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Abstract In this paper, we investigate the local and global stability and the period
two solutions of all nonnegative solutions of the difference equation,

xn+1 = axn + bxn−k

A + Bxn−k

where a, b, A, B are all positive real numbers, k ≥ 1 is a positive integer, and the initial
conditions x−k, x−k+1, ..., x0 are nonnegative real numbers. It is shown that the zero
equilibrium point is globally asymptotically stable under the condition a+b ≤ A, and
the unique positive solution is also globally asymptotically stable under the condition
a − b ≤ A ≤ a + b. By the end, we study the global stability of such an equation
through numerically solved examples.

Keywords Difference equation · Global asymptotic stability · Equilibrium point ·
Semi-cycles

1 Introduction

The equation

xn+1 = axn + bxn−k

A + Bxn
(1.1)

was studied in [5] by Li and Zhao.

B M. Saleh
msaleh@birzeit.edu

A. Farhat
aseelfarhat@yahoo.com

1 Department of Mathematics, Birzeit University, Birzeit, West Bank, Palestine

2 Present Address: Department of Mathematics, University of Virginia, Charlottesville, USA

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s12190-016-1029-4&domain=pdf


136 M. Saleh, A. Farhat

Our goal in this paper is to study the rational higher order difference equation

xn+1 = axn + bxn−k

A + Bxn−k
(1.2)

where a, b, A, B are all positive real numbers, k ≥ 1 is a positive integer, and the
initial conditions x−k, x−k+1, ..., x0 are nonnegative real numbers.

Here, we recall some basic notations, definitions, and results that will be useful in
this paper.

Definition 1.1 The equilibrium point ȳ of the equation

yn+1 = f (yn, yn−1, ..., yn−k), n = 0, 1, ... (1.3)

is the point that satisfies the condition

ȳ = f (ȳ, ȳ, ..., ȳ).

Definition 1.2 Let ȳ be an equilibrium point of Eq.1.3. Then the equilibrium point ȳ
is called

(1) locally stable if for every ε > 0 there exists δ > 0 such that for all y−k, y−k+1, ...,

y0 ∈ I with |y−k − ȳ| + |y−k+1 − ȳ| + ... + |y0 − ȳ| < δ, we have |yn − ȳ| < ε

for all n ≥ −k,
(2) locally asymptotically stable if it is locally stable and if there exists γ > 0 such

that for all y−k, y−k+1, ..., y0 ∈ I with |y−k− ȳ|+|y−k+1− ȳ|+...+|y0− ȳ| < γ ,
we have limn→∞yn = ȳ.

(3) a global attractor if for all y−k, y−k+1, ..., y0 ∈ I , we have limn→∞yn = ȳ.
(4) globally asymptotically stable if ȳ is locally stable and ȳ is a global attractor.

Theorem 1.1 (Linearized Stability). Consider the difference equation

yn+1 = pyn + qyn−k, n = 0, 1, ...

(a) If both roots of the equation have absolute values less than one, then the equilib-
rium ȳ of the equation is locally asymptotically stable.

(b) If at least one of the roots of the equation has an absolute value greater than one,
then ȳ is unstable .

Theorem 1.2 Assume that a, b ∈ R and k ∈ {1, 2, ...}. Then

|a| + |b| < 1 (1.4)

is a sufficient condition for the asymptotic stability of the difference equation

yn + ayn−k + byn−l = 0, n = 0, 1, ... . (1.5)

Suppose in addition that one of the following two cases holds.
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Global asymptotic stability of the higher order equation... 137

(a) k odd and b < 0.
(b) k even and ab < 0.

Then 1.4 is also a necessary condition for the asymptotic stability of Eq.1.5.

Theorem 1.3 Assume that a, b ∈ R. Then |a| < b + 1 < 2 is a necessary and
sufficient condition for the asymptotic stability of the difference equation

yn + ayn−k + byn−l = 0, n = 0, 1, ... . (1.6)

Theorem 1.4 Consider the difference equation

xn+1 =
∑k

i=0
xn−i Fi (xn, xn−1, ...., xn−k)n = 0, 1, ... (1.7)

with initial conditions x−k, x−k+1, ...., x0 ∈ [0,∞), where

(1) k ∈ {1, 2, ....};
(2) F0, F1, ..., Fk ∈ C [[0,∞)k+1, [0, 1)];
(3) F0 , F1, ..., Fk are nonincreasing in each argument;

(4)
∑k

i=0Fi (y0, y1, ..., yk) < 1 for all (y0, y1, ..., yk) ∈ (0, 1)k;
(5) F0(y, y, ..., y) > 0 for all y ≥ 0.

