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Abstract

The so called dense pairings were studied mainly by D. Radford in his work
on coreflexive coalegbras over fields. They were generalized in a joint paper with J.
Gómez-Torrecillas and J. Lobillo to the so called rational pairings over a commutative
ground ring R to study the interplay between the comodules of an R-coalgebra C and
the modules of an R-algebra A that admits an R-algebra morphism κ : A → C∗. Such
pairings, satisfying the so called α-condition, were called in the author’s dissertation
measuring α-pairings and can be considered as the corner stone in his study of
duality theorems for Hopf algebras over commutative rings. In this paper we lay
the basis of the theory of rational modules of corings extending results on rational
modules for coalgebras to the case of arbitrary ground rings. We apply these results
mainly to categories of entwined modules (e.g. Doi-Koppinen modules, alternative
Doi-Koppinen modules) generalizing results of Y. Doi , M. Koppinen and C. Menini
et al.

Introduction

Let (H,A,C) be a right-right Doi-Koppinen structure over a commutative ring R,M(H)CA
the corresponding category of Doi-Koppinen modules and A#opC∗ the Koppinen opposite
smash product. If RC is flat, thenM(H)CA is a Grothendieck category with enough injective
objects. A sufficient, however not necessary, condition for M(H)CA to embed as a full
subcategory of MA#opC∗ is the projectivity of RC [24, Proposition 3.1]. A similar result
for a left-right Doi-Koppinen structure (H,A,C) was obtained by Y. Doi [14, 3.1], where
the corresponding category of Doi-Koppinen modules AM(H)C was shown to be naturally
isomorphic to the category of #-rational #(C,A)-modules. In this paper we show that
these results can be obtained under a weaker condition, that RC is locally projective,
as corollaries from the more general theory of rational modules for corings over a (not
necessarily commutative) ring. Moreover, we show that these categories are of type σ[M ],
the theory of which is well developed (e.g. [39]). This extends our results in [3] and [2] on
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the category of rational modules of an R-coalgebra. A fundamental tool in our work is the
so called α-condition, introduced in [3] for commutative base rings, which proved also to
be very helpful in the author’s study of duality theorems for Hopf algebras [2].

The concept of a coring over an arbitrary ground ring R is due to M. Sweedler [33] and
is a generalization of the concept of a coalgebra over a commutative ground ring. In the
first section we give the needed definitions as well as the basic properties of the category of
comodules of a coring. We introduce also the category of measuring left (resp. measuring
right) R-pairings Pml (resp. Pmr) and the category of measuring R-pairings Pm. For each
(A, C) ∈ Pml (resp. (A, C) ∈ Pmr) we consider two right (resp. left) linear topologies on A,
namely the weak linear topology A[Trls(C)] and the C-adic topology T−C(A) (resp. A[Tl

ls
(C)]

and TC−(A)) and show that A[Trls(C)] = T−C(A) (resp. A[Tlls(C)] = TC−(A)).

In the second section we define the rational modules of a measuring left (resp. right)
R-pairing satisfying the so called α-condition. The main result (Theorem 2.9) charac-
terizes the measuring left R-pairings (A, C) satisfying the α-condition as those for which

RC is locally projective and κP (A) ⊆ ∗C is dense (equivalently, those for which MC =
σ[CA] = σ[C∗C]). Theorem 2.11 provides a dual version for measuring right R-pairings. For
a measuring left α-pairing (A, C) we prove for RatC(MA) = σ[CA] the important Finite-
ness Theorem (2.24). The properties of the right linear topology T−C(A) = A[Trls(C)]
introduced in the first section will be used then to give topological (besides the algebraic)
characterizations of the rational modules (Proposition 2.28).

In the third section we give some applications of our results in the first and second
sections to the category of entwined modules MC

A(ψ) corresponding to an entwining struc-
ture (A,C, ψ) with RC locally projective, where R is a commutative ground ring. Our
observations generalize results of Y. Doi [14] and M. Koppinen [24] on the category of Doi-
Koppinen modules M(H)CA corresponding to a Doi-Koppinen structure (H,A,C) with RC
projective and results of C. Menini et al. (e.g. [27], [26]) on the category of relative Hopf
modules MH

A with RH projective.

Throughout this paper R denotes an associative ring with 1R 6= 0R.We consider R as a
right (and a left) linear topological ring with the discrete topology. With MR (resp. RM,

RMR) we denote the category of right R-modules (resp. left R-modules, R-bimodules).
All R-modules are assumed to be unital. For every right (resp. left) R-module M we
denote by ϑrM : M ⊗R R → M (resp. ϑlM : R ⊗R M → M) the canonical isomorphisms.
With Rop we denote the opposite ring. For a right R-Module M and a left R-module
N we denote with τ : M ⊗R N → N ⊗Rop M the canonical twist Z-isomorphism. For
a left (resp. a right) R-module K we consider K as a right (resp. a left) module over
its ring of endomorphisms End(RK)op (resp. End(KR)) and a left (resp. a right) module
over Biend(RK) := End(KEnd(RK)op) (resp. Biend(KR) := End(End(KR)K)op), the ring of
biendomorphisms of K (e.g. [39, 6.4]).

