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ABSTRACT

The main purpose of this project is to study some classes of modules namely
supplemented, weakly supplemented, G-supplemented, cofinitely supplemented,
cofinitely weak supplemented and @-cofinitely supplemented modules. Char-
acterization, examples and the closeness of each class of these kinds under
submodules, direct summands, quotients, small covers, and homomorphic
images will, in detail, be considered.

Keywords: supplemented, weakly supplemented, cofinitely(weak) sup-
plemented, @®-(cofinitely) supplemented.
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Chapter 1
INTRODUCTION

It is well known that supplements or addition complements of a submodule
of a given module, need not exist

[8]. As an attempt to study which module provides a supplement of each
of its submodules, the notion of the supplemented modules arises. Wisbauer
calls a module M supplemented if every submodule has a supplement in M.
In [14], the basic properties of supplemented modules are given.

In a series of papers, ZoSchinger has obtained detailed information about
supplemented and related modules. Supplemented modules are also discussed
in [12].

The class of weakly supplemented modules was defined and its properties
studied in [11]

In [1], the authors defined cofinitely supplemented modules and obtained
a characterization and some of the properties of this new class.

In 2003 and through their paper, R. Alizade and E.Biiyiikasik, defined the
class of cofinitely weak supplemented modules, characterization, and prop-
erties were obtained [2].

Zoschinger called a module M @®-supplemented if every submodule of M
has a supplement that is a direct summand. The class of these modules was
studied by many authors [6, 7, 9, 12].

[4] and [10] independently, called a module M @®-cofinitely supplemented,
if every cofinite submodule of M has a supplement that is a direct summand.
This notion was also studied in [13, 15].



In this thesis, we study some classes of modules including supplemented
modules, weakly supplemented, @-supplemented, cofinitely supplemented,
cofinitely weak supplemented and @®-cofinitely supplemented. Characteriza-
tion and closeness of each class under submodules, direct summands, quo-
tients, small covers, and homomorphic images will be considered.



Chapter 2

Preliminaries

In this chapter we will give the basics about modules. We will give the
definitions and results which we will use in this thesis. We begin with modules
and submodules.

2.1 Modules, Submodules, Sum and Inter-
section of Submodules and Direct Sum-
mands

The notion of an R-module can be considered as a generalization of the no-
tion of a vector space where scalars are allowed to be taken from a ring R
instead of a field.

Although modules are in fact considered as a pair (M, \) where M is an
additive abelian group and A is a ring homomorphism from R to the ring
of endomorphisms of M, we prefer to begin with more common and simple
definition. All rings considered in this work are with unity.

Definition 2.1.1. Let R be a ring. A right R-module is an additive abelian
group M together with a mapping M x R — M, which we call a scalar
multiplication, denoted by

(m,r) — mr

such that the following properties hold: for all m,n € M and r,s € R;

1. (m+n)r=mr+nr,



2. m(r+s) =mr+ms,
3. m(rs) = (mr)s.

If, in addition for every m € M we have m.1 = m, M is called a unitary
right R-module. If M is a right module, we denote it by Mp.

Left R-module are defined in an analogous way. For commutative rings,
the two notions of right and left R-module coincide. In our work all modules
will be unitary right R-modules.

Example 2.1.2. Here is a list of some elementary examples of modules:
1. Every vector space over a field F is an F-module.
2. Fvery abelian group is a Z-module, where Z is the set of integers.

3. FEvery ring R is a module over itself.

In studying mathematical structures, the substructures generally play an
important role.

Definition 2.1.3. Let M be an R-module. A subset N of M is called a
submodule of M, notationally N C M if N is a (right ) R-module with

respect to the restriction of the addition and scalar multiplication of M to N.

The reader must be aware because in our work we use the notion N C M
for a submodule relationship, not just for a set-theoretic inclusion, unless
otherwise stated. Further we denote

N & M if N is a proper submodule of M

Lemma 2.1.4. The Submodule Criterion. ([8], Lemma 2.2.2) Let M be
an R-module. If N is a subset of M and N # (), then the following are
equivalent:

1. NCM.



2. N is a subgroup of the additive group M and for all n € N and all
r € R we have nr € N.

3. For allny,ny € N,nj+ng € N (with respect to addition in M ) and for
alln € N and all v € R, we have nr € N.

Example 2.1.5. Here are some elementary examples of submodules:

1. Every module M posses the trivial submodules 0 and M, where 0 is the
submodule which contains only the zero element of M.

2. Let M be an arbitrary module and let m € M then
mR = {mr|r € R}
is a submodule of M called the submodule generated by m.

3. If My is a vector space over the field K, then the submodules are so
called (linear) subspaces.

4. Submodules of Z as a Z-module are nZ,n € Z.

We will give now some important definitions.

Definition 2.1.6. Let M be an R-module.
1. M is called cyclic if there exists m € M such that M = mR.

2. M is called simple if M # 0 and 0 and M are the only submodules of
M.

8. A submodule L C M is called a maximal submodule of M, if L & M
and for every N C M such that L ; N,N =M.

The following Lemma completely characterize simple modules.

Lemma 2.1.7. Characterization of simple modules.[[8], Lemma 2.2.4]. An
R-module M is simple if and only if M # 0 and for every 0 £ m € M,mR =
M.

The following Lemma gives a characterization of maximal submodules.

Lemma 2.1.8 ([8], Lemma 2.3.10). Let L G M. Then the following are
equivalent:



1. L is a mazimal submodule of M.

2. For every m € M such that m ¢ LymR + L = M.

Example 2.1.9. 1. The mazimal submodules of Z are exactly the prime
ideals pZ, p =prime integer.

2. QQz has no mazrimal submodules.

Now we turn our attention to the operations on submodules, sum and
intersection.

Lemma 2.1.10 ([8], Lemma 2.3.1). Let I" be a set of submodules of a module
M, then
(N N={meMmeN foral N eT}

Nel’

is a submodule of M.

2.3). Nner NV is the largest submodule of M which

Corollary 2.1.11 ([8], §
1s contained in all N € T

Lemma 2.1.12 ([8], Lemma 2.3.2). Let X be a subset of the R-module M.
Then

{Z;-l:lxjrﬂmj €eX,r;€R, andn € N}, if X £ 10

0, if X =10

is a submodule of M.

The module defined in the previous Lemma is called the submodule of M
generated by X . This submodule, which, if X # (), is characterized as the
smallest submodule of M that contains X.

We will now define the generating set of a module, finitely generated mod-
ules, and cyclic modules.



Definition 2.1.13. Let M be an R-module.
1. A nonempty subset X of M is called a generating set of M if

M = {ijrj]xj eX,r; € R,ne N}

Jj=1

2. M s called finitely generated if M has a finite generating set X. More-
over if X = {xy, 29, ...,x1}, we write M = x1 R+ xoR + ... + 23 R.

3. M s called cyclic if there exists a single generating element x € M
such that M = xR

Example 2.1.14. Here are some examples to clarify the previous definitions:
1. If R is a ring, then {1} is a generating set of Rp.

2. QQz is not finitely generated.

Finitely generated modules have the following interesting property.

Corollary 2.1.15 ([8], Corollary 2.3.12). Ewvery finitely generated module
M # 0 has a mazximal submodule.

We are now ready to define the sum of submodules.

Definition 2.1.16. Let I' = {N;|i € I} be a set of submodules N; C M, then
{ZjeJnj]nj € N;,J C I and J is finite }, if T # 0,
> N=
iel
0, if T =10

is called the sum of submodules {V;|i € I} .

While Ny, er NV; is the largest submodule of M contained in all N; € T',
Y- n;er N; is the smallest submodule of M which contains all N; € I".

These constructions posses some important properties, first of which is
the Modular Law.



Lemma 2.1.17. Modular Law([8], Lemma 2.3.15) If N, L, K are submodules
of M, L C N, then

NN(L+K)=L+ (NnK).

Lemma 2.1.18 ([14], §41.2). Let N, K, L be submodules of an R-module M,
then

NN(L+K)CLN(N+K)+Kn(L+N).
Proof. Forn € N andn € L+ K,n =1+ k. Rearranging the last equality,
we have [ =n—k € LN (N + K) and similarly k =n—-1€ KN(N+L). So
forn=I+knelLN(N+K)+ KN (L+N) O

Finitely generated modules written as sum of submodules, have this fas-
cinating characterization.

Theorem 2.1.19 ([8], Theorem 2.3.13)). An R-module M is finitely gen-
erated if and only if there is in every set {N;|i € I} of submodules N; C M
with

SN, =M

icl
a finite subset {N;|i € Iy} (i.e.ly C I and Iy is finite) such that

SN =M.

i€lp

Now we define the internal direct sum.

Definition 2.1.20. An R-module M 1is called the internal direct sum of the
set {N;|i € I} of submodules N; C M in symbols, M = @;c; N;, if

1. M =3 N;, and,
2. For every j € I, N; N (X, Ni) =0

In the case of a finite index set, say I = {1,...,k}, M is written as
M=N &Ny ...D N,.
The previous definition is equivalent to: For every m € M the representation
m = > er, i With n; € N, Iy a finite subset of I, is unique.
Also, for every j € I, we have M = N; @ >°,.; N;

Strongly related to the notion of internal direct sum, is the notion of di-
rect summand, which we introduce now.

10



Definition 2.1.21. A submodule N C M 1is called a direct summand of M
if there exists L C M such that M = N @& L

From this definition one can deduce:
1. 0 and M are trivial direct summands of M.

2. In Zz,0 and Z itself are the only direct summands.

2.2 Factor Modules and Module Homomor-
phism

In this section we will introduce two concepts which will play an important
role in our research.

Definition 2.2.1. Let M be an R-module and N be a submodule of M. Then
the set of cosets
M/N ={m+ N|m € M}

is a right R-module if we define the addition and scalar multiplication as
(m1 4+ N)+ (ma+ N) = (my+mg) + N,(m+ N)r =mr+ N.

This new module s called the factor module of M modulo N.

The next Theorem characterize the submodules of factor modules.

Theorem 2.2.2. Correspondence Theorem. ([3], proposition 2.9). Let K be
a submodule of an R-module M. Then there is an isomorphism between the
set of submodules of M /K and the set of submodules of M which contains K .
That is, the submodules of M /K have the form N/K where N is a submodule
of M which contains K.

As a direct consequence of the previous Theorem, we present this corol-
lary.

Corollary 2.2.3. (/3],proposition 2.9.) A factor module M /K is simple if
and only if K is a maximal submodule of M.

The Correspondence Theorem induces the following two important asser-
tions ([8], §9.1):

11



(a) The maximal submodules of M/K are the factor modules N/K with
N maximal in M and K C N.

(b) If {N;|i € I} is a family of submodules of M, and for every i € I, K C

N;, then we have:
NN/ K) = ((Ni) /K

Now we define module homomorphism.

Definition 2.2.4. Let M, N be R-modules. A function f : M — N is called
an R-module homomorphism if, for all my,ms € M and for all r € R,

(i) f(mi+mga) = f(mi)+ f(ma);
(i) f(mar) = f(mi)r

Special names are given to homomorphism which satisfy certain proper-
ties. An onto homomorphism is called an epimorphism, and a one-to-one
homomorphism is called a monomorphism. A one-to-one and onto module
homomorphism is called an isomorphism. If there is an isomorphism between
two modules M and N we say that M and N are isomorphic and denote it by
M= N.

We will present now some important examples of homomorphisms:

1. The inclusion(monomorphism) of a submodule K C M,i : K — M
defined via

ifk)=keM (keK)

2. The natural (canonical) epimorphism m of a module M onto the factor
module M/K where K C M, 7 : M — M/K defined via

m(m) =m+ K

The homomorphism 7 is used in the following to mean the canoni-
cal(natural) epimorphism but with changing notation for domain and
codomain.

