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1. INTRODUCTION

There has been a revival recently [1–6] of efforts to
utilize high-intensity laser beams in the acceleration of
free electrons to high energies; a means that aims at
potentially replacing the large and costly conventional
accelerators. Several schemes were suggested in the
past and have been revisited lately in the light of new
developments in laser technology [7].

In order to achieve the goal of achieving the highest
energy gain, fields of the highest intensity need to be
employed. Such fields require focusing over small spa-
tial dimensions and, as a result, develop complicated
rapid local phase variations. It is of utmost importance
that these variations be understood and correctly mod-
eled if they are to be used efficiently for the purpose of
particle acceleration to high energies. We recently dem-
onstrated [4, 5] by using numerical simulations that an
electron may gain GeV energy when injected sideways
into the focal region of a 10 petawatt (PW) laser beam.
The fields were modeled by using those of a Gaussian
beam focused to a waist radius of a few microns and in
whose description terms of order 

 

�

 

5

 

, where 

 

�

 

 is the dif-
fraction angle (see Fig. 1), have been retained.

It turns out that the field strengths, and hence the
ultimate energy gained by the electron from interaction
with them, are sensitive to the above-mentioned local
phase variations. In a sense, one needs to look for an
optimal set of initial conditions that would allow the
electron to sample regions around the beam’s focal spot
where the fields are likely to impart the strongest series
of violent impulses to it and cause it to escape with a
maximum energy gain. This is not a simple matter, for
there is quite a number of parameters to be investigated
and discussed in the present paper that must be dealt
with which compete with one another in a very compli-
cated way.

We describe the fields of a tightly focused beam in
Section 2 and review the equations of motion and out-
line their solution in Section 3. In Section 4 the accel-
eration of a single electron by a single laser beam is
investigated. Acceleration in two crossed beams then
follows in Section 5. Some concluding remarks are
finally given in Section 6.

2. THE LASER FIELDS

Most of the material in this section may be found
elsewhere [4, 5]. It is given here in the desire to make
the present paper as self-contained as possible. The
geometry of our Gaussian beam is shown in Fig. 1. The
beam axis is taken along 

 

z

 

, with its propagation direc-
tion along +

 

z

 

 and 

 

stationary

 

 focus at the origin of coor-
dinates O. The beam cross section at the focus is a circle
of radius 

 

w

 

0

 

; the cross section normal to the beam axis
and at an arbitrary 

 

z

 

 is also circular with radius 

 

w

 

(

 

z

 

) =
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—We investigate optimum conditions for achieving maximum energy gain when electrons are scat-
tered by tightly focused laser beams. A single-beam configuration and one that employs two beams crossing at
an angle are discussed. Solution of the equations of motion is carried out numerically in each case, and the fields
are modeled by those of a Gaussian beam to order 
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5

 

, where 
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 is the beam diffraction angle. It is shown that the
gain in the GeV range may be obtained when MeV electrons are scattered by petawatt laser beams of a few
micron waist radii.

 

x

 

z

 

(

 

z

 

0

 

, 

 

x

 

0

 

)

 

e

 

ε

 

w

 

0

 

–

 

z

 

r

 

θ

 

i

 

O

 

β

 

0

 

w

 

(

 

z

 

)

 

z

 

r

 

R

 

(

 

z

 

)

 

Fig. 1.

 

 Schematic diagram of the laser accelerator configu-
ration. The electron 

 

e

 

, with initial scaled speed 

 

β

 

0

 

, is
injected sideways at an angle 

 

θ

 

i

 

 to the 

 

z

 

 axis, with the latter
serving as the direction of beam propagation.
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w

 

0

 

. Furthermore, 

 

z

 

r

 

 =  is the Ray-
leigh length and 

 

�

 

 = 

 

w

 

0

 

/

 

z

 

r

 

 is the diffraction angle. Now,
with 

 

ξ

 

 = 

 

x

 

/

 

w

 

0

 

, 

 

v

 

 = 

 

y

 

/

 

w

 

0

 

, and 

 

ζ

 

 = 

 

z

 

/

 

z

 

r

 

, the electric com-
ponents of the laser field associated with such a beam
are [5, 8–10]