For an R-ring A and an A-module M we call an A-submodule N ⊂ M R-cofinite, if
M/N is f.g. as an R-module. If U is an R-bimodule, then for every right (resp. left) R-
module L we consider Hom−R(U, L) (resp. HomR−(U, L)) as a right (resp. left) R-module
through (fr)(u) := f(ru) (resp. (rf)(u) := f(ur)). Moreover U∗ := Hom−R(U,R) (resp.
∗U := HomR−(U,R)) is an R-bimodule through the right (resp. left) R-action given above
and the left (resp. right) R-action given by (r̃f)(u) := r̃f(u) (resp. (f r̃)(u) := f(u)r̃).
With ∗U∗ := HomR−R(U,R) we denote the R-bimodule of R-bilinear maps from U to R.
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1 Preliminaries

By an associative R-ring we mean an R-bimodule with an R-bilinear map (multiplication)
µA : A⊗R A → A, such that

µA ◦ (µA ⊗ idA) = µA ◦ (idA ⊗ µA).

If there exists an R-bilinear map ηA : R → A, such that

µA ◦ (idA ⊗ ηA) = ϑrA and µA ◦ (ηA ⊗ idA) = ϑlA,

then we call ηA the unity of A. If A and B are R-rings (with unities ηA, ηB), then an
R-bilinear map f : A → B is called a morphism of R-rings, if f ◦ µA = µB ◦ (f ⊗ f) (and
f ◦ ηA = ηB). The set of morphisms of R-rings form A to B is denoted by RngR(A,B).
The category of associative R-rings with unities will be denoted by RngR.

Dual to R-rings are R-corings presented by M. Sweedler [33]:

1.1. A coassociative R-coring is an R-bimodule C associated with an R-bilinear map (co-
multiplication) ∆C : C → C ⊗R C, such that the following diagram is commutative:

C
∆C //

∆C

��

C ⊗R C

id⊗∆C

��
C ⊗R C

∆C⊗id
// C ⊗R C ⊗R C

If there exists an R-bilinear map εC : C → R, so that the following diagram

C

∆C

��
R⊗R C

ϑlC

88rrrrrrrrrrr

C ⊗R C
εC⊗id
oo

id⊗εC
// C ⊗R R

ϑrC

ffLLLLLLLLLLL

is commutative, then we call εC the counity of C. Unless the contrary is assumed, we make
the convention that an R-coring has a counit. If R is a commutative ring, then R-corings
are called R-coalgebras (see [34]).

Let (C,∆) be an R-coring. For c ∈ C we use Sweedler-Heyneman’s
∑

-notation:

∆(c) =
∑

c1 ⊗ c2 ∈ C ⊗R C.

Moreover we define ∆n inductively as ∆1 := ∆ and

∆n := (∆⊗ idn−1) ◦∆n−1 : C → Cn+1, c 7−→
∑

c1 ⊗ ...⊗ cn+1 for n ≥ 2.

1.2. The category of R-corings. For two R-corings (C,∆C), (D,∆D) (with counities
εC, εD) we call an R-bilinear map f : D → C an R-coring morphism, if the following
diagram

D
f //

∆D

��

C

∆C

��
D ⊗R D

f⊗f
// C ⊗R C

3



is commutative (and εC◦f = εD). The set of R-coring morphisms from D to C is denoted by
CogR(D, C). The category of coassociative R-corings with counities is denoted by CorngR.

Definition 1.3. Let M be a right (resp. a left) R-module and N ⊂ M an R-submodule.
We callN →֒M W -pure for some left (resp. right)R-moduleW, if 0 → N⊗RW →M⊗RW
(resp. 0 → W ⊗R N → W ⊗R M) is exact in ZM. We call N →֒ M pure (in the sense
of Cohn), if N →֒ M is W -pure for every left (resp. right) R-module W. If M is an R-
bimodule and N ⊂ M is an R-subbimodule, then we call RNR ⊂ RMR pure, if N ⊂ M is
pure as a right as well as a left R-submodule.

1.4. Let (C,∆C, εC) be an R-coring. We call a pure R-subbimodule D ⊆ C an R-subcoring,
if ∆C(D) ⊆ D⊗RD. We call an R-subbimodule K ⊂ C a C-bicoideal (resp. a C-coideal), if
∆C(K) ⊆ Im(C⊗RK)∩Im(K⊗RC) (resp. ∆C(K) ⊆ K∧K := Ke(C⊗RC → C/K⊗RC/K)).
A right (resp. a left) R-submoduleK ⊂ C is called a right C-coideal (resp. a left C-coideal),
if ∆C(K) ⊂ Im(K ⊗R C) (resp. ∆C(K) ⊂ Im(C ⊗R K)).

1.5. The Dual rings of a coring. ([22]) Let C be a coassociative R-coring. Then
∗C := (HomR−(C, R), ⋆l) is an associative R-ring, where

(f ⋆l g)(c) =
∑

g(c1f(c2)) for all f, g ∈
∗C and c ∈ C;

C∗ := (Hom−R(C, R), ⋆r) is an associative R-ring, where

(f ⋆r g)(c) =
∑

f(g(c1)c2) for all f, g ∈ C∗ and c ∈ C;

∗C∗ := (HomR−R(C, R), ⋆) is an associative R-ring, where

(f ⋆ g)(c) =
∑

g(c1)f(c2) for all f, g ∈
∗C∗ and c ∈ C.

If C has counity εC, then εC is a unity for ∗C, C∗ and ∗C∗.

