimodule algebra.

(b) Assume now that A is a left H-module algebra. Then we have for all a, b €
Rat’(yA)and h € H:

(h—ab) = 3 (h — a)(hy = b)
= Za«))(l’ll,a(1)>b(0><h29b<1)>

= Za<0)b<o> (h,agpy = bgy),

i.e. ab € RatU(HA) with o(ab) = ZCl(o)b(O) ® aqy * b(l). Note also that
h — 1, = eg(h)ly, ie. 1, € RatV(yA), with o(14) = 1, ® ey =
14 ® 1y. Hence, RatV(yA) is a right U-comodule algebra. If A is an H-
bimodule algebra, then YRatY(;Ap) is by Theorem 1.6 a U-bicomodule,
hence a U-bicomodule algebra. O
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PROPOSITION 3.4. Let R be Noetherian, H an o-bialgebra and U < H° an
R-subbialgebra.

(1) Consider the measuring a-pairing (H, U). If C is a right (a left) H-module
coalgebra, then C* is a left (a right) H-module algebra and RatY (yC*) is a
right (a left) U-comodule algebra. If C is an H-bimodule coalgebra, then C*
is an H-bimodule algebra and YRatV (5 C%,) is a U-bicomodule algebra.

(2) Consider the measuring R-pairing (U, H). If C is a right (a left) H-comodule
coalgebra, then C is a left (a right) U-module coalgebra and C* is a right
(a left) U-module algebra. If C is an H-bicomodule coalgebra, then C is a
U-bimodule coalgebra and C* is a U-bimodule algebra.

Proof. (1) Let C be aright H-module coalgebra. Then we have for all f, g € C*,
heH,ceC:

(h = (f*@)(©) = (f*&)(ch) =) f((chg((ch))
Y fleh)gleahs) =) (hi f)(er) (hag)(ca)
(Dot = (g

and

(hec)(c) = ec(ch) = ec(c)en(h) = (e (h)ec)(c),

i.e. C* is a left H-module algebra. By Proposition 3.3(2-b), RatV (y;C*) is a right
U-comodule algebra. If C is an H-bimodule coalgebra, then C* is an H-bimodule
algebra and URatV (5 C3;) is a U-bicomodule by Theorem 1.6, hence a U-bico-
module algebra.

(2) Without loss of generality, assume that C is a right H-comodule coalgebra.
Forall c € C, f € U we have

D= n®f = =) con®coaflen)
= Do ® o fapen)
= D e ® 2 filern) folean)
= D awfilein) ® cxo frlean)
=Y i=a®ph—~o
and
sc(f =) =) sclco)flen) = fec@ln) = ec(@eu(f),

i.e. C is aleft U-module coalgebra. Analogous to (1) one can show that C* is aright
U-module algebra. If C is an H-bicomodule coalgebra, then C is a U-bimodule
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by Theorem 1.6. Hence, C is a U-bimodule coalgebra and C* is a U-bimodule
algebra. O

The following result generalizes ([22, Example 4.1.10]):

COROLLARY 3.5. Let H be an R-bialgebra and consider H* as an H-bimodule
with the regular left and right H-actions.

(1) Since H is an H-bimodule coalgebra, it follows (by Proposition 3.4(1)) that
H* is an H-bimodule algebra. If moreover R is Noetherian and H is an o-
algebra, then H° C H* is an H-subbimodule algebra.

(2) Let R be Noetherian, H an a-algebra and U € H° an R-subbialgebra. Since
H is an H-bicomodule algebra, it follows (by Proposition 3.3(1)), that H is a
U-bimodule algebra. In particular H is an H°-bimodule algebra.

Doi-Koppinen Modules

3.6. A right-right Doi—Koppinen structure over R is a triple (H, A, C) consisting
of an R-bialgebra H, a right H-comodule algebra A and a right H-module coal-
gebra C. Let (H, A, C), (K, B, D) be right-right Doi—Koppinen structures. Then
a morphism (8, v, §): (H, A, C) — (K, B, D) of Doi—Koppinen structures, con-
sists of an R-bialgebra morphism 8: H — K, an R-algebra morphismy: A — B
and an R-coalgebra morphism é: C — D, such that

> y(aw) ®8(can) =Y y(@y ®8()y(@y forallae Aandc e C.

The category of right-right Doi—Koppinen modules is denoted by DK?. For defini-
tions of the categories of left-left, right—left and left—right Doi—Koppinen structures
the reader may refer to [9].

3.7. Let (A, H, C) be a right-right Doi—Koppinen structure. A right-right Doi—
Koppinen module corresponding to (H, A, C) is a right A-module M, which is
also a right C-comodule, such that

QM(ma) = Zm<o)a<0) ®m<1)a<1> forallm € M anda € A.