3. Let K be a direct summand of M, so M = K & L for some L C M,
then
Pg(k+1) =k (ke K,le L)

12



defines an epimorphism
Py M — K

called the projection of M on K along L , moreover, KerPx = L
([3], proposition 5.4)

Let f: M — N be a homomorphism. For K C M, L C N, we define

The image of K = f(K)= {f(k)|ke K}
The inverse image of L= f~ (L) = {me M|f(m) € L}

These are readily seen to be submodules of N and M, respectively. In
particular we have:

(a) Im f = f(M) is asubmodule of N, and for every K C M, f(K) C Imf.
(b) Kerf = f~1(0) is a submodule of M, and for every L C N, Kerf C
fHD).
Still more is given by the following Lemma.

Lemma 2.2.5 ([8], Lemma 3.1.8). Let f : M — N be a homomorphism.
Then we have

1. KC M= f"Yf(K)) =K + Kerf.
9. LCN = f(f (L) = LN Imf.

3. Let also g : N — T be a homomorphism. Then

Ker(gf) = f~'(Ker g) and Im(gf) = g(Im [).

Image and inverse image of sum and intersection of submodules is the
content of the following Lemma.

Lemma 2.2.6 ([8], Lemma 3.1.10). Let f : M — N be a given homomor-
phism, with a set {M;|i € I} of submodules of M and a set {N,|j € J} of
submodules of N. Then we have

(a) f(ziel Mz) = Zie[ f(MZ), f_l(mjeJ Nj) = mjeJ f_l(Nj)-
(b) fﬁl(zjej Nj) 2 Zjej fﬁl(Nj% f(ﬂie[ Mz) - ﬂie[ f(MZ)

13



In our work yet a special case of the previous Lemma is also needed,
which is given as an exercise in ([8]). Here we present the exercise and prove
it.

Lemma 2.2.7. (/8], Exercise(3) §3)

(a) If f: M — N is a homomorphism such that K C M and L C N, then
FAE)+ L) = K+ fH(L).
(b) If f : M — N is a homomorphism such that K C M and L C N, then
FUHL)NEK) = LN f(K).

Proof. (a) Using Lemma 2.2.6 (a) we have
FUE+7HL)) = f(E)+(LNImf) = Im O (f(K)+L) = f(f 7 (f(K)+L)).
Taking the inverse image of the two equal sets we have
JHE + f7HL) = K + f7H(L) + Kerf = K + (L)
On the other hand

FRUGHE) + L) = FHf(E) + L) + Kerf = 7 (f(K) + L)

So
FTHAE) + L) = K+ f7H(L).

(b) Using Lemma 2.2.6 (a) we have

FHINF(K)) = fHDNfH(K)) = fHI)N(E +Kerf) = (1 (L)NK)+Kerf,

as Kerf C f~!(L) and using the Modular Law. Now taking the image of the
two equal sets we have

fHLNf(K)) = LN f(K)NImf = LN f(K),
on the other hand
fUHL)NK +Kerf) = f(f7H(L) N K).

So we have

FUHL)NEK) = LN f(K).

14



Theorem 2.2.8. Isomorphism Theorems ([3], corollary 3.7) Let M, N be
R-modules.

1. If f : M — N is an epimorphism with Kerf = K, then there is a
unique isomorphism
n:M/K— N

such that
nim+ K) = f(m) for all m € M.

2. If K and L are submodules of M such that K C L then

(M/K)/(L/K) = M/L.

3. If H and K are submodules of M, then
(H+ K)/K 2 H/(HNK).

In particular: If K is a direct summand of M, i.e., M = K @& H then,
M/K=(H+K)/K=H/(HNK)=H.

Lemma 2.2.9. Let f : M — N be a module homomorphism, and L be a
generating set of M. Then

1. f(L) is a generating set of Imf, and so

2. If M is finitely generated, then Imf is also finitely generated.

Using the canonical epimorphism 7 : M — M/N, and the previous
Lemma(2), we easily see that factor modules of finitely generated mod-
ules are also finitely generated.

Toward understanding of the factor module @)/Z, we need more defini-
tions and results.

Let M be a Z-module. M is called a torsion module(torsion group) if,
for every a € M, there exists a nonzero n € N with na = 0.

15



M is called a p-torsion module (p-group), for a prime number p, if, for
every a € M, there exists k € N with pFa = 0.
The torsion submodule of M is defined as

t(M) ={a € MIna = 0 for some n € N},
the p-component of M is
M, = {a € M|p*a = 0 for some k € N}.

= 0, then M is called torsion free. Recall that we use the notation

tM) =
=Z/nZ forn € N.

Ift
I

Torsion modules over Z have an important property as revealed by the
following Theorem.

Theorem 2.2.10. ( [14], §15.10).

1. Ewvery torsion module M over Z is a direct sum of its
p-components: M = @{M,|p a prime number}.

2. The p-component of Q/Z is denoted by Zye (priifer group) and

Q/Z = P{Zy~|p a prime number}.

2.3 Radical of module, Small submodules and
Small Homomorphism

In this section we will introduce some concepts of crucial role in our work,
and study their properties.

Definition 2.3.1. Let M be an R-module.

1. A submodule K of M is called small or superfluous , denoted by K <
M, if for every submodule N of M, K + N = M implies N = M.

16



2. An epimorphism f : M — N is called small if Kerf < M. In this
case, M is called a small cover of N.

Obviously K <« M if and only if the canonical map 7 : M — M/K is a
small epimorphism.

Example 2.3.2. 1. Every finitely generated submodule of Q)7 is small in
Qz([8], §5.1).

2. BEvery nontrivial submodule of Zy is small([3], §5).

3. In Zz there is no nonzero small submodules.

The following Lemma gives some important properties of small submod-
ules and small epimorphisms.

Lemma 2.3.3. [[14], §19.3] Let K,L, N and M be R-modules.

1. If f: M — N and g : N — L are two epimorphisms, then gf is small
if and only if f and g are small epimorphisms.

2. If K CLC M, thenL < M ifand only if K < M and L/ K < M/K.

3. If Ky,..., K, are small submodules of M, then Ki + ... + K, is also
small in M.

4. For K < M and f : M — N we get f(K) < N. In particular, if
K < L CM then K < M (Consider the inclusion map i : L — M ).

5 If K CLC M and L is a direct summand in M, then K < M if and
only if K < L.

The previous Lemma shows that the image of a small submodule is again
small. Now we will show that the inverse image of a small submodule under
a small epimorphism, is also small.

Lemma 2.3.4. [[8] ] Let f : M — N be a small epimorphism and L < N
then f~1(L) < M.

17



Proof. Assume f~}(L) + X = M for some submodule X C M. Now N =

FUHD) +X) = f(f7H(L)+ f(X). As fis an epimorphism, f(f (L)) = L
S L4 f(X)=N= f(X)= N = f1(f(X)) = X + Kerf — M. But
Kerf << M so X = M hence f~}(L) < M. O

The following result will prove useful in our work.

Lemma 2.3.5 ([14], §19.6). Let K be a small submodule of an R-module M.
Then M is finitely generated if and only if M /K is finitely generated.

Now we define the radical of a module.

Definition 2.3.6. Let M be an R-module. we define the radical of M as
the intersection of all mazximal submodules of M. We denote the radical of
M by Rad(M). If M has no mazximal submodules we set Rad(M) = M.

Now we list some basic properties of the radical.

Proposition 2.3.7 ([14], §21.5). For an R-module M, we have

Rad(M) =S {K € M|K < M}

It follows from the definition:

1. Rad (Zz) = 0 since, we know, 0 is the only small submodule(ideal) in
Z.

2. Rad(Qz) = @, since for every ¢ € @, ¢Z is small in ). This is equiva-
lent to saying that () has no maximal submodules.

Proposition 2.3.8 ([14], §21.6). Let M be an R-module.
1. For a homomorphism f : M — N, we have

(i) f(Rad(M)) € Rad(N),
(77) Rad(M/Rad(M)) =0,
(iii) f(Rad(M)) = Rad(f(M)) if Kerf C Rad(M).
2. If M = @; M;, then
(i) Rad (M) = @; Rad(M;) and
(i) M/Rad(M) = @; M;/Rad(M;).

18



Using the radical of a module, the following Theorem present further
characterization for finitely generated modules.

Theorem 2.3.9. (/8], Theorem 9.4.1). Let M be an R-module, then M is
finitely generated if and only if we have:

(a) Rad(M) is small in M, and
(b) M/Rad(M) is finitely generated.

19



Chapter 3

Supplemented Modules

In this chapter we will investigate the properties of supplemented modules,
and give some examples on this class of modules. Throughout R will be a
ring with unity, and all modules will be unitary right R-modules. We start
with characteristics of a supplement submodule.

3.1 Supplements and Their Properties

Before giving the definitions, let us talk about the motivation for studying
supplemented modules.

In module theory, decomposition of a module into direct sum of sub-
modules, if possible, is a very important subject and many areas of module
theory are related to this. In general, a submodule need not be a direct sum-
mand, and as an attempt to generalize the concept of direct summand, the
notion of supplement submodules and related concepts arise in the literature.

Definition 3.1.1. Let N be a submodule of an R-module M. A submodule
K C M is called a supplement or addition complement of N in M if K is
minimal in the set of submodules L C M with N + L = M. A submodule

K C M is called a supplement, if it is a supplement of some submodule of
M.

The following Lemma provides a criterion to check when a submodule is
a supplement.

20



Lemma 3.1.2 ([12], Lemma 4.5). Let N be a submodule of the R-module
M. A submodule K is a supplement of N in M if and only if M = N + K
and NN K < K.

Proof. If K is a supplement of N and X C K with NN K + X = K, then
we have M = N+ K =N+ (NNK)+ X = N+ X, hence X = K by the
minimality of K. Thus N N K < K.

On the other hand, let M = N+ K and NN K < K. For X C K with
X + N = M, we have K = K NN + X (modular law), thus X = K. Hence
K is minimal in the desired sense. [

Observe that every direct summand satisfy the criterion for a supplement
as desired. For if N is a direct summand of M, say M = N & K for some
K C M,NNK =0 < N, which by the previous Lemma, means N is a
supplement of K.

Properties of supplements are given by the following Lemma.

Lemma 3.1.3 ([14], §41.1). Let N, K be submodules of the R-module M.
Assume K is a supplement of N in M. Then:

1. If L+ K =M for some L C N then K is a supplement of L.
2. If M is finitely generated, then K is also finitely generated.

3. If N is a mazximal submodule of M, then K is cyclic, and NNK =Rad(K)
is a (the unique) mazximal submodule of K.

4. If L < M, then K is a supplement of N + L.
5. For L < M we have K N L < K and so Rad(K) = KN Rad(M).
6. For L C N,(K + L)/L is a supplement of N/L in M/L.

Proof. 1. Let L+ K =M forsome LCN. AsLNKCNNK <K, K
is a supplement of L in M by Lemma 3.1.2.

2. Let M be finitely generated. Since N + K = M, there is a finitely
generated submodule X C K with N + X = M. By minimality of K
this means X = K.
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. By 2.2.8(3), we have M/N = K/(NNK). So K/(N N K) is simple,
ie. K =a2R+ (NNK) for some z € K, but NN K < K so we have
K =zR(i.e. K is cyclic).
Also since K/(KNN) = M/N,N N K is a maximal submodule of K
and NN K D Rad(K). But NN K <« K so NN K C Rad(K) and
hence N N K = Rad(K).

ML« Mand X C K with N+L+X = M then,as L<K M, N+ X =
M hence X = K. Trivially M = N+ L+ K.

. Let L< M and X C K with (LNK)+X = K. Then M = N + K =
N+(LNK)+X =X+ N(LNKCL< M), hence X = K by the
minimality of K, i.e. LNK < K. This yields K NRad(M) C Rad(K).
By 2.3.3(4), Rad(K) € KNRad(M) always holds, so we get the desired
equality.

. For L C N, we have NN (K + L) = (NN K) + L(Modular Law), and
(NJLYN[(K+L)/L] = (NNK)+L]/L. Since NN K < K, it follows
that ([N N K) + L]/L <« (K + L)/L(image of small submodule, see
Lemma 2.3.3(4).
Also (N/L)+[(K+L)/L] = M/L, whence by Lemma 3.1.2, (K+L)/L
is a supplement of N/L in M/L.