1.6. Let (A, µ) be an R-ring (not necessarily with unity). A right A-module M will
be called unital (resp. A-faithful), if MA = M (resp. the canonical map ρM : M →
Hom−R(A,M) is injective). For right A-modules (M, ρM), (N, ρN) an R-linear map f :
M → N will be called A-linear, if ρN ◦ f = (A, f) ◦ ρM . The set of A-linear maps from M

to N will be denoted by Hom−A(M,N). With MA (resp. M̃A) we denote the category of
unital (resp. A-faithful) right A-modules. Analogously we define left A-modules. For left
A-modulesM and N, the set of A-linear maps fromM to N is denoted by HomA−(M,N).

The category of unital (resp. A-faithful) left A-modules is denoted by AM (resp. AM̃).
Let A,B be R-rings. A (B,A)-bimoduleM will be called unital (resp. (B,A)-faithful),

if BM andMA are unital (resp. ifM is B-faithful and A-faithful). For (B,A)-bimodulesM
and N we denote the set of B-linear A-linear maps from M to N (called (B,A)-bilinear)
by HomB−A(M,N). The category of unital (resp. (B,A)-faithful) (B,A)-bimodules and

(B,A)-bilinear maps is denoted by BMA (resp. BM̃A).
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Dual to modules of R-rings are comodules of R-corings:

1.7. Let (C,∆) be an R-coring (not necessarily with counit). A right C-comodule is a right
R-module M associated with an R-linear map (C-coaction)

̺M :M → M ⊗R C, m 7→
∑

m<0> ⊗m<1>,

such that the following diagram is commutative

M
̺M //

̺M

��

M ⊗R C

idM⊗∆

��
M ⊗R C

̺M⊗idC
//M ⊗R C ⊗R C

If ̺M is injective, then we call M counital. For right C-comodules M,N ∈ MC we call an
R-linear map f :M → N a C-comodule morphism (or C-colinear), if the following diagram
is commutative

M
f //

̺M
��

N

̺N
��

M ⊗R C
f⊗idC

// N ⊗R C

The set of C-colinear maps fromM to N is denoted by HomC(M,N). The category of couni-
tal right C-comodules and C-colinear maps is denoted by MC. For a right C-comodule N
we call a right R-submodule K ⊂ N a C-subcomodule, if (K, ̺K) ∈ MC and the embedding

K
ιK
→֒ N is C-colinear.
Analogously we define the left C-comodules. For two left C-comodules M,N we denote

by CHom(M,N) the set of C-colinear maps from M to N. The catgeory of counital left
C-comodules will be denoted by CM.

Lemma 1.8. (Compare [11, Lemma 1.1.]) Let (C,∆) be an R-coring. If C has counity ε,
then a right C-comodule (M, ̺M) is counital iff ϑrM ◦ (idM ⊗ ε) ◦ ̺M = idM . Hence, if M is
counital, then ̺M is a splitting monomorphism.

Definition 1.9. Let C be a category with finite limits and finite colimits. A functor
F : C → D is called left-exact (resp. right-exact), if F preserves finite limits (resp. finite
colimits). F is called exact, if it’s left-exact and right-exact.

For forthcoming reference we list some properties of the category of right comodules of
an R-coring C. These can be found in several references (e.g. Brzeziński (2002); Caenepeel
et. al. (2002); Wisbauer (2002)).

Proposition 1.10. Let (C,∆C, εC) be an R-coring.

1. We have a covariant functor

−⊗R C : MR → MC, M 7→ (M ⊗R C, idM ⊗∆C).

Moreover − ⊗R C is right adjoint to the forgetful functor F : MC → MR and left
adjoint to the functor HomC(C,−) : MC → MR.

5



2. − ⊗R C : MR → MC is left-exact and F : MC → MR is right-exact (since a right
adjoint functor preserves limits and a left adjoint functor preserves colimits (e.g. [32,
Proposition 16.4.6]).

3. F is exact iff RC is flat iff − ⊗R C : MR → MC preserves injective objects (for the
commutative case see [40, Proposition 8]).

4. The category MC is cocomplete and has cokernels. The direct limits and direct sums
are formed in MR. Moreover − ⊗R C : MR → MC respects direct limits (i.e. direct
sums and cokernels).

5. If Q is a cogenerator in MR, then Q⊗R C is a cogenerator in MC. In particular MC

has a cogenerator.

6. If RC is flat, then MC is a Grothendieck catgeory with enough injective objects. In this
case −⊗R C : MR → MC respects inverse limits (i.e. direct products and kernels).

7. If RR is a cogenerator, then C is a cogenerator in MC. If RC is flat and RR is injective,
then C is injective in MC.

Remark 1.11. If C is an R-coring such thatMC is Grothendieck, then RC need not be flat. A
counter example is [17, Example 1.1.]. This shows that the conjecture of M. Wischnewsky
[40, Conjecture 14] is false for corings.

1.12. Bicomodules. Let (M, ̺CM) be a right C-comodule, (M, ̺DM) be a left D-comodule
and consider the left D-comodule (M ⊗R C, ̺DM ⊗ idC) (resp. the right C-comodule (D ⊗R

M, idD ⊗ ̺CM)). We call M a (D, C)-bicomodule, if ̺CM : M → M ⊗R C is D-colinear
(equivalently, if ̺DM : M → D ⊗R M is C-colinear). For (D, C)-bicomodules M,N we
call a D-colinear C-colinear map f : M → N a (D, C)-bicomodule morphism (or (D, C)-
bicolinear). We say a (D, C)-bicomodule is counital, if it’s counital as a left D-comodule and
as a right C-comodule. The category of counital (D, C)-bicomodules and (D, C)-bicolinear
maps is denoted by DMC.