(1)

(2)

(3)

Similarly, the magnetic field components are given by

 

B

 

x

 

 = 0, (4)

(5)

(6)

In Eqs. (1)–(6), we have taken

(7)

(8)

(9)

Furthermore, 
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, and 

 

ρ

 

 =

 

r

 

/
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0

 

. For more details on the calculation leading to
Eqs. (1)–(6), see the appendix to [5]. These equations
were derived from a vector potential polarized along 

 

x
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having an amplitude A0 and a frequency ω. The remain-
ing symbols in Eqs. (1)–(9) have the following defini-
tions:

(10)

(11)

(12)

(13)

(14)

Note that ψ0 is a constant phase, ψP is the plane
wave phase, ψG is the Guoy phase associated with the
fact that a Gaussian beam undergoes a total phase
change of π as z changes from –∞ to +∞, ψR is the phase
associated with the curvature of the wave fronts, and
that R(z) is the radius of curvature of a wavefront intersect-
ing the beam axis at the coordinate z. The fields given
above satisfy Maxwell’s equations — · E = 0 = — · B, plus
terms of order �6 [5].

A laser system is often characterized by its output
power P. For the fields given by Eqs. (1)–(6), the power
may be calculated by integrating the time-averaged
Poynting vector over a plane through the beam focus
and perpendicular to its axis. Dropping terms of order
�6 and smaller in the result, one gets

(15)

where I0 = I(0, 0, 0) = /8π is the peak intensity (at
the focus). Equation (15) clearly shows that, for a fixed
laser output power, the peak intensity is inversely pro-
portional to the square of the beam waist radius or,
equivalently, the dimensionless intensity parameter q =
eE0/(mcω) is inversely proportional to w0. Note that
Gaussian cgs units are used throughout this work.

3. THE EQUATIONS OF MOTION

Let the electron have mass m and charge –e. Its
dynamics, subsequent to injection into the focus of the
beam in the manner schematically depicted in Fig. 1,
may then be investigated by numerically solving the
relativistic equations of motion

(16)

In Eq. (16), p = γmcb is the relativistic momentum
of the electron and � = γmc2 is its energy, where b is the
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velocity vector normalized by the speed of light and γ =
(1 – β2)–1/2 is the Lorentz factor.

With the full fields (1)–(6), only numerical integra-
tion is likely to produce tangible results. To look for
analytic solutions is quite hopeless. Neither will perturba-
tion techniques [11] yield any meaningful results; in fact,
such techniques break down altogether in the regime of
relativistic intensities we are interested in (q � 1).

Quite a few interesting aspects of the electron
dynamics may be investigated based on the solutions of
Eqs. (16). Elsewhere [4, 5], actual trajectories,
momenta, and energy gains of electrons accelerated by
a single laser beam, as well as by two crossed beams,
have been studied in detail. We have found that the
electron receives a series of violent impulses from the
fields and ends up gaining energy in the GeV range.
Our main interest in this paper is in the energy gain G(t)
defined by

(17)

and in ways to render it a maximum through correctly
choosing the laser parameters and electron initial con-
ditions. We do this for two configurations: a single
beam arrangement and one that involves two identical
beams crossing at some angle.

4. ACCELERATION BY A SINGLE LASER BEAM

Without any loss of generality, we will consider ini-
tial electron motion in the xz plane only. In this plane,
the field components Ey and Bz vanish identically (y =
0). Subsequent motion will therefore be governed by
the two force components

(18)

(19)

Thus, for such an admittedly idealized initial condi-
tion, no motion out of the xz plane will be possible.

What happens when an electron is injected sideways
(see Fig. 1) into the focal region of a laser beam? The
answer to this question, roughly speaking, is that the
outcome depends on how energetic the electron is upon
injection. A slow electron, with an injection energy
�0 = γ0mc2 much smaller than the ponderomotive
potential energy of the laser Up = (eE0)2/4mω2, will be
reflected. One that is injected with �0 � Up will pene-
trate the beam and show up on the other side, i.e., will
be transmitted. In-between these two extremes, the
electron may get captured and violently accelerated.