Then, x̄ = 0 is globally asymptotically stable for such equation.

Theorem 1.5 Consider the difference equation

yn+1 = f (yn, yn−k); n = 0, 1, ... (1.8)

where k ∈ {1, 2, ...}. Let I = [a, b] be some interval of real numbers and assume that

f : [a, b] × [a, b] → [a, b]

is a continuous function satisfying the following properties:

(a) f (u, v) is nondecreasing in u and nondecreasing in v.
(b) If (m, M) ∈ [a, b] × [a, b] is a solution of the system

m = f (m,m) and M = f (M, M),

then m = M. Then Eq.1.8 has a unique equilibrium ȳ and every solution of Eq.1.8
converges to ȳ.

Theorem 1.6 Consider the difference equation

yn+1 = f (yn, yn−k); n = 0, 1, ... (1.9)

where k ∈ {1, 2, ...}. Let I = [a, b] be some interval of real numbers and assume that

f : [a, b] × [a, b] → [a, b]

is a continuous function satisfying the following properties:
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(a) f (u, v) is nondecreasing in u and nonincreasing in v.
(b) If (m, M) ∈ [a, b] × [a, b] is a solution of the system

m = f (m, M) and M = f (M,m),

then m = M. Then Eq.1.9 has a unique equilibrium ȳ and every solution of Eq.1.9
converges to ȳ.

2 The equilibrium points of Eq.1.2

Next, we investigate the equilibrium points of our rational difference equation,

xn+1 = axn + bxn−k

A + Bxn−k
(2.1)

where a, b, A, B are all positive real numbers, k ≥ 1 is a positive integer, and the
initial conditions x−k, x−k+1, ..., x0 are nonnegative real numbers.

The equilibrium points of Eq.2.1 are the positive solutions of the equation

x̄ = ax̄ + bx̄

A + Bx̄

= (a + b)x̄

A + Bx̄

Then,

x̄(A + Bx̄) = (a + b)x̄

x̄(A + Bx̄ − a − b) = 0

So, x̄ = 0 is always an equilibrium point of Eq.2.1, and when a + b > A, Eq.2.1
has another positive equilibrium point , x̄ = a+b−A

B .
To find the linearization of our problem, consider

f (u, v) = au + bv

A + Bv

now,

∂ f

∂u
= a

A + Bv

∂ f

∂v
= (A + Bv)b − (au + bv)B)

(A + Bv)2

so

∂ f

∂v
= Ab − au

(A + Bv)2
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Global asymptotic stability of the higher order equation... 139

Hence, for x̄ = 0,

∂ f

∂u
(x̄, x̄) = a

A

also

∂ f

∂v(x̄, x̄)
= b

A

So, the linearized equation about the zero equilibria is

zn+1 = a

A
zn + b

A
zn−k (2.2)

and its characteristic equation is

λk+1 − a

A
λk − b

A
= 0 (2.3)

For the positive equilibria x̄ = a+b−A
B ,

∂ f

∂u
(x̄, x̄) = a

a + b

also

∂ f

∂v(x̄, x̄)
= A − a

a + b

So, the linearized equation about the positive equilibria is

zn+1 = a

a + b
zn + A − a

a + b
zn−k (2.4)

and its characteristic equation is

λk+1 − a

a + b
λk − A − a

a + b
= 0 (2.5)

3 The local stability of the equilibrium points

3.1 The local stability of the zero equilibrium point

Our equation posses the equilibrium point x̄ = 0 always in all of the following cases:

(1) a + b < A
(2) a + b = A

123



140 M. Saleh, A. Farhat

(3) a + b > A

We will study the stability of x̄ = 0 in all of the cases.

3.1.1 The Case a + b < A

Theorem 3.1 The zero equilibrium point x̄ = 0 will be locally asymptotically stable
when a + b < A.

Proof The characteristic equation of the zero equilibrium point is

λk+1 − a

A
λk − b

A
= 0 (3.1)

where a, b, A, B are all positive real numbers.
By applying 1.2, and as we assume a + b < A, then it is easy then to show that

x̄ = 0 is asymptotically equilibrium point. This completes the proof. ��

3.1.2 The case a + b = A

Theorem 3.2 The zero equilibrium point x̄ = 0will be locally stable when a+b = A.