The weak linear topology

Next we introduce the categories of left (resp. right) R-pairings Pl (resp. Pr) and the
category of R-pairings P. For each left (resp. right) R-pairing P = (V,W ) we consider
V with a right (resp. a left) linear topology, the weak linear topology V [Trls(W )] (resp.
V [Tlls(W )]) (e.g. [23, 10.3], [30]).

1.13. The category of R-pairings. With a left R-pairing we denote a right R-module V
and a left R-module W with an R-linear map κP : V → ∗W (equivalently χP : W → V ∗).
For left R-pairings (V,W ) and (V ′,W ′) a morphism of left R-pairings (ξ, θ) : (V ′,W ′) →
(V,W ) consists of a morphism of right R-modules ξ : V → V ′ and a morphism of left
R-modules θ : W ′ → W, such that

< ξ(v), w′ >=< v, θ(w′) > for all v ∈ V and w′ ∈ W ′. (1)

6



The left R-pairings with the morphisms described above (and the usual composition of
pairings) build a category, which we denote by Pl. Analogously we define the category of
right R-pairings Pr.

With an R-pairing we denote R-bimodules V and W with an R-bilinear map κP : V →
∗W ∗ (equivalently χP :W → ∗V ∗). If (V,W ) and (V ′,W ′) are R-pairings, then a morphism
of R-pairings (ξ, θ) : (V ′,W ′) → (V,W ) consists of R-bilinear maps ξ : V → V ′ and
θ : W ′ → W with the compatibility condition (1). The category of R-pairings is denoted
by P.

1.14. The finite topology. Let E be a right (resp. a left) R-module, W a set and
identify the direct product EW with the set of all maps from W to E. If we consider E
with the discrete topology and the right (resp. the left) R-module EW with the product
topology, then the induced linear topology on an R-submodule Z ⊆ EW is called the finite
topology and has a neighbourhood system of 0Z :

Bf (0Z) := {An(F )| F = {w1, ..., wk} ⊂W is a finite subset}.

1.15. Let P = (V,W ) be a left (resp. a right) R-pairing and consider the right (resp. the
left) R-submodule ∗W ⊂ RW (resp. W ∗ ⊂ RW ) with the finite topology. Then there is on V
a right (resp. a left) linear topology, the weak linear topology V [Trls(W )] (resp. V [Tlls(W )]),
such that κP : V → ∗W (resp. κP : V → W ∗) is continuous. The neighbourhood system
of 0V w.r.t. this topology is given by

Bf(0V ) = {F⊥ := κ−1
P (An(F ))| F = {w1, ..., wk} ⊂W is a finite subset}.

The closure X of any subset X ⊆ V is then given by

X =
⋂

{X + F⊥ | F ⊂W is a finite subset}. (2)

Hence V [Tr
ls
(W )] (resp. V [Tl

ls
(W )]) is Hausdorff iff V

κP
→֒ ∗W (resp. V

κP
→֒ W ∗) is an

embedding.

Next we state some properties of the weak linear topology without proof. For
the proofs and other details the interested reader may refer to [1]. For the case of a
commutative ground ring a reference is [2, Anhang].

Lemma 1.16. Let P = (V,W ) be a left R-pairing and consider V with the weak linear
topology V [Trls(W )].

1. X ⊆ X⊥⊥ for any subset X ⊂ V. Consequently every orthogonally closed right R-
submodule of V is closed.

2. If RR is noetherian, then all open R-submodules of V are R-cofinite.

3. Let RR be artinian.

(a) Every R-cofinite closed right R-submodule X ⊂ V is open.

7



(b) Let X ⊂ Y ⊂ V be right R-submodules. If X ⊂ V is closed and R-cofinite, then
Y ⊂ V is also closed and R-cofinite.

We call the ring R a QF ring, if RR (equivalently RR) is noetherian and a cogenerator
(e.g. [39, 48.15]).

The following result characterizes the closed and the open R-submodules of V w.r.t.
the weak linear topology:

Proposition 1.17. Let P = (V,W ) be a left R-pairing and consider V with the weak linear
topology V [Trls(W )]. Assume RR to be an injective cogenerator.

1. The closure of a right R-submodule X ⊆ V is given by X = X⊥⊥.

2. For right R-submodules X ⊂ Y ⊆ V we have: X is dense in Y iff X⊥ = Y ⊥. If
W →֒ V ∗, then X ⊂ V is dense iff X⊥ = 0.

3. The class of closed right R-submodules of V is given by

{K⊥| K ⊂ W is an arbitrary left R-submodule}.

4. If R is a QF-ring and W
χP
→֒ V ∗ is an embedding, then the class of open right R-

submodules of V is given by

{K⊥| K ⊂W is a f.g. left R-submodule}.

Lemma 1.18. Let W,W ′ be left R-modules and consider the right R-modules ∗W and ∗W ′

with the finite topology. Let θ ∈ HomR−(W
′,W ). If R is a QF-ring, then Ke(θ∗(X)) =

θ−1(Ke(X)) for every right R-submodule X ⊂ ∗W.