For Doi—Koppinen modules M, N corresponding to (A, H, C) we denote with
Homg (M, N) the set of all A-linear C-colinear maps from M to N. By M(H )g
we denote the category of right-right Doi—Koppinen modules corresponding to
(A, H, C) and with A-linear C-colinear morphisms. Setting

Y: CQrA—> A®RrC, c®a|—>2a<o>®ca<1>, (15)

it follows by [6, page 295] that (A, C, v) is a right-right entwining structure and
M(H)g o~ Mg(w). Moreover #°P(C, A) := Homg(C, A), introduced first in [17,
2.2], is an R-algebra with multiplication
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(f @) =) fledpglerf () (16)

and unity n4 o &c.

Duality Theorems

In what follows we present for every a-bialgebra H over a Noetherian ground ring
R and every right H-module coalgebra (left H-module coalgebra) C a right H°-
comodule R-algebra (a left H°-comodule algebra) CY, that plays an important role
by the dualization process in the rest of this note. In our infinite versions of duality
theorems, C° will play the role of C* in the finite versions (e.g., [28]).

DEFINITION 3.8. Let R be Noetherian, H an «-bialgebra and consider the mea-
suring «-pairing (H, H®). For every right (resp. left) H-module coalgebra C we
have by Proposition 3.4(1) the right (resp. the left) H°-comodule algebra

C":=Rat”" (5,C*) (resp. C* := ""Rat(C}))).
In view of 1.3 and Propositions 3.3, 3.4 we get

THEOREM 3.9. Let R be Noetherian.

(1) Let (H, A, C) be a right-right Doi—Koppinen structure and assume that H, A
are a-algebras. Then (H°, C°, A°) is a dual right-right Doi—Koppinen struc-
ture of (H, A, C) and we have isomorphism of categories

M(Ho)éz ~ RatAo(e/"(#op(Ao’CO)) = U[(CO ®R AO)#Op(Ao’CO)].
If, moreover, R A is f.g. projective, then
M(Ho)éz ~ M#op(A*’CO).

(2) Let (B,y,68): (H,A,C) — (K, B, D) be a morphismin DK. If H, K, A, B
are a-algebras and §*(D°) C C° (e.g., 8 is H-linear, or C° = C*), then
(B°, 89, y°): (K°, DY B°) — (H°,C° A% isa morphism in DK?.

As a corollary of Theorem 2.4 we get the following theorem:

THEOREM 3.10. Let R be Noetherian, (H, A, C) a right—right Doi—Koppinen
structure with H, A a-algebras and consider the dual right-right Doi—Koppinen
structure (H°, O, A°).

(1) There is a contravariant functor

(=) MH)S > M(H)E, M — M° :=Rat"" (4 M*).
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(2) If P := (C°, C) satisfies the a-condition (equivalently gC is locally projective
and C° C C* is dense), then there is a contravariant functor

(=) M(H)E - M(H)S, K — K¢ :=Rat“(00K™). (17)
Moreover the contravariant functors (—)° and (=) are right adjoint.

DEFINITION 3.11. We say an R-algebra A is R-c-cogenerated, if for every R-
cofinite ideal / <1 A, the R-module A/ is R-cogenerated.

Remark 3.12. Let R be Noetherian and A an «-algebra. For every right (resp.
left) A-module M, set M° := Rat*’ (4 M*) (resp. M* := A°Rat(M})). If A is
R-c-cogenerated, then we have by [2, Proposition 3.3.15]

M° = (f € M*| f(MI) =0 (resp. f(IM) = 0)
for some R-cofinite ideal I < A}. (18)

EXAMPLE 3.13. Let A be an R-algebra, C an R-coalgebra and consider the
category of right A-modules and right C-comodules satisfying the compatibility
relation

om(ma) = Zm«))a ®mqy forallm e Manda € A.

The category of such modules and A-linear C-colinear morphisms is called the cat-
egory of Long dimodules, denoted by £§, and was introduced by F. Long in [21].
Considering A as a trivial R-comodule algebra and C as a trivial right R-module
coalgebra we get a right-right Doi—Koppinen structure (R, A, C) and it follows
that £g o~ M(R)g. If A is an «-algebra, then (R, C*, A°) is a dual right-right Doi—
Koppinen structure of (R, A, C) and the contravariant functors (—)%: LG — £4:
and (—)°: £é: — L9 are right adjoint.

Inspired by [20] and in contradiction to [1, page 138], the following example
shows that for a Hopf R-algebra H and an H-module algebra A over a field, the
dual R-coalgebra A° need not be an H°-comodule coalgebra.