Proof Our difference equation is

xn+1 = axn + bxn−k

A + Bxn−k
(3.2)

Let {xn}∞n=−k be a nonnegative solution of our equation with the initial points
x−k, ......, x0 are to be nonnegative.
Let ε > 0 and

|x−k − x̄ | < ε, ......, |x0 − x̄ | < ε

So,and since x̄ = 0,

0 ≤ x−k < ε, ......, 0 ≤ x0 < ε

Then, when a + b = A

x1 = ax0 + bx−k

A + Bx−k

<
ax0 + bx−k

A

<
(a + b)ε

A
< ε
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So, 0 ≤ x1 < ε , and by Mathematical Induction we get

0 ≤ xn < ε, ∀n ≥ −k

Then,

|xn − x̄ | < ε, ∀n ≥ −k

By definition, then x̄ = 0 is a locally stable equilibrium point when a + b = A.
This completes the proof. ��

3.1.3 The Case a + b > A

Theorem 3.3 The zero equilibrium point x̄ = 0 is unstable when a + b > A

Proof The characteristic polynomial of the zero equilibrium point

f (λ) = λk+1 − a

A
λk − b

A
(3.3)

is a continuous function for all λ.
For λ = 1,

f (1) = 1 − a

A
− b

A
= A − (a + b)

A

and since a + b > A, f (1) < 0.
But also, as λ → ∞

lim
λ→∞ f (λ) = ∞ > 0

By Roll’s Theorem, we can say that f (λ) has a zero solution λ0, where f (λ0) = 0
and λ0 ∈ (1,∞).

Then there exists a solution λ0, where λ0 lies outside the unitary disk.
By Theorem1.1, x̄ = 0 is unstable equilibrium point when a + b > A. This

completes the proof. ��

3.2 The local stability of the positive equilibria

Our equation posses a positive equilibrium x̄ = a+b−A
B under the condition a+b > A.

The linearized equation of this equilibrium point is

zn+1 = a

a + b
zn + A − a

a + b
zn−k (3.4)
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and its characteristic equation is

λk+1 − a

a + b
λk − A − a

a + b
= 0 (3.5)

Lets apply Theorem1.2 under the both cases A ≥ a and A < a.

(1) The case A ≥ a:

∣∣∣∣
a

a + b

∣∣∣∣ +
∣∣∣∣
A − a

a + b

∣∣∣∣ = a + |A − a|
a + b

= a + A − a

a + b

= A

a + b

Then the necessary condition

A

a + b
< 1

can be written as

a ≤ A < a + b

(2) The case A < a:

∣∣∣∣
a

a + b

∣∣∣∣ +
∣∣∣∣
A − a

a + b

∣∣∣∣ = a + |A − a|
a + b

= a + a − A

a + b

= 2a − A

a + b

Then the necessary condition

2a − A

a + b
< 1

can be written as

a − b < A < a

If we combine the both cases, we get the following theorem.

Theorem 3.4 If k is odd or if k is even, the unique positive equilibrium point x̄ =
a+b−A

B will be locally asymptotically stable if and only if a − b < A < a + b.
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4 The periodic two solution of Eq.1.2

We study here the periodic solution of our equation,

xn+1 = axn + bxn−k

A + Bxn−k
(4.1)

Lets assume that the two periodic nonnegative solution of our equation will be in
the form

...., ψ, φ,ψ, φ, ....

If k is odd then,
xn+1 = xn−k (4.2)

By so we get,

ψ = aφ + bψ

A + Bψ
(4.3)

φ = aψ + bφ

A + Bφ
(4.4)

This yields to

ψ(A + b + Bψ) = aφ

φ(A + b + Bφ) = aψ

By subtract the second equation from the first we get the equation

(A + a + b)(ψ − φ) + B(ψ2 − φ2) = 0 (4.5)

(ψ − φ)(A + a + b + B(ψ + φ)) = 0 (4.6)

Then, either ψ = φ or (ψ + φ) = − A+a+b
B which is impossible since both φ and

ψ are nonnegative. Then in this case there is no two periodic nonnegative solution for
our equation.

Lets now take k to be even and see what we will get.
If k is even then,

xn = xn−k (4.7)

So,

ψ = aφ + bφ

A + Bφ
(4.8)

φ = aψ + bψ

A + Bψ
(4.9)
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We get that

φ(A + Bψ) = (a + b)ψ

ψ(A + Bφ) = (a + b)φ

By subtract both equations we get

(φ − ψ)(A + a + b) = 0 (4.10)

Then either φ = ψ or A = −(a+b)which i also impossible. Then also in this case
there exists no two periodic nonnegative solution for our equation. We can conclude
the following thus.

Theorem 4.1 There exists no two periodic nonnegative solution for the equation

xn+1 = axn + bxn−k

A + Bxn−k

under any condition.