The C-adic topology

We introduce now the category of measuring left R-pairings Pml. For every (A, C) ∈
Pml we define the C-adic topology T−C(A) (see [5], [6]), which we prove to coincide with
the linear weak topology A[Tr

ls
(C)].

1.19. The category of measuring R-pairings. If C is an R-coring and A is an R-ring
with a morphism of R-rings κ : A → ∗C, a 7→ [c 7→< a, c >], then we call P := (A, C)
a measuring left R-pairing (the terminology is inspired by [34, Definition, Page 138]).
For measuring left R-pairings (A, C), (B,D) we say a morphism of left R-pairings (ξ, θ) :
(B,D) → (A, C) is a morphism of measuring left R-pairings, if ξ : A → B is a morphism
of R-rings and θ : D → C is a morphism of R-corings. The measuring left R-pairings with
the morphisms described above build a subcategory Pml ⊂ Pl.

A measuring right R-pairing P = (A, C) consists of an R-ring A and an R-coring C
with a morphism of R-rings κP : A → C∗. If A is an R-ring with a morphism of R-rings
κP : A → ∗C∗, then we call (A, C) a measuring R-pairing. The category of measuring right
R-pairings (resp. measuring R-pairings) is denoted by Pmr (resp. Pm).
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1.20. If P = (A, C) is a measuring left (right) R-pairing, then C becomes a right (a left)
A-module with A-action given by

c ↼ a :=
∑

c1 < a, c2 > (resp. a ⇀ c :=
∑

< a, c1 > c2). (3)

If P = (A, C) is a measuring R-pairing, then C is an A-bimodule with the right and the
left A-actions in (3).

The following example was communicated to the author by Tomasz Brzeziński:

Example 1.21. Let C be a coseparable R-coring (i.e. there exists a C-bicolinear map π : C⊗R

C → C with π◦∆C = idC [21], equivalently there exists a cointegral γ ∈ HomR−R(C⊗RC, R),
such that γ ◦∆C = εC and

∑
c1γ(c2 ⊗ c′) =

∑
γ(c⊗ c′1)c

′
2 for all c, c′ ∈ C.

(Brzezinski, 2002, Theorem 3.5, Corollary 3.6). Then C is a (non unital) R-ring with
multiplication

µ : C ⊗R C → C, c⊗ c̃ 7→
∑

c1γ(c2 ⊗ c̃)

and therefore P := (C, C) is a measuring left R-pairing with

κP : C → ∗C, c 7→ [c′ 7→ γ(c′ ⊗ c)].

1.22. Subpairings. Let P = (A, C) and assume P ∈ Pml (resp. P ∈ Pmr, P ∈ Pm),

J ⊳ A an A-ideal, D
ι
→֒ C an R-subcoring with < J ,D >= 0 and put Q := (A/J ,D).

Then Q ∈ Pml (resp. Q ∈ Pmr, Q ∈ Pm) and (π, ι) : (A/J ,D) → (A, C) is a morphism
in Pml (resp. in Pmr, in Pm). We call Q a measuring R-subpairing of P and write
Q ⊂ P. For every R-subcoring D ⊆ C we have the two-sided A-ideal D⊥ ⊆ A and so
(A/D⊥,D) ⊆ (A, C) is a measuring R-subpairing. In particular, to every measuring left
(resp. right) R-pairing (A, C), is (A/C⊥, C) ⊆ (∗C, C) (resp. (A/C⊥, C) ⊆ (C∗, C)) a non-
degenerate measuring left (resp. right) R-subpairing.

1.23. Subgenerators. Let A be an R-ring and K an A-module. We say that an A-
module N is K-subgenerated, if N is isomorphic to a submodule of a K-generated A-
module (equivalently, if N is kernel of a morphism between K-generated A-modules). For
a right A-module K, we denote by σ[KA] the full subcategory of MA whose objects are
the K-subgenerated right A-modules. For every right A-module M

Sp(σ[KA],M) :=
∑

{f(N) | f ∈ Hom−A(N,M), N ∈ σ[KA]} (4)

is the largest K-subgenerated right A-submodule of M. Moreover σ[KA] is the smallest
Grothendieck full subcategory of MA that contains K. For the well developed theory of
categories of this type the reader is referred to [39].

1.24. The C-adic topology. Let P = (A, C) ∈ Pml and consider C with the right
A-module structure through (↼) in (3). Then the class of right A-ideals

B−C(0A) := {(0C : F )| F ⊂ C is a finite subset}
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is a neighbourhood system of 0A for a right linear topology, the C-adic topology T−C(A),
and (A, T−C(A)) is a right linear topological R-ring. A right A-ideal I ⊳r A is open w.r.t.
T−C(A) iff A/I is C-subgenerated. If (A,T) is a right linear topological ring, then the
category of (A,T)-discrete modules coincides with σ[CA] iff T = T−C(A). We refer mainly
to [5] and [6] for detailed investigation of this topology.

Lemma 1.25. Let P = (A, C) ∈ Pml. The weak linear topology A[Trls(C)] and the C-adic
topology T−C(A) coincide. In particular (A,A[Trls(C)]) is a right linear topological R-ring
and a right A-module M is (A,A[Trls(C)])-discrete iff MA is C-subgenerated.