The picture, in fact, is much more detailed than this
and the criteria that distinguish between the phenomena
of reflection, capture, and transmission can not be made
any sharper, due in large measure to the complicated
local phase variations of the fields, in space as well as
in time. Our previous work has shown that gain is larg-
est in capture cases. Reflection and transmission result
mostly in little gain, or even loss, but may be accompa-

G t( ) γ t( ) γ0–[ ] mc
2

=

Fx e Ex βzBy–( ),–=

Fz e Ez βxBy+( ).–=

nied by occasional high gains. In all our calculations in
this section, the (plane-wave) phase η = ω(t – z/c) is
used as the integration variable. This choice ensures
stability and efficiency of the numerics. In this section,
the gain is reported as G(ηf), where ηf = 650π and
where η0 = –ωz0/c.

Suppose that we have a laser system of output power
P = 10 PW, wavelength λ = 1 µm, and beam waist
radius w0 = 10 µm. Consider an electron injected right
into the focus at an angle θi = 10° from a point in the xz
plane with z0 = –5 mm. The fields such an electron will
encounter at all space–time points of its trajectory will
be determined by the constant phase ψ0, this being
embedded in the field equations. Also, the size of γ0 will
determine the extent to which the electron penetrates
the beam and, hence, which space–time points it will
sample. In Fig. 2, we show the gain corresponding to
γ0 = 10 (injection kinetic energy ~4.6 MeV) as a func-
tion of the constant phase ψ0. Two main features spe-
cific to the chosen set of parameters are demonstrated
in this figure. The gain is maximum at ψ0 = 3° and is a
negligible minimum over a range of ψ0 values extend-
ing roughly from 280°–340°.

Next, we adopt the value of ψ0 that renders the gain
in Fig. 2 a maximum, namely, 3°, and calculate the gain
as a function of the injection angle θi . We show this in
Fig. 3, where the local field phase variations are
reflected in the highly oscillating gain at the injection
angle. It should be borne in mind that these are not nec-
essarily the variations along the line defined by θi = 10°,
for we have seen elsewhere [4, 5] that the electron actu-

1.5

1.0

0.5

0 120 240 360

0

γ0 = 10

Energy gain, GeV

ψ0, deg

Fig. 2. Energy gain vs. the constant phase ψ0 corresponding
to two injection energies but the same injection angle θi =
10° and z0 = –5 mm. The laser parameters are as follows:
power P = 10 PW, wavelength λ = 1 µm, and waist radius
w0 = 10 µm. Injection is into the laser focus and the inter-
action time, starting from injection at t = 0, is equivalent
to ∆η = 10650π, with η = ω(t – z/c). 
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ally suffers multiple scatterings by the field, may
change direction quite violently, and traverse regions
on either side of this line and too far away from it. The
magnitude of the gain is, in any case, a measure of how
strong the field is locally. The examples presented thus
far have been for electrons injected into the beam focus.
Next, we fix the injection angle at the value that makes
the gain a maximum in Fig. 3, fix z0 at –5 mm, and vary
x0 by aiming the injected particle at a point P (see Fig. 4
for the schematic) on the beam axis at a distance s away
from the focus, to the left (s < 0) as well as to the right
(s > 0). Variation of x0 in this way amounts to looking
at a collimated beam of electrons of varying trans-
verse cross section with the space-charge effects
entirely neglected. Such a beam will have a diameter
d = |x0 – |cosθi , where  is the value of x0 corre-
sponding to s = –zr . In Fig. 5, we show the gain against
d and s, with the latter expressed in units of the Ray-
leigh length zr . Note that injection into the focus (s = 0)

x0 x0

is not the only case leading to substantial gain. The
gain, however, drops markedly if one injects the elec-
tron beyond one Rayleigh length on either side of the
focal spot, where the fields fall in strength and the
intensity drops below 1/2 of its maximum value at
focus.

We may view Fig. 5b as giving the gain of many
electrons in a beam possessing a circular cross section
of diameter d. With this view, the following interpreta-
tion may not be too far-fetched. For a beam of diameter
~71 µm, its central axis (d ~ 35.5 µm) is aimed at the
laser beam focus (s = 0). Electrons close to the electron
beam axis gain the most, while those far away interact
with the weak field parts of the laser beam and gain the
least amount of energy.