[

3.2 Characterization and Properties of Sup-

plemented modules

As supplement submodules need not exist, e.g., no nontrivial submodules of
Zz has a supplement, different kinds of modules relative to supplements were
defined and studied in the literature.

Definition 3.2.1. An R-module M is called supplemented if every submod-
ule of M has a supplement in M.

Before we begin the basic part in our work, let us note that different

terminology for types of supplemented modules, is used by different authors.
For example, supplemented modules in [12] are called amply supplemented
modules in [14].
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As a corollary for Lemma 3.1.3 (6), we can begin with the following
immediate result which exhibit the first property of a supplemented module.

Corollary 3.2.2. Every factor module of a supplemented module is supple-
mented .

Proof. For K C L C M with M supplemented, L has a supplement N in M,
we get by Lemma 3.1.3 (6), (V + K)/K is a supplement of L/K in M/K.
O

As a consequence of the previous Corollary, we present a fascinating prop-
erty of supplemented modules. An R-module M is called semisimple if M is
the sum of simple submodules, or equivalently, if every submodule of M is a
direct summand.

Corollary 3.2.3 ([14], §41.2(3)(ii)). Let M be a supplemented module then
M/Rad(M) is semisimple.

Proof. Let L/Rad(M) C M/Rad(M), then by the previous Corollary, there
exists a submodule N/Rad(M) such that L/Rad(M)+N/Rad(M) = M/Rad(M)
and L/Rad(M)NN/Rad(M) < M/Rad(M). But since Rad(M/Rad(M)) =
0, then L/Rad(M)NN/Rad(M) = 0. So L/Rad(M) is a direct summand of
M/Rad(M). O

Motivated by the fact that homomorphic image of small submodule is
again small, we study homomorphic images of supplemented modules. First
consider this Lemma.

Lemma 3.2.4. If f : M — N is a homomorphism and a submodule L
containing Kerf has a supplement in M, then f(L) has a supplement in

f(M).

Proof. If K is a supplement of L, then f(M) = f(L+ K) = f(L) + f(K)
and since L N K < K we have, f(L N K) < f(K) by Lemma 2.3.3(4). As
Kerf C L,

FILNEK) = f((L+Kerf)NK) = f(fT f(L)N K) = f(L) N f(K).
So f(K) is a supplement of f(L) in f(M). O
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Corollary 3.2.5. A homomorphic image of a supplemented module is sup-
plemented.

Proof. Let f : M — N be a homomorphism, and M be a supplemented
module. Suppose X a submodule of f(M) then f~*(X) C M so it has K as
a supplement in M, hence by the previous Lemma f(K) is a supplement of
fUHX) =X, O

A module M is called a small cover of N if there exit a small epimorphism
f:M — N,ie., Kerf < M. We will see below that the inverse image of a
supplemented module under small epimorphism is supplemented.

Lemma 3.2.6. If f : M — N is a small epimorphism then a submodule L
of M has a supplement in M if and only if f(L) has a supplement in N.

Proof. If K is a supplement of L in M, then by Lemma 3.1.3(4), K is a
supplement of L + Kerf as well. And by Lemma 3.2.4, f(L) = f(L + Kerf)
has a supplement in N.

Now let f(L) has a supplement T in Nie f(L)+7T =N and f(L)NT < T
then

fHN)=M =L+ fN(T).
But
FHAL)NT) = (L+Kerf) N fH(T) < f7HT),

by Lemma 2.3.4. As LN f~4T) C (L+ Kerf)n f~4T) < f~YT), f~1(T)
is a supplement of L. O

Corollary 3.2.7. A small cover of a supplemented module is supplemented.

Proof. Let f : M — N be a small epimorphism, N be supplemented, and
assume L C M then f(L) C N, so it has a supplement in N. Now by the
previous Lemma, L has also a supplement in M. O

Supplements of supplemented module inherit this property by the follow-
ing corollary.
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Corollary 3.2.8. Fvery supplement submodule of a supplemented module is
supplemented.

Proof. Let V be a supplement of U, with M supplemented then
M/U=({U~+V)/U=V/(UNV)=V/(UNYV) is supplemented,

since M /U is supplemented. Now the canonical map 7 : V — V/(UNV) is a
small epimorphism Since UNV < V. i.e, V is a small cover of a supplemented
module, hence by the previous Corollary V is supplemented. O

Corollary 3.2.9. FEvery direct summand of a supplemented module is sup-
plemented.

Proof. Every direct summand is a supplement, so by the previous Corollary,
is supplemented. O

In order to show that a finite sum of supplemented modules is supple-
mented, we need the following two results.

Lemma 3.2.10 ([6], Lemma 1.3). Let N and L be submodules of M, such
that N + L has a supplement H in M and N N (H + L) has a supplement G
in N, then H + G is a supplement of L in M.

Proof. Let H be a supplement of N + L in M and let G be a supplement of
NN(H+L)in N. Then

M=N+L+H and HN(N+ L)< H, and
N=NNH+L)+G and NNGN(H+L =H+LNGKGG

Now we have

(H+G)NL HN(L+G)+GnN(L+H)

-
C HN(L+N)+Gn(L+H)
< H+G, and

H+G+L=NNH+L+H+L+G=N+H+L=M.
So H + (G is a supplement of L in M. H
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We state now ([14], 41.2(1)) and prove it using the general previous
lemma.

Proposition 3.2.11. Let My, U be submodules of M, with M, supplemented.
If there is a supplement of My + U in M, then U has a supplement in M.

Proof. Let H be a supplement of M;+U in M, and since M; is supplemented,
let G be a supplement of M; N (H + U) in My, then by the previous Lemma
H + G is a supplement of U in M. [

Now we are ready to prove that the class of supplemented modules is
closed under finite sums.

Corollary 3.2.12. Every finite (direct) sum of supplemented modules is sup-
plemented.

Proof. Tt suffices by induction to show that if M = M; + My with M;, My
supplemented, then M is supplemented.

Let U C M, then M, + My+U = M. Now M; + M, + U trivially has a sup-
plement in M, and as M; is supplemented, then by the previous Proposition
M + U has a supplement. Since M, is supplemented, applying the previous
Proposition once more, we have U has a supplement in M. O

We will present here some examples:

Example 3.2.13. 1. Zz is not a supplemented module, since every nonzero
submodule of Z is not small.

2. A Z-module M 1is supplemented if and only if M is a torsion module

and for every prime the submodule M, is a direct sum of an artinian
module and a module with bounded order.[[6], § 1].
Qz is not torsion, so it is not supplemented. Also Q/Z is not supple-
mented, for, if Q/Z is a supplemented module and consider the small
epimorphism 7 : Q) — Q/Z. Then it follows by Corollary 3.2.7, that @
is supplemented, contradicting our argument above about @ 5.

3. We call a nonzero R-module M hollow if every proper submodule is
small in M. If M has a largest submodule, i.e., a proper submodule
which contains all other proper submodules, then M is called a local
module.
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FEvery local module is hollow, for if M is local with largest submodule
L ;Cé M and K, N are proper submodules of M, hence contained in L,
then K + N C L # M which implies that any proper submodule of M
is small.

Note that every hollow (local) module is supplemented, in fact M is a
supplement of every proper submodule in M ; for every K ;Cé M, we

have:
K+M=M and K "M = K < M,

which characterizes M as a supplement for every proper submodule of
M.

4. An infinite sum of supplemented modules needs not be supplemented.
Consider Q/Z = @{Z,~|p a prime number}. Each p-component Z,
of Q/Z is hollow, hence is supplemented, but by 2) Q/Z is not supple-
mented.

In fact we will return to local modules for further inspection in the fol-
lowing chapter.

The following Lemma, which proves to be of great usefulness in our work,
tells about the nature of a supplement of a maximal submodule.

Lemma 3.2.14 ([14], §41.1(3)). A supplement of a mazimal submodule of
an R-module M is local.

Proof.  Let U be a maximal submodule of the R-module M. Assume V is
a supplement of U in M. Now

M=U+VandUNV <V =V/(UNV) MU,

so U NV is a maximal submodule of V', hence Rad(V) C U NV and since
UNV «V,then UNV C Rad(V) = Rad(V) =UNV and Rad(V) < V.

Let L CV,L # V such that L € Rad(V), then Rad(V)+ L =V by
maximality of Rad (V). But Rad(V) < V = L =V, a contradiction. So
we have for any proper submodule of V', is a submodule of Rad(V'), whence
Rad(V) is a largest submodule of V| i.e., V is local. O
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We end this section with a characterization of finitely generated supple-
mented modules. If M = ", M,, then this sum is called irredundant if, for
every Ao € A, >\ 25, M\ # M holds.

Recall by [14], 21.6(7), if M /Rad(M) is semisimple and Rad(M) < M then
every proper submodule of M is contained in a maximal submodule.

Theorem 3.2.15 ([14], §41.6). 1. For a finitely generated module M, the
following are equivalent:

(a) M is a supplemented module.
(b) Every mazximal submodule of M has a supplement in M.
(¢c) M is a sum of hollow modules.

(d) M is an irredundant (finite) sum of local submodules.

2. If M is supplemented and Rad(M) < M then M is an irredundant
sum of local modules.

Proof. 1. a) = b) Trivial.
b) = ¢) Let H be the sum of all hollow submodules of M and assume
H # M. Since M is finitely generated then there is a maximal sub-
module N C M with H C N, and a supplement L of N in M. By
Lemma 3.2.14, L is local (hollow) and we have L C H C N, contradic-
tion to L + N = M. So we must have H = M.
c) = d) Let M = Y, L, with hollow submodules Ly, C M then
M/Rad(M) = Y o(Ly + Rad(M))/Rad(M). Since Rad(L,) C Ly N
Rad(M) € Rad(M) < M and (L, + Rad(M))/Rad(M) = Ly/(LxN
Rad(M)), these factors are simple or zero, we obtain a representation,
M/Rad(M) = &;(Lx + Rad(M))/Rad(M), and(since Rad(M) < M)
an irredundant sum M = Y~ Ly with local modules Ly, \ € A CA.
d) = a) Let M =Y, L; with L; is local for each 1 <1i < n. Being a
local module, each L; is supplemented, and by Corollary 3.2.12, M is
supplemented.

2. Let M be a supplemented module, then M/Rad(M) is semisimple by
Corollary 3.2.3. Assume H is the sum of all local submodules of M,
and suppose H # M then there exists a maximal submodule N C M
with H C N and a supplement L of N in M. By Lemma 3.2.14, L is
local and so L. C H C N, implying N+ L = N # M. So we must have
H=M.

O
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Chapter 4

Types of Supplemented
Modules

4.1 Cofinitely Supplemented Modules

In this section we study a new special type of supplemented modules. A
module which has a supplement for special types of its submodules. Similar
properties are investigated in detail to reveal whether this new class share
common properties with the class of supplemented modules.

The first part of this section is devoted to studying special type of sub-
modules of a given module; the cofinite submodules and their properties.

We begin with the definition.
Definition 4.1.1. A submodule N of an R-module M 1is called cofinite if
the factor module M /N is finitely generated.

The cofinite submodule has an important property to which we will refer
several times in the sequel, as shown by the following Remark,

Remark: If N is cofinite then every submodule containing N is also
cofinite due to the Isomorphism Theorem(2);

If N C L C M, then M/L = (M/N)/(L/N),

and since the latter module is finitely generated, being a factor module of the
finitely generated module M /N, its homomorphic(isomorphic) image, M/ L,
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share this property.

The most important examples of cofinite submodules in the R-module
M, are the maximal submodules. This is because if L C M is a maximal
submodule, then M/L is simple, i.e., M/L is generated by each of its ele-
ments by the characterization of simple modules.

Recall a supplement K of L in M means M = K + Land LN K < K.
We have showed that a supplement of a maximal submodule is local, in the
following we investigate in the nature of supplements of cofinite submodules.