Proof. Let U be a neighbourhood of 0A w.r.t. A[Trls(C)]. Then there exists a f.g. left
R-submodule K ⊂ C, such that K⊥ ⊆ U. But we have then for every a ∈ (0C : K) and
c ∈ K :

< a, c >=< a,
∑

ε(c1)c2 >= ε(
∑

c1 < a, c2 >) = ε(c ↼ a) = 0,

and so (0C : K) ⊆ K⊥ ⊆ U, i.e. U is a neighbourhood of 0A w.r.t. T−C(A). On the
other hand, let U be a neighbourhood of 0A w.r.t. T−C(A). Then there exists a finite set

F = {c1, ..., ck} ⊂ C, such that (0C : F ) ⊆ U. Assume ∆(ci) =
ni∑
j=1

cij ⊗ c̃ij for i = 1, ..., k

and put K :=
k∑
i=1

ni∑
j=1

Rc̃ij . Then K
⊥ ⊆ (0C : F ) ⊆ U, i.e. U is a neighbourhood of 0A w.r.t.

A[Trls(C)]. So A[Trls(C)] = T−C(A) and the last statement follows now from 1.24.�

As a corollary of Proposition 1.17 (2) and Lemma 1.25 we get

Corollary 1.26. If P = (A, C) ∈ Pml, then for every right R-submodule Y ⊂ A the
following are equivalent:

1. Y ⊂ A is dense w.r.t. A[Trls(C)].

2. Y ⊂ A is dense w.r.t. T−C(A).

If RR is an injective cogenerator and C →֒ A∗, then (1) & (2) are equivalent to

3. Y ⊥ := {c ∈ C| < a, c >= 0 for every a ∈ Y } = 0.

The α-condition

We introduce now the category of left (resp. right) α-pairings Pα
l (resp. Pα

r ) and the
category of α-pairings Pα.

1.27. We say that a left R-pairing P = (V,W ) satisfies the (left) α-condition, or is left
α-pairing, if for every right R-module M the following map is injective:

αPM :M ⊗RW → Hom−R(V,M),
∑

mi ⊗ wi 7→ [v 7→
∑

mi < v,wi >].

A right R-pairing P = (V,W ) is said to satisfy the (right) α-condition, or is a right α-
pairing, if for every left R-module M, the canonical map αPM : W ⊗R M → HomR−(V,M)
is injective. With Pα

l ⊂ Pl (resp. P
α
r ⊂ Pr) we denote the full subcategory, whose objects
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satisfy the α-condition. We call a left (resp. a right) R-pairing P = (V,W ) dense, if
κP (V ) ⊆

∗W (resp. κP (V ) ⊆W ∗) is dense w.r.t. the finite topology.

With Pα
ml ⊂ Pml (resp. Pα

m ⊂ Pm) we denote the full subcategory of measuring left
α-pairings (resp. measuring right α-pairings). If P ∈ Pα

ml (resp. P ∈ Pα
mr) and Q ⊂ P

is a measuring R-subpairing, then Q satisfies the α-condition as well (see Proposition 1.32
(1-b) below).

We say a left (resp. a right) R-module W satisfies the α-condition, if the left R-pairing
(∗W,W ) (resp. the right R-pairing (W ∗,W )) satisfies the α-condition, i.e. if RW (resp.
WR) is universally torsion free in the sense of G. Garfinkel [18].

1.28. Locally projective modules. An R-module W is called locally projective (in the
sense of B. Zimmermann-Huisgen [41]), if for every diagram

0 // F

g′◦ι   

ι //W
g

  B
B

B
B

B
B

B
B

g′

��
L π

// N // 0

with exact rows and F f.g.: for every R-linear map g : W → N, there exists an R-linear
map g′ :W → L, such that the entstanding parallelogram is commutative. Note that every
projective R-module is locally projective.

Analog to [18, Theorem 3.2] and [41, Theorem 2.1] we get the following characterizations
of the R-modules satisfying the α-condition:

Lemma 1.29. A left (resp. a right) R-module W satisfies the α-condition iff RW (resp.
WR) is locally projective.

Remark 1.30. Let P = (V,W ) ∈ Pα
l . Then W ⊂ V ∗, in particular RW is R-cogenerated. If

M is any right R-module, then we have for every R-submodule N ⊂ M the commutative
diagram

N ⊗RW
αPN //

ιN⊗idW
��

Hom−R(V,N)� _

��
M ⊗RW

αPM

// Hom−R(V,M)

By assumption αPN is injective and so N ⊂ M is W -pure. Since M and N are arbitrary,
we conclude that RW is flat. If RR is perfect, then RW is projective. In particular every
locally projective left R-module (over a left perfect ring) is flat (projective). So over perfect
rings projectivity and local projectivity coincide.

Lemma 1.31. Let P = (V,W ) be a left α-pairing. If L is a right R-module and K ⊂ L is
an R-submodule, then we have for every

∑
li ⊗ wi ∈ L⊗R W :

∑
li ⊗ wi ∈ K ⊗R W ⇐⇒

∑
li < v,wi >∈ K for all v ∈ V.
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Proof. By Remark 1.30 RW is flat and so we get the commutative diagram with exact
rows

0 // K ⊗RW
ιK⊗idW //

� _

αPK
��

L⊗RW
π⊗idW //

� _

αPL
��

L/K ⊗RW� _

αP
L/K

��

// 0

0 // Hom−R(V,K)
(V,ιK)

// Hom−R(V, L)
(V,π)

// Hom−R(V, L/K)

Clearly
∑
li < v,wi >∈ K for every v ∈ V iff

∑
li ⊗ wi ∈ Ke((V, π) ◦ αPL) = Ke(αPL/K ◦

(π ⊗ idW )) = Ke(π ⊗ idW ) = K ⊗RW.�

Analog to the commutative case [2, Proposition 2.1.7] we get

Proposition 1.32. 1. Let P = (V,W ) be a left R-pairing.