We conclude this section by emphasizing that the
cases that lead to the highest energy gain are those in
which the electron gets captured by the laser beam.
Although it quickly moves downstream to the low-
intensity parts of the beam far away from the focus, its
extraction poses a problem. The use of a mirror to
deflect the laser beam and allow the electrons to escape
through a hole and the use of a DC magnetic field to
deflect the electrons out of the beam have recently been
suggested [4, 14].

5. ACCELERATION BY 
TWO TIGHTLY FOCUSED LASER BEAMS

The role played by the magnetic force in the accel-
eration process of the previous section may easily be
appreciated by considering Eqs. (18) and (19). The
question then arises as to whether the addition of a sec-
ond identical laser beam, with its axis oriented at the
same angle θi relative to the particle injection direction
(see Fig. 6 for the schematic and coordinate system),
will result in better gain [3, 12, 13]. The gain in this
case depends upon the particulars of the configuration
(orientation of the field components of one beam rela-
tive to the corresponding components of the other, for
example), in addition to depending on the initial condi-
tions and beam parameters. The fields from the two
beams interfere. As a result, spots around the common

0

50

0.5

1.0

1.5

10 15 20

(a)

0

6.40

0.4

0.8

1.6

6.55 6.70 6.85

(b)

1.2

Injection angle θi, deg

Energy gain, GeV

Fig. 3. Energy gain vs. the injection angle θi corresponding
to a scaled injection energy γ0 = 10 and an initial phase con-
stant ψ0 = 3°. The remaining parameters and initial condi-
tions are the same as in Fig. 2. In (b), we only zoom onto a
small portion of (a). 

zzrθiO

e

β0

–zr

sz0

x

x0

P

–zr

Fig. 4. A schematic diagram of electron injection into
points on both sides of the beam focus. In this configu-
ration, the initial position coordinates are related via
x0 = –(s – z0)tan θi , with s positive, negative, or zero.
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focus will form, at any instant of time, over which the
field strength will be enhanced (constructive interfer-
ence) while it becomes weakened elsewhere (destruc-
tive interference).

The advantage of such an arrangement over the sin-
gle-beam configuration is that the accelerated electrons
may escape with the gained energy unaided. They may get
accelerated without being captured by either beam, espe-
cially in the case of axial injection. The arrangement, as
described below, does not require the presence of bound-
aries, a medium, or additional deflecting mirrors.

In Fig. 6, two identical beams are used with the elec-
tron injected parallel to the line through the point of
intersection of their axes and at equal angles θi relative
to each one. Only the x and z components of the electric
fields are shown; the directions of the remaining elec-
tric and magnetic field components can be determined
by using the right-hand rule. Upon close inspection,
one finds that (with E1x standing for the electric field
component of beam 1 along x1, B2z representing the

magnetic field component of beam 2 along z2, and so
forth)

(20)

(21)

(22)

(23)

(24)

(25)

The three sets of coordinates, on the other hand,
transform amongst each other through

(26)

(27)

(28)

(29)

(30)

(31)

Note that Ex , Ey , Bx , and By vanish identically for all
points on the z axis at all times. Hence, an electron that
is injected perfectly axially (along +z, x0 = 0) will be
subject to a single force component, namely, Fz = –eEz ,
and its trajectory will be a perfect straight line.

If the phase variations of Ex along the trajectory
favor acceleration, then the electron will gain energy.
Off-axis injection will obviously be different. Else-
where on the xz plane, By = 0 and, hence, injection
within that plane, but still parallel to z, will result in a
two-dimensional trajectory. All remaining possibilities
will generally lead to three-dimensional motion.
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(a)

s, units of zr

(b)

1.0

0.5

1.5

0

14 28 42 56 700
d, µm

Energy gain, GeV

Fig. 5. (a) Energy gain when injection is into points on both
sides of the beam focus vs. the separation distance s along z
from that focus. (b) Gain vs. the equivalent electron beam
diameter d. See text for explanation. 