It was shown that supplements in a finitely generated module are again
finitely generated(see Lemma 3.1.3(2)). Now a stronger result concerning
supplements of cofinite submodules, is shown by the following Lemma.

Lemma 4.1.2 ([2], §2). Let K, L be submodules of M, if K is cofinite and
L is a supplement of K, then L is finitely generated.

Proof. Assume K is a cofinite submodule of a module M, and let L be a
supplement of K, then

L/(LNK)= (L+K)/K = M/K,

so L N K is a cofinite submodule of L which implies L = 1R+ 2R + ... +
r,R+KNL. But LNK < LsoL=xR+x3R+...+x,R. i.e, L is finitely
generated. O

Recall, by [14], M is called Local if M has a largest submodule i.e a
proper submodule which contains all other proper submodules.

Before we proceed it is reasonably important to investigate local modules.
The following Lemma reveals some important properties of local modules.

Lemma 4.1.3.  Let M be an R-module. If M 1is a local module, then
1. Rad(M) is the largest submodule of M and Rad(M) < M.
2. M is supplemented.

3. M s finitely generated, specifically, cyclic.
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Proof. 1. Assume M with a largest proper submodule L. For K ; M,
K CLso K+ L=L%M hence L < M ie., L CRad(M). But L is
maximal in M because:

formg L, if L+mR%# M then L+mRCL=mRCL=me€ L.
Now Rad(M) C L = L = Rad(M).

2. By (1), forevery K G M, K C L = Rad(M) < M = K < M. Clearly
K+ M =Mand KNM = K < M, so by the characterization of a
supplement Lemma 3.1.2, M is a supplement of K.

3. We have shown that Rad (M) is a maximal submodule of M and hence
M /Rad(M) is simple, i.e., M/Rad(M) is finitely generated(cyclic), so
by Theorem 2.3.9, M is finitely generated.

[

Local modules exhibit examples for modules in which every submodule is
cofinite because it is itself finitely generated by the previous Lemma.

The following Lemma deals with sum involving local summands.

Lemma 4.1.4. ([1], Lemma 2.9). Let L;(1 < i <n) be a finite collection
of local submodules of a module M and let N be a submodule of M such that
N+ Ly + ...+ L, has a supplement K in M. Then there exists a(possibly
empty)subset I of (1,...,n) such that K + Y ;c; L; is a supplement of N in
M.

Proof. Suppose first n = 1. Consider the submodule H = L; N (N + K) of
L. If H= Ly, then 0 is a supplement of H in L;, and by Lemma 3.2.10,
K = K +0is a supplement of N in M. If H # L; then, since L, is local, L,
is a supplement of H in L; and in this case K + L; is a supplement of N in
M, again by Lemma 3.2.10. This proves the result when n = 1.

Suppose n > 1. By induction on n, there exists a subset J of {2,...,n}
such that K + 3 ;c; L; is a supplement of N + L; in M. Now the case n =1
shows that either K + > ;c; L; or K + Ly + > ;c; L; is a supplement of N in
M. O

In the following we investigate homomorphic image and the inverse image
of a cofinite submodules.
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Lemma 4.1.5. Let f: M — N be an epimorphism. Then

(a) Let X be a cofinite submodule of M. Then f(X) is a cofinite submodule
of N.

(b) LetY be a cofinite submodule of N. Then f~Y(Y) is a cofinite submod-
ule of M.

Proof. Recall by the Isomorphism Theorem (1), N = M /Ker f

(a) Let X be a cofinite submodule of M, then

N/F(X) = (M/Kerf)/(fH(f(X))/Kerf) = M/f~H(f(X)) = M/(X+Kerf).

But X + Ker f is cofinite in M by containing the cofinite submodule
X, so f(X) is a cofinite submodule of N.

(b) Let Y be a cofinite submodule of N, then
M/fHY) = (M/Ker f)/(f71(Y)/Ker f) = N/f(f1(Y)) = N/Y,

the last equality holds since f is an epimorphism. Since Y is cofinite
in N, then f~1(Y) is a cofinite submodule of M.

]

We will now begin our basic part in this section by the following Defini-
tion.

Definition 4.1.6. An R-module M 1is called cofinitely supplemented if every
cofinite submodule of M has a supplement in M.

Clearly supplemented modules are cofinitely supplemented. Also finitely
generated cofinitely supplemented modules are supplemented, for then every
submodule of it is cofinite.In general, it is not true that every cofinitely
supplemented is supplemented. Since the Z-module () of rational numbers
has no proper cofinite submodule, () is cofinitely supplemented but is not
supplemented as mentioned earlier.

Lemma 4.1.7 ([1], Lemma 2.1). Fvery factor module of cofinitely supple-
mented module is cofinitely supplemented as well.
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Proof. Let M be a cofinitely supplemented module, and let N be any sub-
module of M. Assume L/N is a cofinite submodule of M/N and N C L.
Using the isomorphism theorem,

M/L = (M/N)/(L/N)

and since the latter module is finitely generated, we have M /L is finitely
generated. Being a cofinite submodule of M, L has a supplement K C M in
M, that is K+ L =M and LN K < K. Now

7(LNK) = (LOK+N)/N = (L/N)N((K + N)/N) < 7(K) = (K + N)/N

(Where 7 is the canonical map). Hence by the characterization of a supple-
ment, (K + N)/N is a supplement of L/N in M/N. O

In fact Lemma 3.2.4 enables us to go beyond the previous Lemma, specifi-
cally the following Lemma shows that every homomorphic image of a cofinitely
supplemented module is again cofinitely supplemented.

Lemma 4.1.8. A homomorphic image of a cofinitely supplemented module
is cofinitely supplemented.

Proof. Let f : M — N be a homomorphism with M cofinitely supplemented.
Suppose Y a cofinite submodule of f(M), then

M/fH(Y) = (M/Kerf)/(f~(Y)/Kerf) = f(M)/Y.

So f71(Y) is a cofinite submodule of M containing Kerf, and since M is
cofinitely supplemented, f~!(Y’) has a supplement in M , and by lemma 3.2.4,
f(f~1(Y)) =Y has a supplement in f(M). O

The following Lemma deals with small covers of cofinitely supplemented
modules.

Lemma 4.1.9. A small cover of a cofinitely supplemented module is cofinitely
supplemented.

Proof. Let f : M — N be a small epimorphism, with N cofinitely sup-
plemented module. Assume K to be a cofinite submodule of M, then by
Lemma 4.1.5 (a), f(K) is a cofinite submodule of N. So f(K) has a sup-
plement in N, and by Lemma 3.2.6, K has a supplement in M. So M is
cofinitely supplemented. O
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We show now that an arbitrary sum of cofinitely supplemented modules
is again cofinitely supplemented. To this end, all we need is the following
Lemma, which is easily proved using Lemma 3.2.10.

Lemma 4.1.10 ([1], Lemma 2.2). Let N and L be submodules of a module
M such that N is cofinite and L is cofinitely supplemented, and N + L has
a supplement in M, then N has a supplement in M.

Proof. Let K be a supplement of N 4+ L in M. Note that

L JL+N+K M _  M/N

LN (N +K) N+K N+K (N+K)/N

So that L N (N + K) is cofinite in L, and since L is cofinitely supplemented,
there exists a supplement H of LN (N + K) in L, so by Lemma 3.2.10, N
has K + H as a supplement in M. O

Now we are ready to present this Lemma.

Lemma 4.1.11 ([1], Lemma 2.3). Let M;(i € I) be any collection of cofinitely
supplemented submodules of a module M, then > ,cr M; is a cofinitely sup-
plemented submodule of M.

Proof. Let N =3,c; M;, and let L be a cofinite submodule N. Because N/L
is finitely generated, there exists a finitely generated submodule H of N such
that N = L+ H. There exists a finite subset J of I such that H C Y, ; M,
and hence N =L+ ,c; M; =L+ M, + > ;—o M,.

Since M is cofinitely supplemented and L+>",_5 M; is cofinite, by the Re-
mark following the definition, the previous Lemma is valid, and L+ >, M;
has a supplement in N.

By repeated use of the previous Lemma we deduce that L has a supple-
ment in N. So it follows that N is cofinitely supplemented. n

Simply we are led to this Cororollary

Corollary 4.1.12. Any direct sum of cofinitely supplemented modules is
cofinitely supplemented.
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Following [1], we characterize when a module is cofinitely supplemented.

Let M be any module. Then Loc(M) will denote the sum of all local sub-
modules of M and Cof(M) the sum of all cofinitely supplemented submodules
of M, note that 0 is a local submodule and also a cofinitely supplemented sub-
module of M. By Lemma 4.1.11 , Cof(M) is the unique maximal cofinitely
supplemented submodule of M. And by the Lemma 4.1.3 |, Loc(M) is the

sum of all finitely generated(cofinitely) supplemented submodule of M. Thus
Loc(M) C Cof(M).

We are ready now to give a characterization of cofinitely supplemented
modules.

Theorem 4.1.13 ([1], Theorem 2.8). Let R be any ring. The following
statements are equivalent for an R-module M

1. M 1is cofinitely supplemented
2. FEvery maximal submodule of M has a supplement in M.
3. The module M/Loc(M) doesn’t contain a mazimal submodule

4. The module M/ Cof(M) doesn’t contain a mazimal submodule

Proof. 1) = 2): Trivial, since every maximal submodule of M is cofinite

2) = 3):Let K be a maximal submodule of M. There exists L C
M such that M = K+ L and K N L <« L, by 2) and the character-
ization of a supplement. Now by Lemma 3.2.14, L is local, and hence
L C Loc(M). Since K + L = M then Loc(M) is not a submodule of K, oth-
erwise K + L = K # M. Hence M /Loc(M) has not a maximal submodule.

3) = 4): Assume L/Cof(M) is maximal in M /Cof(M). Since Loc(M) C
Cof(M) C L, then L/Loc(M) is a maximal submodule of M/Loc(M) con-
tradicting (3) .

4) = 1) : Let N be a cofinite submodule of M, then N + Cof(M)
is cofinite submodule of M by the Remark following the definition. Now
N + Cof(M) is a submodule of M containing Cof(M) so by (4) we must
have M = N + Cof(M). Since M/N is finitely generated it follows that
M = N+ Ky + Ky + ... + K,, for some positive integer n, and cofinitely
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supplemented submodules K;,1 < i < n. By repeated use of Lemma 4.1.10,
N has a supplement in M. So M is cofinitely supplemented. O

4.2 Weakly Supplemented Modules

In this section we will introduce a generalization of supplemented modules,
the notion of weakly supplemented modules. Properties and relation to other
classes of supplemented modules, are the purposes of this section.

Definition 4.2.1. A submodule N C M 1is called a weak supplement of L in
M if N+L=Mand NNL <K M.

Because of the symmetry of the definition, one can say, N has L as a
weak supplement in M. Now we can state the following definition.

Definition 4.2.2. Let M be an R-module. Then M is called weakly supple-
mented if every submodule N of M has(is) a weak supplement.

Recall from Lemma 2.3.3(4), for K C L C M, if K < L then K < M,
hence every supplemented module is weakly supplemented. For an example of
weakly supplemented module which is not supplemented see Example 4.3.13
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Example 4.2.3 ([5], Example §17.10). Q/Z is a weakly supplemented Z -
module.

Proof. First write M = Q/Z = @p Mp as the direct sum of prime p-
component Mp := Zpw. Every submodule N of M is of the form N = @ Np
where Np = NN Mp C Mp are the p-components of N. Since Mp is hollow
either Np = Mp or Np < Mp. Thus N < M if and only if Np # Mp for all
p. If N is not small in M, set A = {p| Np # Mp} and L := @pep Mp. Then
N+L=Mand NNL =@, Np < M . Hence L is a weak supplement of
N in M. O

Next we are going to show that the class of weakly supplemented modules
is closed under homomorphic images, finite direct sums and small covers.
Firstly we need a Lemma similar to Lemma 3.2.4.

Lemma 4.2.4 ([2], Lemma 2.4). If f : M — N is a homomorphism and
a submodule L containing Kerf is a weak supplement in M, then f(L) is a
weak supplement in f(M).