5 The global stability of Eq.1.2

Here also we will consider the two equilibrium points separately.

5.1 The global stability of the zero equilibria

We study the global stability of the zero equilibrium point under the condition a+b ≤
A.

Our equation

xn+1 = axn + bxn−k

A + Bxn−k
(5.1)

can be written as

xn+1 = a

A + Bxn−k
xn + b

A + Bxn−k
xn−k (5.2)

Lets apply Theorem 1.4 now. We can consider F0 = a
A+Bxn−k

and F1, ....Fk−1 = 0

and Fk = b
A+Bxn−k

. Then it is obvious that that theorem could be applied so easily
since:

(1) k ∈ {1, 2, ....};
(2) F0, Fk ∈ C

[[0,∞)k+1, [0, 1)];
(3) F0, Fk are nonincreasing in each argument;
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(4) F0 + Fk = a+b
A+Bxn−k

, and since a + b < A,

F0 + Fk = a + b

A + Bxn−k

<
a + b

A
≤ 1

< 1

(5) F0(y, y, ..., y) = a
A+By > 0 for all y ≥ 0.

We can conclude now

Theorem 5.1 The zero equilibrium point x̄ = 0 is globally asymptotically stable for
the equation

xn+1 = axn + bxn−k

A + Bxn−k

under the condition a + b ≤ A.

5.2 The global stability of the positive equilibria

We study the global stability of the positive equilibria under the condition a + b > A.
Our equation as we said before could be written as

xn+1 = a

A + Bxn−k
xn + b

A + Bxn−k
xn−k (5.3)

So, take

f (u, v) = a

A + Bv
u + b

A + Bv
v (5.4)

So, by returning back to the main theorems of global stability, Theorem 1.5 and
Theorem 1.6, and as out equation has no period two solution, we can get in to the
following theorem for the global stability of the positive equilibrium point.

Theorem 5.2 The positive equilibria x̄ = a+b−A
B is a globally asymptotically stable

point of the equation

xn+1 = axn + bxn−k

A + Bxn−k

under the condition a + b > A.
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6 Numerical discussion

In this section, we investigate some examples that include all the case that the two
equilibrium points are globally asymptotically stable by theory in order to illustrate
the results we got. The examples were carried on MATLAB 6.5.

Example 1 Assume that Eq. 1.2 holds, take k = 2, A = 4, B = 3, a = 1, b = 2. So
the equation will be reduced to the following:

xn+1 = xn + 2xn−2

4 + 3xn−2
(6.1)

In this case, a + b = 3 < A = 4 We assumed that the initial points x−2, x−1, x0 ∈
[0,∞) are to be respectively {0.7, 0, 1.2}.

By theory, the zero equilibrium point under the condition a + b < A is globally
asymptotically stable as it is also obvious from Fig. 1.

Example 2 Assume that Eq. 1.2 holds, take k = 3, A = 6, B = 2, a = 4, b = 2. So
the equation will be reduced to the following:

xn+1 = 4xn + 2xn−3

6 + 2xn−3
(6.2)

In this case, a + b = 6 = A We assumed that the initial points x−3, x−2, x−1, x0 ∈
[0,∞) are to be respectively {0.5, 1.2, 1.9, 2.4}.

By theory, the zero equilibrium point under the condition a + b = A is globally
asymptotically stable as it is also obvious from Fig. 2.

Fig. 1 The behavior of the zero equilibrium point of xn+1 = xn+2xn−2
4+3xn−2
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Fig. 2 The behavior of the zero equilibrium point of xn+1 = 4xn+2xn−3
6+2xn−3

Fig. 3 The behavior of the positive equilibrium point of xn+1 = xn+5xn−4
3+5xn−4

Example 3 Assume that Eq. 1.2 holds, take k = 4, A = 3, B = 5, a = 1, b = 5. So
the equation will be reduced to the following:

xn+1 = xn + 5xn−4

3 + 5xn−4
(6.3)
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In this case, a + b = 6 > A = 3 We assumed that the initial points x−4, x−3,

x−2, x−1, x0 ∈ [0,∞) are to be respectively {0, 0.4, 1, 0.8, 1.3}. Here the positive
equilibrium point will be

x̄ = a + b − A

B
= 3

5
= 0.6

By theory, the positive equilibrium point x̄ = 0.6 under the condition a + b > A
should be globally asymptotically stable as it is also obvious from Fig. 3.

So, all what we have to say now is that our theoretical discussion was satisfied with
the data we get from our numerical discussion. So we have correctly illustrated our
study for the equation xn+1 = axn+bxn−k

A+Bxn−k
.
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