β0

e x0
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O z

x

E2x
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E1z

E1x

Fig. 6. A schematic diagram of electron injection into the
region of overlap of two identical laser beams. Note that the
coordinate axes of the individual beams are not marked
explicitly. The understanding here, and elsewhere, is that
E1x points in the direction of +x1, E2z points in the direction
of +z2, and so on.
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The results presented in Figs. 7 and 8 are also based
on solving Eqs. (16) numerically for fields (20)–(25).
Real time t is used as the integration variable, and
motion of the electron is followed over a time equiva-
lent to 50000 T, where T = λ/c is one laser period.

Although a basis for comparison is not really legiti-
mate, because the sets of fields differ drastically, we
note that the resulting gains in the double-beam config-
uration, shown in Fig. 7a, are obviously too small com-
pared to those of the single-beam case, shown in Fig. 7b.
Generalization of this result is also baseless. To achieve
better gain in the double-beam configuration, one needs
to look for a different set of laser and configuration
parameters and electron initial conditions. As an exam-
ple, we show in Fig. 8 results from a more efficient cal-
culation. Figure 8 shows substantial gain when initial
conditions that may be tricky to meet are adopted,

namely, when z0 is approximately a few microns and we
have an injection energy of a few MeV [5]. The
assumption here is that the electron is incident from the
left with an energy that allows it to penetrate to within
5 µm from the common focus and still meet the stipu-
lated initial condition on velocity.

The main reason behind the low gain in the two-
beam configuration is the vanishing of By in the xz
plane. It has also been found elsewhere [5] that a gain
of about 2 GeV may result for beams crossing at a half
angle θi ~ 3.2°, which is already less than half of the
angle used in the examples above. A smaller angle
allows for a larger overlap of the two beams and, hence,
more interaction time for the temporarily captured
electron.

We conclude this section by noting that Fig. 8 may
actually be viewed as resulting from the scattering of a
beam of electrons 3 µm in diameter whose central axis
is aimed at the common focus and along +z. Electrons
close to the electron beam axis gain the most energy, as
is also demonstrated in the single-beam results in Fig. 5.
Such electrons sample points in space where the fields
are maximally intense.

6. CONCLUSIONS

We have demonstrated that GeV energies may be
gained by an electron injected sideways into, and
around, the focal point of a tightly focused laser beam.
Conditions to maximize the gain have been investigated
that correspond to a predetermined arbitrary subset of
laser parameters and initial conditions on the electron
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Fig. 7. (a) Electron energy gain vs. the forward (axial) dis-
tance z and corresponding to several values of off-axis
injection distances x0 as a result of interaction with two
identical beams. The injection energy is γ0 = 10, the cross-
ing half-angle is θi = 6.5°, z0 = –5 mm, and the initial phase
constant ψ0 = 3°. The remaining parameters and initial con-
ditions are the same as in Fig. 2. (b) Same as (a) but with
beam 2 (see Fig. 6) switched off. In both cases, the integra-
tion has been carried out over a time equivalent to 5 × 104

laser periods. 
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Fig. 8. Electron energy gain vs. the off-axis injection dis-
tance x0 as a result of interaction with two identical beams.
The injection energy is γ0 = 10, the crossing half-angle is
θi = 6.5°, z0 = –5 µm, and the initial phase constant ψ0 = 3°.
The remaining parameters and initial conditions are the
same as in Fig. 2. The integration has been carried out over
a time equivalent to 104 laser periods. 
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injection. Then, the configuration employing two iden-
tical beams crossing at some angle was studied using
most of the single-beam parameters and initial condi-
tions. The gain found in this case did not match the
maximum obtained in the single-beam case due to the
interference effects (which were apparently destructive
in the examples we looked at) that result from superpo-
sition of the two beams. It does not necessarily follow
that the electron cannot achieve a GeV gain in the dou-
ble-beam arrangement [5]. To the contrary, more ener-
gies could be gained if the electron samples regions
around the common beam focus where constructive
interference of the fields takes place. In general, this
type of calculation is quite time-consuming, the more
so in the double-beam case than in the single-beam con-
figuration. We have found that the injection energy
needs to be large enough to allow the electron to pene-
trate to the high-intensity points near the common focus
of the two beams. Otherwise, multiple reflections
would occur and slow the electron down instead of
accelerating it.
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