Proof. If L is a weak supplement of K in M, then f(M
f(L)+ f(K) and since (LN K) < M = f(LNK) <
2.3.3(4). But

) = f(L+K) =
f(M) by Lemma
FILNE) = f[(L+ Kerf) N K] = f(f f(L)NK) = f(L)N f(K) < f(M).
So f(L) is a weak supplement of f(K) in f(M).

[

Corollary 4.2.5. Fvery homomorphic image of a weakly supplemented mod-
ule is weakly supplemented.

Proof. Let f: M — N be a homomorphism, and L C f(M). Now f~*(L) C
M containing Ker f, with a weak supplement K. Now by the previous Lemma
f(f~YL)) = L is a weak supplement in f(M), namely of f(K). O

Corollary 4.2.6. Every factor module of a weakly supplemented module is
weakly supplemented.
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Proof. Let K C M. Consider the canonical epimorphism 7 : M — M/K,
since M is weakly supplemented then M /K is weakly supplemented by the
previous Corollary. [

Corollary 4.2.7. Fvery direct summand of weakly supplemented module is
weakly supplemented.

Proof. Let M = K @& L, then K = M/L by Theorem 2.2.8(3). O

Corollary 4.2.8 ([5], §17.13). A small cover of weakly supplemented is
weakly supplemented.

Proof. Let M be a small cover of a weakly supplemented module N. Then
N = M/K for some K < M. Take a submodule L of M and a weak supple-
ment X/K of (L+ K)/K in M/K. Since K < M, we have, X N L+ K =
XN(L+K)< M,so XNL< M and X is a weak supplement of L in M.
Thus M is weakly supplemented. O

Example 4.2.9. Q) is weakly supplemented Z-module.

Proof. Since @ is a small cover of the weakly supplemented module )/Z see
Example 4.2.3, we now see that () is weakly supplemented by the previous
Corollary. O]

Remark. @)z offers another example of a weakly supplemented module
but not supplemented.

Corollary 4.2.10. Every supplement submodule(e.g. direct summand) of a
weakly supplemented module is weakly supplemented.

Proof. Let M be a weakly supplemented module, and V' be a supplement
of U in M, then M/U = V/(UNV) , hence the factor module V/(U N'V)
is weakly supplemented by Corollary 4.2.5. Consider the canonical map,
7 :V = V/(UNYV) is a small epimorphism since V NU < V by the
characterization of a supplement. Now V' is weakly supplemented by the
previous Corollary. O
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We turn now to answer the question about the closure of the class of
weakly supplemented under(finite) sum. In [[5], §17.13] a positive answer
was given and proven using Lemma 17.11. In this work we will use another
approach. Our tool is a Lemma similar to Lemma 3.2.10.

Lemma 4.2.11. . Let N, L be submodules of a module M such that N + L
has a weak supplement H in M and N N (H + L) has a weak supplement G
in N. Then H+ G is a weak supplement of L in M.

Proof. L+(H+G)=(L+H)+G+NN(L+H)=L+H+N=M,as H
is a weak supplement of N + L and G is a weak supplement of NN (H + L)
in N. Now

LN(H+G) ¢ HN(L+G)+Gn(L+ H)
C HN(L+N)+GNNN(L+H)
< M

since GNNN(L+H) <N CM.

Corollary 4.2.12 ([5], Corollary 17.12). If M = M, + Ms, with My and M,
weakly supplemented, then M is weakly supplemented.

Proof. For every submodule N C M, M; + (M, + N) has a trivial weak
supplement in M and since M is weakly supplemented, M; N (Ms + N +0)
= M;N(My+ N) has a weak supplement in M;. So by the previous Lemma,
Ms + N has a weak supplement in M, and since Ms is weakly supplemented,
applying the previous Lemma once more we have N has a weak supplement
in M. O

Corollary 4.2.13. Finite (direct) sum of finitely many weakly supplemented
modules is also weakly supplemented.

Proof. By induction and the previous Corollary. [

As for finitely generated supplemented modules, we give a characteriza-
tion of finitely generated weakly supplemented modules(compare with The-
orem 3.2.15). Firstly we need the following Lemma.
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Lemma 4.2.14 (2], Lemma 2.15). Let H and K be submodules of M such
that K is a weak supplement of a mazximal submodule L of M. If K+ H has
a weak supplement in M, then H has a weak supplement in M.

Proof. Let X be a weak supplement of K + H in M. If KN (X + H) C
KNL <« M then X 4+ K is a weak supplement of H since

HN(X+K)CXNH+K)+KnNn(X+H) <M

Now suppose K N (X + H) ¢ KN L. Since K/(KNL) = (K+L)/L =
M/L, KNL is a maximal submodule of K. Therefore (KNL)+KN(X+H) =
K. Then X is a weak supplement of H since

HNXC(K+H)NX < M and

M=X+H+K=X+H+(KNL+Kn(X+H)=X+H.

as KN(X+H)C X+ Hand KNL < M. So in both cases there is a weak
supplement of H in M. n

Theorem 4.2.15. 1. For a finitely generated module M the following are
equivalent:

(a) M is a weakly supplemented module.
(b) Every maximal submodule of M has a weak supplement in M.

(¢) M is a (finite) sum of weak supplements of mazimal submodules

of M.

2. [5], § 17.9(4). If Rad(M) < M, then M is weakly supplemented if and
only if M /Rad(M) is semisimple.

Proof. 1. a) = b) :Trivial.

b) = ¢) : Let H is the sum of all weak supplements of some maximal
submodule of M. Assume H # M, then there is a maximal submodule
N of M such that H C N and a weak supplement K of N,ie. N+ K =
M. But then K C H and N+ K = N # M. So we must have M = H.
c) = a): Let M = Y7 | L; with L; a weak supplement of some maximal
submodule of M. Assume K C M, so M = K + >, L;, by repeated
use of Lemma 4.2.14, K has a weak supplement.
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2. =) Assume M is a weakly supplemented module and let L/Rad(M) C
M /Rad(M). Take a weak supplement K of L in M. Then

K + Rad(M) L K+ L M

Rad(M)  Rad(M) _ Rad(M) _ Rad(a)’ ™
K+Rad(M) =~ L LOK+Rad(M)
Rad(M) Rad(M) Rad(M) N

<) Let L € M, then (L 4+ Rad(M))/Rad(M) is a direct summand
of M/Rad(M). i.e. there is a submodule K/Rad(M) of M/Rad(M)
such that (L + Rad(M))/Rad(M) @ K/Rad(M) = M/Rad(M), then
L+K = M and LNK C Rad(M) < M that is K is a weak supplement
of L.

0

We turn now to study a new special type of supplemented modules,
namely modules that have weak supplements for special types of its sub-
modules. Properties of these modules are investigated in detail to reveal
whether this new class share common properties with weakly supplemented
modules.

4.3 Cofinitely Weak Supplemented Modules

In this section we will introduce another type of supplemented modules, and
study its properties and its relations with the other classes so far has been
defined. We begin with this Definition.

Definition 4.3.1. An R-module M is cofinitely weak supplemented if every
cofinite submodule of M has a weak supplement.

Recall a weak supplement K of a submodule L in M means: M = L+ K
and KN L <K< M.

We have showed, see Lemma 4.1.2, that a suppleme nt of a cofinite
submodule is finitely generated. Now we will show that weak supplements
of cofinite submodules can be regarded as finitely generated.
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Lemma 4.3.2 ([2], Lemma 2.1). Let M be a module and K is a cofinte(mazimal)
submodule of M. If L is a weak supplement of K in M, then K has a finitely
generated(cyclic) weak supplement in M that is contained in L.

Proof. If K is cofinite, and since M/K = (L + K)/K = L/(L N K), then
L/(LNK) is finitely generated . Let L/(LNK) be generated by the elements:

rnn+LNK, o+ LNK, ...z, +LNK.

Then for the finitely generated submodule W = 1R + 2R + ... + 2, R of L
we have

W+K=W+KNL+K=L+K=Mand WNKCLNK <K M.

Therefore W is a finitely generated weak supplement of K in M which is
contained in L.

If K is maximal, then L/(L N K) is cyclic module generated by some
element x + K N L and W = xR is a weak supplement of K. O

Lemma 4.2.4 will enable us to show that a homomorphic image of
cofinitely weak supplemented module is also cofinitely weak supplemented
as stated by the following Proposition.

Proposition 4.3.3 ([2], Proposition 2.5). A homomorphic image of a cofinitely
weak supplemented module is a cofinitely weak supplemented.

Proof. Let f: M — N be a homomorphism with M cofinitely weak supple-
mented. Suppose Y a cofinite submodule of f(M), then

M/fHY) = (M/Kerf)/(f(Y)/Kerf) = f(M)/Y

So f71(Y) is a cofinite submodule of M containing Kerf, and since M is
cofinitely weak supplemented, f~1(Y") is a weak supplement in M , and by
Lemma 4.2.4, f(f~1(Y)) =Y is a weak supplement in f(M). O

Let K C M, and consider the canonical map (epimorphism) : 7 : M —
M/K. If M is cofinitely weak supplemented, and applying the previous
Proposition, we get the following Corollary.
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Corollary 4.3.4 ([2], Corollary 2.6). Any factor module of a cofinitely weak
supplemented module is a cofinitely weak supplemented.

To show that the inverse image of a cofinitely weak supplemented mod-
ule under a small epimorphism is a cofinitely weak supplemented, we need
analogous result to proposition 3.1.3(4).

Proposition 4.3.5. If K is a weak supplement of N in a module M and
T < M, then K is a weak supplement of N +T in M as well.

Proof. Let f: M — M/N @& M/K be defined by f(m) = (m + N,m + K)
and g : (M/N)®(M/K) — M/(N+T)& M/K be defined by g(m+ N, m’+
K)=(m+ N+ T,m'+ K). Then f is epimorphism as M = N + K and
Kerf = NN K < M as K is a weak supplement of N in M, so f is a small
epimorphism. Now

Kerg= (N +T)/N& K/K = (N+T)/N&0=(N+T)/N < M/N

since T < M and (N + T)/N = 7(T) wherew : M — M/N is the
canonical map. Therefore g is small epimorphism. By Lemma 2.3.3(1), gf
is small, i.e., (N+T)NK = Ker(gf) < M. Clearly (N+T)+ K = M so K
is a weak supplement of N + T in M. n

The previous proposition together with the fact that the image of a weak
supplement under a homomorphism is still a weak supplement, are the theory
behind the following Lemma.

Lemma 4.3.6 ([2], Lemma 2.8). If f : M — N is a small epimorphism then
a submodule L of M is a weak supplement in M if and only if f(L) is a weak
supplement in N.

Proof. 1f K is a weak supplement of L in M then by the previous Proposi-
tion, L + Kerf is also a weak supplement of K in M and by Lemma 4.2.4,
f(L) = f(L+ Kerf) is a weak supplement in N.
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Now let f(L) be a weak supplement of a submodule 7" in N. ie., N =
f(L)+T and f(L)NT < N. So M = L+f~YT). Tt follows from Lemma 2.3.4
that

FHALNT) = L) N fHT) = (L+Kerf)n f7HT) < M

But as LN f~1(T) C (L+ Kerf) N f~1(T) < M, we have f~}(T) is a weak
supplement of L. O

Recall that a module M is called a small cover of a module N, if there
exists a small epimorphism f: M — N, ie., Kerf < M.

We are ready to answer the question: Is a small cover of a cofinitely weak
supplemented module is again cofinitely weak supplemented. A positive an-
swer is given by the following Corollary.

Corollary 4.3.7 ([2], Corollary 2.9). A small cover of a cofinitely weak
supplemented module is a cofinitely weak supplemented.