(a) Let W ′ ⊂ W be an R-submodule and consider the induced left R-pairing P ′ :=
(V,W ′). If P ′ ∈ Pα

l , then W ′ ⊂ W is pure. If P ∈ Pα
l , then P ′ ∈ Pα

l iff
W ′ ⊂W is pure.

(b) Let V ′ ⊂ V, W ′ ⊂ W be R-submodules with < V ′,W ′ >= 0 and consider the
left R-pairing Q := (V/V ′,W ′). If P ∈ Pα

l , then Q ∈ Pα
l iff W ′ ⊂W is pure.

2. Let Q = (Y,W ) be a left R-pairing, V a right R-module, ξ : V → Y an R-linear
map, P := (V,W ) the induced left R-pairing and consider the following statements:

(i) Q ∈ Pα
l and P is dense;

(ii) Q ∈ Pα
l and ξ(V ) ⊂ Y is dense w.r.t. Y [Tr

ls
(W )];

(iii) P ∈ Pα
l ;

(iv) Q ∈ Pα
l and W

χP
→֒ V ∗ is an embedding.

The following implications are always true: (i) =⇒ (ii) =⇒ (iii) =⇒ (iv). If RR is
an injective cogenerator, then (i)-(iv) are equivalent.

The proof of the following result is similar to that of [3, Proposition 2.5]:

Lemma 1.33. Let V,W be R-bimodules.

1. If P = (V,W ), P ′ = (V ′,W ′) are left α-pairings, then P ⊗lP
′ := (V ′⊗RV,W ⊗RW

′)
is a left α-pairing, where

κP⊗lP ′(v′ ⊗ v)(w ⊗ w′) =< v,w < v′, w′ >>=<< v′, w′ > v,w > .

2. If P = (V,W ), P ′ = (V ′,W ′) are right α-pairings, then P⊗rP
′ := (V⊗RV

′,W ′⊗RW )
is a right α-pairing, where

κP ′⊗rP (v ⊗ v′)(w′ ⊗ w) =< v,< v′, w′ > w >=< v < v′, w′ >,w > .
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2 Rational modules

In this section we define the C-rational A-modules associated with a measuring left (resp.
right) R-pairing (A, C) satisfying the α-condition and prove the main result in this paper,
namely Theorem 2.9 (resp. its dual version Theorem 2.11).

Remark 2.1. Let P = (A, C) be a measuring left R-pairing. For every right R-module
M, Hom−R(A,M) is a right A-module through (fa)(a′) = f(aa′) for all a, a′ ∈ A and
αPM : M ⊗R C → Hom−R(A,M) is A-linear. If moreover M is a right A-module, then the
canonical map ρM :M → Hom−R(A,M) is A-linear.

2.2. Let A be an R-ring (not necessarily with unity), P = (A, C) a measuring left α-pairing
and M an A-faithful right A-module. Put RatC(MA) := ρ−1

M (M ⊗R C), i.e. m ∈ RatC(MA)
iff there exists a uniquely determined element

∑
mi ⊗ ci, such that ma =

∑
mi < a, ci >

for every a ∈ A. We call MA C-rational, if RatC(MA) =M. In this case we get an R-linear
map ̺M := (αPM)−1 ◦ ρM :M →M ⊗R C.

Analog to the commutative case (e.g. [19, Proposition 2.9]) we get

Lemma 2.3. Let P = (A, C) be a measuring left α-pairing (A not necessarily with unity).

For every (M, ρM) ∈ M̃A we have:
1. RatC(MA) ⊆M is an A-submodule.
2. For every A-submodule N ⊂ M we have RatC(NA) = N ∩ RatC(MA).
3. RatC(RatC(MA)) = RatC(MA).

4. For every L ∈ M̃A and f ∈ Hom−A(M,L) we have f(RatC(MA)) ⊆ RatC(LA).

Analog to the commutative case [2, Folgerung 2.2.10] we have

Remark 2.4. Let P = (A, C) be a measuring left α-pairing and consider the embedding

C
χP
→֒ A∗. Since χP is A-linear, we have C

χP
→֒ RatC((A∗)A) by Lemma 2.3 (4). If f ∈

RatC((A∗)A) with ̺(f) =
∑
fi ⊗ ci, then we have for every a ∈ A

f(a) = (fa)(1A) =
∑

fi(1A) < a, ci >= χP (
∑

fi(1A)ci)(a),

i.e. f = χP (
∑
fi(1A)ci). So χP is an isomorphism.

For a left (resp. right) measuring α-pairing (A, C) we denote the category of C-rational

right (resp. left) A-modules and A-linear maps by RatC(M̃A) (resp. CRat(AM̃). The
subcategory of unital C-rational right (resp. left) A-modules will be denoted by RatC(MA)
(resp. CRat(AM)).

Lemma 2.5. Let P = (A, C) be a measuring left R-pairing (A not necessarily with unity).

1. If (M, ̺M) is a right C-comodule, then M becomes a right A-module through

ρM :=M
̺M→ M ⊗R C

αPM→ Hom−R(A,M).