COUNTEREXAMPLE 3.14. Let R be afield and H a coreflexive Hopf R-algebra
with dim(H) = oo (e.g., the Hopf R-algebra of [19, Example 5]). By Lemma 3.5
H* is aright H-module algebra. If H*° >~ H were a right H°-comodule coalgebra,
then we would have an R-cofinite ideal J <1 H with

0= (ly, H* — J) = (J, H).

But we would get then J = 0 (which contradicts the assumption dim(H) = 00).
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Remark 3.15. Let H be an R-bialgebra, A a right H-module algebra and C
a right H-comodule coalgebra. Then (H, A, C) is called a right—right alterna-
tive Doi—Koppinen structure. Such structures were introduced by P. Schauenburg
in [23], who showed that with

lﬁi CR®RrA—>AQRrC, cQatr> ZCZC(1>®C(0),

(A, C, ) is a right-right entwining structure. Moreover he gave an example of
such an entwining structure that cannot be derived form a Doi—Koppinen structure.
The previous counterexample shows that, even over base fields, (H°, C 0, A°) may
not be a dual alternative Doi—Koppinen structure of (H, A, C).

Cleft H-Extensions

Hopf—Galois extensions were presented by S. Chase and M. Sweedler [10] for a
commutative R-algebra acting on a Hopf R-Hopf and are considered as general-
ization of the classical Galois extensions over fields (e.g., [22, 8.1.2]). In [18] H.
Kreimer and M. Takeuchi extended these to the noncommutative case.

3.16. H-EXTENSIONS ([12])

Let H be an R-bialgebra, B a right H-comodule algebra and A := B®° = {a ¢
B | o(a) =a ® 1y}. Then A is an R-algebra and the algebra extension A < B is
called a right H-extension.

A (total) integral for B is an H-colinear map y: H — B (with y(1g) = 1p).
If B admits an integral, that is invertible in (Homg(H, B), x), then A <— B is
called a cleft right H -extension.

EXAMPLE 3.17. Let H be an R-bialgebra. By [15, Corollary 6] H/R is a cleft
H-extension, iff H is a Hopf R-algebra. In this case idy: H — H is an invertible
total integral with inverse the antipode Sy;.

3.18. H-COEXTENSIONS

Let H be an R-bialgebra and D aright H-module coalgebra. Then H* := Ker(sy)
is an H-coideal, DH™" is a D-coideal and C := D/DH™ is aright H-module coal-
gebra with the induced H-module structure. The canonical coalgebra epimorphism
m: D — C is called a right H-coextension of D.

A (total) cointegral for D is an H-linear map w: D — H (with ey o w = ¢p).
A right H-coextension w: D — C is called cocleft, if D admits cointegral, that is
invertible in (Homg (D, H), *).

As a corollary of our results in this section we get
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PROPOSITION 3.19. Let R be Noetherian, H a Hopf a-algebra with bijective
antipode, D a right H-module coalgebra and C := D/DH". If 7: D — Cisa
(cocleft) right H-coextension, then m°: C° < D° is a (cleft) right H°-extension.

Proof. Let D be a right H-module coalgebra through ¢p: D ® g H — D.
By Proposition 3.4(1) D is a right H°-comodule algebra through ¢5: D° —
D° ®r H°. Moreover we have C* = (D")¥ := {g € D* | hg = e(h)g for
every h € H}. Hence (D°)*°"° = (D" = C° (by [2, Lemma 2.5.15)), i.e.
m°: C° < DY is aright H°-extension.

If o: D — H is a cointegral for D, then w is by definition H-linear and so
w° € Homy_(H°, D°) = Hom"" (H°, D°), i.e. »° is an integral for D°.

Let w be invertible in (Homg (D, H), ») with inverse w~!: D — H.In asimilar
way to [29] we get

o ' dh) = Sy(hWw '(d) forallh € Handd € D.
If f € H°, then we have foralld € D and h € H:

(@™ D (N@h) = f(@ ' (dh))
= Mo @d) =" A(SI) Hrlw " (d)
D SN (@) (f))(@)
(3= s"m@™r () @.

(h(@™)*(/)(d)

ie. (w"° e D? with o((w™")°) = Z(a)‘l)"(fz) ® S°(f1). Moreover we have for
all f € H°andd € D:

(@ * @ )N = (@ & @ H)NAN@)
= (et w)@
= (Yot e @) ed
= Yo" (D)@ ) (f)(d2)
= Y filw@d)) frw ()

= ) flod)o™ ()

= fl(wxo H(d))
f(8D(d)1H)
= ep-(fep(d),

ie. wx(w1)° = idgomp (o, po)- In a similar way, one can prove that (0 H°xw® =
idgomg (o, p0)- SO @° is *-invertible with inverse (wMH°and n°: C° — D%isa
cleft right H°-extension. O
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