Proof. Let N be a cofinitely weak supplemented module, f : M — N be a
small epimorphism, and L be a cofinite submodule of M. Consider f : M/L
— N/f(L) defined by f(m+ L) = f(m)+ f(L), as f is an epimorphism, i.e.,
f(M) = N we have f is an epimorphism. Since M/L is finitely generated
so is N/f(L). But N is cofinitely weak supplemented module so f(L) is a
weak supplement in N, and L is a weak supplement in M by the previous
Lemma. O

Recall that Rad(M) is the sum of all small submodules of the module M.
In a module M, it is not necessary for Rad (M) to be a small submodule of
M, but if Rad (M) is a small in M, then we have a characterization for a
cofinitely weak supplemented module as asserted by the following Corollary.

Corollary 4.3.8 ([2], Corollary 2.10). Suppose that M is an R-module with
Rad(M) < M then M/Rad (M) is a cofinitely weak supplemented module if
and only if M is a cofinitely weak supplemented module.

Proof. =): By the previous Corollary.
<): By Corollary 4.3.4. O
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In our seek for a proof of "An arbitrary sum of cofinitely weak supple-
mented submodules is a cofinitely weak supplemented" we will use an ana-
logue of Lemma 4.1.10

Lemma 4.3.9 (2], Lemma 2.11). Let N and L be submodules of M with N
cofinitely weak supplemented and L cofinite. If N+ L has a weak supplement
in M, then L has also a weak supplement in M.

Proof. Let X be a weak supplement of N + L in M. Then
N/INN(X+L)=(N+X+L)/(X+L)=M/(X+1L).

But, as X + L contains the cofinite submodule L, X + L is cofinite, and
so NN (X + L) is a cofinite submodule of N, and hence N N (X + L) has
a weak supplement Y in N. Now Lemma 4.2.11 asserted the existence of a
weak supplement of L in M, namely X + Y. O

The previous Lemma enables us to prove easily the following Proposition.

Proposition 4.3.10 ([2], Proposition 2.12). An arbitrary sum of cofinitely
weak supplemented modules is cofinitely weak supplemented module.

Proof. Let M = Y",c; M; where each submodule M; is cofinitely weak sup-
plemented and N is a cofinite submodule of M, then M /N is generated by
some finite set {z; + N,zo + N, ...,x, + N} and therefore M = 1R + xo R +
...+ 2, R+ N. Since each z; is contained in the sum 3_,cr M; for some finite
subset F; of I,

1 R+1yR+-... 4+, R C 3 ;cp M; for some finite subset F' = {i1, iy, ..., 4} of I.
Then M = N+XF | M;,. Since M = M; + (N -+ M;,) has a trivial weak
supplement 0 in M, and since M;, is cofinitely weak supplemented module,
and (N + ¢! M;,) is cofinite by containing the cofinite submodule N, the
previous Lemma applies, and the latter submodule has a weak supplement
in M. Similarly (N 4+ $F-2 M;,) has a weak supplement in M and so on.
Continuing in this way we will obtain (using the previous Lemma k times )
at last that N has a weak supplement in M. O

Recall that a module M is p-torsion, if, for every a € M, there exists
k € N with p¥a = 0. For a p-torsion module M to be bounded there must
exists n € N such that for all a € M, p"a = 0.
The class of cofinitely weak supplemented modules is strictly wider than the
class of the weakly supplemented modules as the following example shows.

45



Example 4.3.11 ([2], Example 2.14). Let p be a prime integer and consider
the Z-module M = @2, {a;) which is the direct sum of cyclic subgroups {a;)
of order p'. Since each {(a;) is local and therefore is a cofinitely weak sup-
plemented module, M is cofinitely weak supplemented module by the previous
proposition. We will show that M is not weakly supplemented.

LetT = pM and suppose that T has a weak supplement L, i.e., M = L+T
and N=TNL < M. Then N < E(M) as well, where E(M) is an injective
hull of M. Since the injective hull E(N) of N is a direct summand of E(M),
N < E(N). It is well known that if a torsion abelian group is small in its
injective hull then it is bounded. Therefore N must be bounded, i.e., p" N =0
for some positive integer n. Then, as pL C LNpM =LNT =N,

pn+1M — pn+1T +pn(pL) g pn-i-lT + pnN — Pn+1T

Therefore p"ta, o = p" b for some b € T = pM. Since b = pc for some
c = (mya;)2, € M, we have

n—+1 _ . n+l1 _ n-+2 .
0# P " anyo =P (PMpg2ani2) = MygoD" “apyo =0

This contradiction implies that M is not a weakly supplemented module.
Remark: This Fxample points out that infinite sum of weakly supplemented
modules needs not be weakly supplemented. Let M be defined as above. Since
each {(a;) is local and therefore is a (weakly) supplemented module, M is an
infinite sum of weakly supplemented modules, but is not weakly supplemented,
as the example shows.

Now we are going to prove that a module is cofinitely weak supplemented
if and only if every maximal submodule has a weak supplement. Firstly we
need some notions.

For a module M, let I' be the set of all submodules K such that K is a
weak supplement of some maximal submodule of M and let Cws(M) denote
the sum of all submodules from T". As usual Cws(M) =0if ' =

Theorem 4.3.12 ([2], Theorem 2.16). For a module M, the following state-
ments are equivalent.

1. M 1is cofinitely weak supplemented module.
2. Every maximal submodule of M has a weak supplement.

3. M/Cws(M) has no maximal submodules.

46



Proof. (1) = (2): is obvious since every maximal submodule is cofinite.

(2) = (3): Suppose that there is a maximal submodule L/Cws(M)
of M/Cws(M). Then L is a maximal submodule of M. By (2), there is a
weak supplement K of L in M. Then K € I', therefore K C Cws(M) C L.
Hence M = L+ K = L. This contradiction shows that M /Cws(M) has no
maximal submodules.

(3) = (1): Let N be a cofinite submodule of M. Then N 4 Cws(M) is
also cofinite by the remark following the definition of cofinite submodule. If
M/(N+Cws(M)) # 0 then by 2.1.15 , there is a maximal submodule L/(N+
Cws(M)) of the finitely generated module M /(N + Cws(M)). It follows that
L is a maximal submodule of M and M/Cws(M) which contradicts (3). So
we must have M = N + Cws(M). Now M/N is finitely generated, say by
elements z1+ N, 29+ N, ...,z + N, therefore M = N+xR+xoR+... 42, R.
Each element z;(i = 1,2,...,m) can be written as z; = n; + ¢;, where n; € N
and ¢; € Cws(M). Since each ¢; is contained in the sum of finite number
of submodules of I'y M = N + K; + Ky + ... + K,, for some submodules
Ky, Ky, ... K, of M from I". Now M = (N+ K+ Ky + ...+ K,_1) + K, has
a trivial weak supplement. By Lemma 4.2.14, N+ K1+ Ko+ ...+ K,,_1 has a
weak supplement in M. Continuing in this way (applying the Lemma 4.2.14
n times) we obtain that N has a weak supplement in M. O

Recall that a module M is cofinitely supplemented if every cofinite sub-
module of M has a supplement in M. Clearly if M is cofinitely supplemented,
then M is cofinitely weak supplemented.

The following example shows that a cofinitely weak supplemented module
need not be cofinitely supplemented.

Example 4.3.13 ([11], Remark(3.3)). Consider the ring,

R=2,,={]labeZb40, (b)) =1 (eh)=1}.

The only maximal ideals pR and qR are weak supplements of each other
because pR+qR = R and pRNgR = RadR < Rg as Ry is finitely generated,
so by the previous Theorem R is (cofinitely) weak supplemented. Moreover,
if k is any such that (k,p) = 1 then pR+kqR = R and kqR G qR, so pR, qR
are not supplements of each other. By Theorem 4.1.13, the right module Ry
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is not (cofinitely) supplemented.
Remark: Rpg is finitely generated, so we can drop the term cofinitely in the
above statement.

It is known (see Lemma 3.1.3 (5)) that for supplement submodule K of
a module M, Rad (K) = K NnRad (M) and that for a weak supplemented
module M the last equality implies that K is a supplement as the following
Lemma shows.

Lemma 4.3.14 ([2], Lemma 2.18). Let M be an R-module and N be a
cofinite submodule of M. If N has a weak supplement L in M and for every
finitely generated submodule K of L, Rad (K) = K N Rad (M), then N has
a finitely generated supplement in M.

Proof. L is a weak supplement of N, iie., N+ L = M and NNL < M.
Since N is cofinite, then by Lemma 4.3.2, N has a finitely generated weak
supplement K C L in M, ie., M = N+ Kand NN K < M. Then
NNK C Rad(M). Therefore NN K C K NnRad(M) = Rad(K). But
Rad(K) <« K, since K is finitely generated. So N N K <« K, i.e., K is a
supplement of N in M. O

It is obvious that every cofinitely supplemented module is a cofinitely
weak supplemented.
The following Theorem gives a condition under which the converse is true.

Theorem 4.3.15 ([2], Theorem 2.19). Let M be an R-module such that for
every finitely generated submodule K of M, Rad (K) = KN Rad(M), then M
is cofinitely weak supplemented if and only if M is cofinitely supplemented.

Proof. Let N be a cofinite submodule of M. Since M is cofinitely weak
supplemented, N has a weak supplement L in M and by the previous Lemma,
N has a supplement. Hence M is cofinitely supplemented.

The converse statement is obvious. O

Applying the previous Theorem on a finitely generated module, shows an
equivalence between being weakly supplemented and being supplemented.
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Corollary 4.3.16 ([2], Corollary 2.20). Let M be a finitely generated mod-
ule such that for every finitely generated submodule N of M, Rad N =
N N Rad(M). Then M is weakly supplemented if and only if M is sup-
plemented. Furthermore in this case every finitely generated submodule of M
is a supplement.

Proof. The first statement follows from the previous Theorem, as in a finitely
generated module, every submodule is cofinite. If N is finitely generated
submodule, then N has a weak supplement K, therefore N + K = M and
NNK C NN Rad(M) =Rad(N) < N, ie., N is a supplement of K. O

The following Theorem gives a characterization of cofinitely weak supple-
mented modules with small Radical.

Theorem 4.3.17 ([2], Theorem 2.21). Let M be an R-module with Rad(M) <
M. Then the following statements are equivalent.

1. M 1is a cofinitely weak supplemented module.

2. M/Rad(M) is a cofinitely weak supplemented.

FEvery cofinite submodule of M /Rad(M) is a direct summand.
Every mazximal submodule of M/Rad(M) is a direct summand.

Every maximal submodule of M/Rad(M) is a weak supplement.

S ovo o

FEvery maximal submodule of M is a weak supplement.

Proof. (1) = (2): By corollary 4.3.4.

(2) = (3): Let U € M/Rad(M) such that U is cofinite, then by (2), U is a
weak supplement of K, i.e., UNK < M /Rad(M) but since Rad(M /Rad(M)) =
0, i.e., the only small submodule of M/Rad(M) is 0 = U N K = 0 together
with U + K = M/Rad(M) = U is a direct summand of M /Rad(M).

(3) = (4): Obvious since every maximal submodule is cofinite.

(4) = (5):  Every direct summand U is a supplement since U +V = M
and UNV =0« U and then UNV =0 << M. So U is a weak supplement.
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(5) = (6): Since Rad(M) <« M and by Lemma 4.3.6, (6) follows from
(5).

6) = (1);: By Theorem 4.3.12 OJ
(6) = (1): By

In the following section we study still a new type of supplemented mod-
ules. More definitions and theorems are given to clarify the relation between
the new class and the classes we have studied till now.

4.4  PH-Supplemented Modules

Recall a submodule K of M is a direct summand if there exists a submodule
L such that M = L ® K.ie, M = K + L and K N L = 0. Following [12]
we will give the following definition of a new class which is a subclass of
supplemented modules.

Definition 4.4.1. Let M be an R-module. M is called ®-supplemented
module if every submodule has a supplement that is a direct summand of
M. i.e., for N C M, there exist submodules K, L such that M = K @ L,
M=N+Kand KNN < K.

Recall that a nonzero module M is called hollow if every proper submod-
ule is small in M, and is called local if the sum of all proper submodules
of M is also a proper submodule of M. Note that local modules are hol-
low and hollow modules are @®-supplemented, namely each submodule N has
M as a supplement since M = N+M and MNN =N < M and M0 =M

Clearly @-supplemented modules are supplemented, but the converse
is not true in general (see Example 4.4.4).

The following Theorem proves the closeness of the class of @-supplemented
under finite direct sum of its elements.

Theorem 4.4.2 ([6], Theorem 1.4). For any ring R, any finite direct sum
of ®-supplemented R-modules is &-supplemented.
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Proof. Let n be any positive integer and let M; be a @-supplemented R-
module for each 1 <7 <n. Let M = M, & My & ... & M,. To prove that M
is @-supplemented it is sufficient by induction on n to prove that this is the
case when n = 2. Thus suppose n = 2.

Let L be any submodule of M. Then M = M+ M5 so that M+ M+
L has a supplement 0 in M. Let H be a supplement of My N (M; + L+ 0)
= My N (M; + L) in My(M, is @-supplemented) such that H is a direct
summand in Ms. By Lemma 3.2.10, H + 0 = H is a supplement of M; + L
in M. Let K be a supplement of M; N (L + H) in M; such that K is a
direct summand of M;. Again applying Lemma 3.2.10, we have H 4+ K is a
supplement of L in M.
Assume My = H®U and M7, = K&V, sonow M = Mi&M, = HOUD KBV
= H+ K = H ® K is a direct summand of M.
[

Since hollow(local) modules are &-supplemented, using the previous the-
orem we get the following

Corollary 4.4.3. Any finite direct sum of hollow(local) modules is ®-supplemented.

Quotient of a @-supplemented module is not in general &-supplemented.
In [7] some examples are given to show the previous statement. In our thesis
an example is given after a while.

A commutative ring R is a valuation ring if it is a local ring and every
finitely generated ideal is principal. A module M is called finitely presented
if M = F/K for some finitely generated free module F' and finitely generated
submodule K of F.

Example 4.4.4. [[7], Ezample 2.2]Let R be a commutative ring which is
not a valuation ring and let n > 2. There exists a finitely presented inde-
composable module M = R™ /K which cannot be generated by fewer than
n elements. By Theorem 4.4.2, R™ is @-supplemented. We will show that
M is not ®-supplemented. Let L be a maximal submodule of M (such a
maximal submodule exists by Corollary 2.1.15). Assume there exist submod-
ules K, H such that M = K ® HM = K+ L and LN K < K. Now
M/L=(K+L)/L=K/(KNL). As L G M and M is indecomposable, we
must have K = M, so M/(K N L) is cyclic, and M = myR + K N L, but
KNL<KM so M =miR, which is a contradiction.

Remark: Note that as R™ is @-supplemented, then R™ is supplemented and
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by Corollary 3.2.2, R(”)/K s supplemented which is not ®-supplemented as
shown abowve.

Nevertheless, we intend to present a proposition which deals with a special
case of factor modules of a @-supplemented modules. First we prove the
following Lemma.

Lemma 4.4.5 ([7], Lemma 2.4). Let M be a nonzero module and let N
be a submodule of M such that f(N) C N for each f € Endr(M). If
M:Ml@MQ thenN:NﬂMl@NﬂMg

Proof. Let m; : M — M;(i = 1,2) denote the canonical projections. Let x be
an element of N. Then x = m(x) 4+ mo(z). By hypothesis, m;(N) C N for
i =1,2. Thus m;(z) € NN M, for i = 1,2. Hence

N Cm(N)+m(N)CNNM & NN M,

also NN Mi e NNM,CN=N=NNOM ®&NnNM. ]

The submodules satisfying the property of the previous Lemma, their fac-
tor modules preserve the @-supplementary as shown by the following propo-
sition.

Proposition 4.4.6 ([7], Proposition 2.5). Let M be a nonzero module and
let N be a submodule of M such that f(N) C N for each f € Endg(M). If
M is ®-supplemented, then M/N is &-supplemented. If, moreover, N is a
direct summand of M, then N is also ®-supplemented.

Proof.  Suppose that M is @-supplemented. Let L be a submodule of
M which contains N. There exist submodules K and H of M such that
M=K®Hand M =K+ Land LNK < K ( M is @®-supplemented ). By
Lemma 3.1.3(6), (V 4+ K)/N is a supplement of L/N in M/N. Now apply
the previous Lemma, to get that N = NN K & N N H. Thus

(K+N)N(H+N) HN(K+N+N)+NN(K+N+H)
HN(K+NNK+NNH)+N
HN(K+NNH)+ N
HNN+HNK+N

= 0+N=N

NN N
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It follows that 58 N N = 0 and EEA 4 AEN — M
So (N + K)/N is a direct summand of M/N, consequently M/N is @-

supplemented.

Now suppose that N is a direct summand of M. Let L be a submodule
of N. Since M is @-supplemented, there exist submodules K, H of M such
that M = K@ H M =K+ L,and LN K < K. Thus N =L+ NNK.
But by the previous Lemma N = NN K & NN H , hence NN K is a direct
summand of N. Moreover, LN(NNK)=LNK < K. Then LN (N NK)
is small in NN K, since NN K is a direct summand of M. Therefore N N K
is a supplement of L in N and it is a direct summand of N. So N is ®-
supplemented. O

In the following section we will introduce the last kind of supplemented
modules in our work. Some more definitions and theorems are introduced to
complete the thesis.

4.5 @-Cofinitely Supplemented Modules

Recall that if M is an R-module, then a submodule N is called cofinite if
M/N is finitely generated. we will begin by the following Definition.

Definition 4.5.1. An R-module M is called @-cofinitely supplemented if
every cofinite submodule of M has a supplement in M which is a direct
summand of M.

Clearly é-supplemented modules are @-cofinitely supplemented. Since in
a finitely generated module every submodule is cofinite, so finitely generated
@-cofinitely supplemented modules are @-supplemented modules .

In general, it is not true that @-cofinitely supplemented module is &-
supplemented:
The Z-module @) of rational numbers has not any proper cofinite submod-
ule. Thus @ is @-cofinitely supplemented ( @ is the only cofinite submodule)
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but the Z-module @ is not torsion, so it is not supplemented(whence not®-
supplemented)[see [4] |.

The following Lemma gives a way to obtain é¢-cofinitely supplemented
modules from just cofinitely supplemented ones.

Lemma 4.5.2 ([4], Lemma 2.1). Let M be a cofinitely supplemented module.
Then M/Rad(M) is ®-Cofinitely supplemented.

Proof. By Lemma 4.1.7, we have M/Rad(M) cofinitely supplemented as a
factor module of the cofinitely supplemented module M.

Moreover, any cofinite submodule of M/Rad(M) has the form N/Rad(M)
where N is cofinite submodule of M, hence there exists a submodule K of M
such that M = N+ K and NNK < K, hence NNK < M and so NNK C
Rad(M). Thus

N K+Rad(M) N+K+Rad(M) N+K M
Rad(M) * Rad(M) Rad(M) - Rad(M) Rad(M)

and

N K+Rad(M) _NnN(K+Rad(M)) NNK+Rad(M) _Rad(M)

Rad(M)" ™~ Rad(M) Rad (M) Rad(M) Rad(M) "

hence
M/Rad(M) = N/Rad(M) & (K + Rad(M))/Rad (M), as required. O

Some properties of @-Cofinitely supplemented modules will be revealed
after some more notation and definitions.

Let {Ly}xea be a family of local submodules of M such that each of them
is a direct summand of M. Loc® M will denote the sum of Lys for all A € A.
That is Loc® M = Y ,ca Lx. Note 0 is a local submodule of M.

Lemma 4.5.3 ([4], Lemma 2.2). Let M be an R-module. Then every maaz-
imal submodule of M has a supplement which is a direct summand of M if
and only if M/Loc® M does not contain a mazimal submodule.
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Proof. (=) Suppose that M/Loc® M contains a maximal submodule N/Loc® M.
Then N is a maximal submodule of M. By assumption there are submodules
L,H suchthat M = L® Hand M = N+ Land NNL <« L. L is local
by Lemma 3.2.14. So L C Loc® M C N which is a contradiction since then
N+L=N#M.

<) Let P be a maximal submodule of M. By assumption P does
not contain Loc®M. Hence there is a local submodule L that is a direct
summand of M such that L is not a submodule of P. By maximality of P,
P+L=Mand PNL#L(LZP).So PNL < L, since L is local. O

A module M is said to have the summand sum property (SSP) if the sum
of two direct summands of M is again a direct summand of M.

The following theorem characterizes @-cofinitely supplemented modules that
have the SSP.

Theorem 4.5.4 ([4], Theorem 2.3). Let M be an R-module with (SSP), then
the following statements are equivalent

1. M is &-Cofinitely supplemented.

2. FEvery maximal submodule of M has a supplement that is a direct sum-
mand of M.

3. M/Loc® M does not contain a mazimal submodule.

Proof. (1) = (2) : Every maximal submodule is cofinite.

(2) = (3) : By the previous lemma.

(3) = (1) : Let N be a cofinite submodule of M. Then N + Loc® M
is a cofinite submodule of M by containing the cofinite submodule N, and
by (3), we have M = N + Loc®M. Because M/N is finitely generated,
there exist local submodules Ly, € {Ly}aea,1 < i < n for some positive
integer n, such that M = N 4+ Ly, + ... + Ly,. Clearly N + L), + ...+ Ly,
has a supplement 0 in M. By Lemma 4.1.4, there exists a subset J of
{A1, A2, ..., Ap} such that Y7 c; L; is a supplement of N in M. By hypothesis,
> jes Lj is a direct summand of M. Thus M is ®-Cofinitely supplemented.

O
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In the class of ®-supplemented modules, it has been shown that finite di-
rect sum of @-supplemented is again @-supplemented. Now we will present
a stronger result about @-Cofinitely supplemented.

Theorem 4.5.5 ([4], Theorem 2.6). Arbitrary direct sum of @-Cofinitely
supplemented R-modules is ®-Cofinitely supplemented.

Proof. Let M;(i € I) be any collection of @-Cofinitely supplemented R-
modules. Let M = @,c; M; and N be a cofinite submodule of M. Then M /N
is generated by some finite set{x1+ N, 2o+ N, ...,z + N} and therefore M =
1R+ x9R + ... + 2R + N. Since each x; is contained in the direct sum
@ ;cr, M; for some finite subset Fj of I, 11 R+ xR+ ...+ 23R C @ cp M; for
some finite subset F' = {iy, 9, ...,4,} of I. Then M = @;_, M;, + N. Clearly
M = M;, + (B, M;, + N) has a trivial supplement in M. Since M;, is
@-Cofinitely supplemented, M;, N (@;_, M;, + N) has a supplement S;, in
M;, such that S;, is a direct summand in M;,. By Lemma 3.2.10, S;, is a
supplement of (@;_, M;, + N) in M. Note that since M;, is a direct summand
of M, S;, is also a direct summand of M. Continuing in this way, since the set
J is finite at the end we will obtain that NV has a supplement S;, +S;, +...+ 5.
in M such that every S;,(1 <t <r) is a direct summand of M;,. Since every
M;, is a direct summand of M, it follows that >>; | S;, = @;_, 5;, is a direct
summand of M. O

As a direct consequence of the previous Theorem and the fact that every
@-Supplemented module is @-Cofinitely supplemented, we have this corol-
lary.

Corollary 4.5.6 ([4], Corollary 2.7). Any direct sum of ®-Supplemented
modules is &-Cofinitely supplemented.

Therefore any direct sum of hollow(local) modules is &-Cofinitely supple-
mented.

In recent years various generalizations of the notions studied in this thesis
appeared in the literature. We mention here the definition of generalized
supplements.

Definition 4.5.7. Let K, L be submodules of a module M, we say that K is
a generalized supplement of L in M if M = K+ L and KNL C Rad(K). M
is called generalized supplemented if every submodule of M has a generalized
supplement in M.
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All the notions and concepts studied in this thesis have their generalized
form in the same manner as generalized supplemented modules.
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Chapter 5

Rings For Which Some Classes
of Modules Are
d-Supplemented

In this chapter we study rings for which certain modules are &-supplemented.
It turns out that a ring R is (semi)-perfect if and only if every (finitely
generated) free module is @-supplemented.

Recall that an R-module M is @-supplemented if for every submodule N
of M there exist a summand K of M such that M = N+ K and NNK < K.

An R-module M is called lifting ( or satisfies (D1) ) if for every submodule
N of M there are submodules K and H of M such that M = K& H, H C N
and N N K < K. In fact another equivalent definition is given later on.

Every Hollow(local) module is lifting; let N C M then M = 06M,0 C N
and NN M =N M.

Moreover every lifting module is @-supplemented, for, if N C M then
with M = K ® HHH C NNKNN < K then M = K + N, hence by
Lemma 3.1.2, K is a supplement of N which is a summand of M.

Now we are ready to give another definition of lifting module. Equivalent
for the former definition, an R-module is lifting if for every N C M there
exists a direct summand H of M such that H C N and N/H <« M/H.
For, assume the former definition, and let N/H + X/H = M/H for some
X/HC M/H,then N+ X =M. Since M = H® K, then X = H+ X NK.
Now M = N+X =N+H+XNK =N+ XNK, implies, by the minimality
of supplement K, that XN K = K,ie. K C X hence H+ K =M C X. So
X =M and N/JH < M/H.
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Conversely, assume the latter definition. It remains to show that N N
K < K. Let K = X+ NNK for some X C K, then M = N+ K =
N+X+NNK=N+XasNNK CN. Now N/H+ (X +H)/H=M/H,
and since N/H < M/H, we must have X + H = M. By the minimality of
a supplement (K is a supplement of H), we have X = K. So K NN < K.

5.1 Perfect and Semiperfect Rings

Let P be an R-module. If M is an R-module, then P is called M-projective
in case for each epimorphism g : M — N and for each homomorphism
k : P — N there is a homomorphism h : P — M such that gh = k.
A module is said to be projective in case it is projective relative to every
module M. Every free module is projective.

Every module is a homomorphic image of a free(hence projective)module.

An epimorphism f : P — M with P projective is called a projective cover of
M if Kerf < P.

A ring R is right (semi)perfect if every (finitely generated)R-module has
a projective cover. Also it is well known that for a ring R to be semi-perfect
it suffices that every simple R-module has a projective cover.

Theorem 5.1.1 ([9], Theorem 2.1). The following are equivalent for a ring
R

1. R is semiperfect.
FEvery finitely generated free R-module is @-supplemented.

Rpg is &-supplemented.

For every mazimal right ideal A of R, there exists an idempotent e €

R — A such that AN eR C Rad(R).

Proof. 1) = 2) Let R be a semiperfect ring. Let M be a finitely generated
free module. Let A C M and P be a projective cover of M /A with respect to
the small epimorphism f : P — M/A. Since M is free, Mis projective so the
natural epimorphism 7 : M — M/A is factored as 7 = fh with a homomor-
phism h : M — P. Since fh(M) = n(M) = M/A with f small epimorphism,
it follows by [3], Lemma 5.15, that h(M) = P. But P is projective so the
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epimorphism A : M — P must split i.e. M = B @ Kerh for some submodule
B of M, and P = M/Kerh = B.

Since 7 = fh then A = Kerm =Ker(fh) = h~'(Kerf). As Kerh C h™!(Kerf,
then Kerh C A. So from M = B @ Kerh we have M = A+ B. Now consider
the restriction 7 : B — M /A is a product of the isomorphism B — P and
the small epimorphism f : P — M/A, thus 7|p is a small epimorphism by
Lemma 2.3.3(1) i.e. Ker(r|g) = AN B <« B. Thus M is @-supplemented.

(2) = (3): Since Rpg is a finitely generated(cyclic) free R-module, then
by (2), Ry is @-supplemented.

(3) = (4): Let A be a maximal right ideal of R. By (3), there exists
a direct summand K of R such that R = A+ K and AN K < K. There
exists an idempotent e in R such that K = eR. Clearly e ¢ A otherwise
A+ K =A# R. Moreover AN K < K C Rg, hence AN K C Rad(R).

(4) = (1): Let M be any simple R-module, then M is generated by any
of its nonzero elements. Let 0 # m € M and B := {r € R|mr = 0}. B is
a maximal right ideal of R by Corollary 3.9, of [3]. By (4) there exists an
idempotent e € R — B such that BN eR C Rad(R). Since eR ¢ B and B is
maximal then R = eR+ B. As Ry is cyclic, Rad(R) < R and we have from
BnNneR C Rad(R) < R,BNeR < eR, since eR is a direct summand of R.
Now eR/(BNeR) = (B+eR)/B=R/B= M. So M has eR/(BNeR) as

a projective cover. O

Corollary 5.1.2 (][9], Corollary 2.2). A commutative ring R is semiperfect
if and only if every cyclic R-module is &-supplemented.

Proof. = ) Let R be a semiperfect ring, then by the previous Theorem the
finitely generated free cyclic module is @-supplemented.

<) Assume every cyclic R-module is @-supplemented. Since Ry is a
cyclic R-module, Rg is @-supplemented, so by the previous Theorem R is
semiperfect. O

Theorem 5.1.3 ([9], Theorem 2.3). Let R be any ring and let M be a finitely
generated R-module such that every direct summand of M is @-supplemented.
Then M is a direct sum of cyclic modules.
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Proof. Suppose M = miR+msR+ ... +myR for some positive integer k and
elements m; € M(1 < i < k). If k=1 then the result trivially holds.

Suppose that k& > 1, and the result holds for (k — 1)-generated modules
with the stated condition. There exist submodules K, H of M such that
M=K&H,M=mR+K and mRNK < K. Note that H = M/K =
(miR+ K)/K = miR/(miRN K), so that H is cyclic. On the other hand
K/(miRNK) = (K+myR)/miR. Sothat K/(miRNK) is a (k—1)-generated
module. Since m;RN K < K it follows that K is (k — 1)-generated module.
By induction step, K is a direct sum of cyclic modules. thus M = K & H is
a direct sum of cyclic modules. O

The following Corollary gives a characterization of &-supplemented finitely
generated modules.

Corollary 5.1.4 ([9], Corollary 2.6). Let R be a ring. Then every finitely
generated R-module is @-supplemented if and only if

(i) every cyclic R-module is ®-supplemented.

(ii) every finitely generated R-module is a direct sum of cyclic modules.

Proof. = : i) Trivial. Every cyclic module is finitely generated.

ii) : For a finitely generated module M, every direct summand is finitely
generated, so the previous Theorem applies and M is a direct sum of cyclic
modules.

< : By Theorem 4.4.2; any finite direct sum of &-supplemented modules is
@-supplemented. O

A commutative ring R is called FGC ring if every finitely generated mod-
ule is a direct sum of cyclic modules.

The following Proposition gives a class of rings whose finitely generated
modules are @-supplemented.

Proposition 5.1.5 ([9], Proposition 2.8). Let R be a commutative ring.
Then the following statements are equivalent

1. Ewvery finitely generated R-module is @-supplemented.

2. R is a semiperfect FGC ring.

Proof. (1) < (2) By Corollaries 5.1.2 and 5.1.4. O
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So far we have proved that a ring R is semiperfect if and only if every
finitely generated free R-module is é-supplemented.
At the end, we will prove a similar result for perfect rings.

Theorem 5.1.6 ([9], Theorem 2.11). A ring R is right perfect if and only if
every free right R-module is &-supplemented.

Proof. =) Let R be a perfect ring. Let M be any free right R-module. Let
A C M and P be a projective cover of M /A with respect to the small epi-
morphism f : P — M/A. Since M is free, M is projective so the natural
epimorphism 7 : M — M/A is factored as m = fh with a homomorphism
h : M — P. Since fh(M) = n(M) = M/A with f small epimorphism,
it follows by [3], Lemma 5.15, that h(M) = P. But P is projective so the
epimorphism A : M — P must split i.e. M = B @& Kerh for some submodule
B of M, and P = M/Kerh = B.

Since m = fh then A = Kerm =Ker(fh) = h~'(Kerf). As Kerh C h™!(Kerf,
then Kerh C A. So from M = B @ Kerh we have M = A+ B. Now consider
the restriction 7 : B — M /A is a product of the isomorphism B — P and
the small epimorphism f : P — M/A, thus 7|p is a small epimorphism by
Lemma 2.3.3(1) i.e. Ker(r|g) = AN B < B. Thus M is @-supplemented.

<) Assume (2). Let M be any R-module, then there exists an epi-
morphism h : F — M with F free module. Then by our assumption, for
Kerh C F, there exists a supplement K which is a direct summand of F.
Now the restriction of h into K, h|x : K — M is a small epimorphism as
M = F/Kerh = K/(K NKerh) and K NKerh < K since K is a supplement
of Kerh. So M has a projective cover hence R is perfect. [

In fact an equivalent condition also for the previous Theorem is that the
R-module R is @-supplemented. ([9], Theorem 2.10)

It was shown in Theorem 4.4.2 that any finite direct sum of @-supplemented
modules is @-supplemented, but it is not generally true that any infinite di-
rect sum of @-supplemented modules is B-supplemented.

Example 5.1.7 ([4], § 1). Let R be a semiperfect ring not right perfect.
Then the R-module Rpg is &-supplemented by Theorem 5.1.1  but the R-
module RN is not ®-supplemented since R is not perfect.
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Relative to B-
supplements two
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are studied.

@-Supplemented @-cofinitely supplemented modules
modules
v closeness under finite v

direct sum
X; Example 5.1.7 infinite direct sum v
d-supplemented ard factor module is @-supplemented

Example 4.4.4

@-supplemented — @-cofinitely supplemented

module

@-supplemented <= @-cofinitely supplemented module
Qz

A finitely  gener- <~ @-cofinitely supplemented.

ated module  is
@-supplemented

é-supplemented — supplemented
module
Supplemented —7> @-supplemented

Example 4.4.4

65



Bibliography

1]

[10]

[11]

[12]

Alizade, R., Bilhan, G., Smith, P.F., Modules whose maximal submod-
ules have supplements, Comm. Algebra, 29(6), 2389-2405 (2001).

Alizade, R., Buyiikasik, E., Cofinitely weak supplemented modules,
Comm. Algebra, 31(11), 5377-5390(2003).

Anderson, F. W., Fuller,K. R., Rings and Categories of Modules, New
York, Springer (1992).

Caligici, and Pancar, A., ®-cofinitely supplemented modules, Czech.
Math. J.,54(129), 1083-1088, (2004).

Clark, J., Lomp, C., Vanaja, N., and Wisbauer, R., Lifting modules,
supplements and projectivity in module theory, Frontiers in mathematics,
Birkh&user, Basel (2006).

Harmanci, A., Keskin, D., and Smith, P.F., on @®-supplemented mod-
ules, acta Math. Hungar., 83(1-2), 161-169(1999).

Idelhadj, A., and Tribak, R., On some properties of @®-supplemented
modules, Int. J. Math. Sci., 69, 4373-4387, (2003).

Kasch, F. Modules and Rings. Academic Press (1982).

Keskin, D., Smith, P.F., and Xue, W., Rings whose modules are &-
supplemented, J. Algebra, 218(2), 470487, (1999).

Kosan, M.T., ®-cofinitely supplemented modules,commun. Fac. Sci.
Univ. ank. series A1,53(1), 21-32, (2004).

Lomp, C. (1999). On semilocal modules and rings. Comm. Algebra
27(4):1921-1935.

Mohamed, S.H., and Miller, B.J., Continuous and discrete modules,
Cambridge University Press, London, (1990).

66



[13] Wang, Y., and Sun, Q., A note on @®-cofinitely supplemented modules,
Int. J. Math. Sci., 2007, article ID 10836, (2007).

[14] Wisbauer, R., Foundations of module and ring theory, Gordon and
breach, Philadelphia, (1991).

[15] Zeng, Q., @-cofinitely supplemented modules, Souheast Asian Bull.
Math., 33, 805-819, (2009).

67