If A has unity and M is counital, then MA is unital (and so A-faithful).
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2. Let (M, ̺M), (N, ̺N) be right C-comodules and consider the induced structures of right
A-modules (M, ρM), (N, ρN). If f :M → N is C-colinear, then f is A-linear.

3. Let N be a right C-comodule, K ⊂ N a C-subcomodule and consider the induced right
A-module structures (N, ρN ), (K, ρK). Then K ⊂ N is an A-submodule.

Proof. 1. Consider the left R-pairing P ⊗l P := (A ⊗R A, C ⊗R C). For every right
A-module (M, ρM) we have the diagram

M
ρM //

ρM

��

OOOOOOOOOOOOOO

OOOOOOOOOOOOOO Hom(A,M)

(µ,M)

��

M
̺M

��

̺M //M ⊗R C
αPM

44iiiiiiiiiiiiiiiii

idM⊗∆C

��
M ⊗R C

αPMwwooooooooooo ̺M⊗idC
//M ⊗R C ⊗R C

α
P⊗lP

M

**UUUUUUUUUUUUUUUUU

Hom(A,M)
(A,ρM )

// Hom(A,Hom(A,M))
ςr

// Hom(A⊗R A,M)

(5)

(where ςr is the canonical isomorphism). By definition of ρM and α
P⊗lP

M all trape-
zoids are commutative. Since (M, ̺M) is a right C-comodule, the inner rectangle
is commutative and so the outer rectangle is commutative, i.e. (M, ρM) is a right
A-module.

Assume M to be counital. If A has unity, then κP (1A) = εC and we have for every
m ∈M

m =
∑

m<0>εC(m<1>) = mεC = m1A ∈ MA,

i.e. MA is unital.

2. Consider the diagram

M
f //

̺M

��

ρM ((PPPPPPPPPPPPPP N

̺N

��

ρNvvnnnnnnnnnnnnn

Hom−R(A,M)
(A,f) // Hom−R(A, N)

M ⊗R C

αPM

66nnnnnnnnnnnn

f⊗idC
// N ⊗R C

αPN

ggPPPPPPPPPPPP

(6)

The lower trapezoid is obviously commutative. The triangles are commutative by
definition of ρM , ρN . If the outer rectangle is commutative (f is C-colinear), then the
upper trapezoid is commutative (f is A-linear).

3. trivial.�
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Lemma 2.6. Let P = (A, C) be a measuring left α-pairing (A not necessarily with unity).

1. If (M, ρM) ∈ M̃A is C-rational, then M gets a structure of a counital right C-
comodule through

̺M :M
ρM→ Hom−R(A,M)

(αPM )−1

→ M ⊗R C.

2. Let (M, ρM), (N, ρN) ∈ M̃A be C-rational and consider the induced structures of right
C-comodules (M, ̺M), (N, ̺N). Then HomC(M,N) = Hom−A(M,N).

3. Let (N, ρN) ∈ M̃A be C-rational and consider the induced counital right C-comodule
(N, ̺N). If K ⊂ N is an A-submodule, then K gets a structure of a counital C-
subcomodule. Moreover ̺K = (̺N )|K .

Proof. 1. If (M, ρM) is C-rational, then by definition ρM(M) ⊂ αPM(M ⊗R C), i.e.
̺M := (αPM)−1 ◦ ρM is well defined and we get the commutative diagram

Hom−R(A,M)

M
?�

ρM

OO

̺M
//M ⊗R C

U5

αPM
hhPPPPPPPPPPPP

By assumption MA is A-faithful (i.e. ρM is injective) and so ̺M is injective, i.e. the
induced right C-coaction on M is counital. Consider now diagram (5). By definition
of ̺M and α

P⊗lP

M all trapezoids are commutative. By assumption M is a right C-
comodule and so the outer rectangle is commutative. By Lemma 1.33 (1) αP⊗lP

M is
injective and so the inner rectangle is commutative, i.e. (M, ̺M) is a counital right
C-comodule.

2. Consider diagram (6). The lower trapezoid is obviously commutative and the tri-
angles are commutative by definition of ̺M and ̺N . Moreover αPN is injective and
so the outer rectangle is commutative (f is C-colinear) iff the upper trapezoid is
commutative (f is A-linear), i.e. HomC(M,N) = Hom−A(M,N).

3. Let (N, ρN) be a C-rational right A-module. If K ⊂ N is an A-submodule, then by
Lemma 2.3 (2) RatC(KA) = K ∩RatC(NA) = K and so KA is C-rational, hence K is

a counital right C-comodule by (1). Moreover K
ιK
→֒ N is A-linear and so C-colinear

by (2), i.e. K ⊂ N is a C-subcomodule. Note that by assumption and Remark 1.30

RC is flat, hence ̺K = (̺N)|K .�

2.7. For every R-coring C we have an isomorphism of R-rings (C∗, ⋆r) ≃ EndC(C) via
f 7→ [c 7→

∑
f(c1)c2] with inverse g 7→ εC ◦ g (compare Proposition 1.10 (1)). Analogously

(∗C, ⋆l) ≃
CEnd(C)op as R-rings.

If P = (A, C) ∈ Pα
ml, then by Lemma 2.6 (2) EndC(C) = End(CA) and so

∗C ≃ CEnd(C)op ⊆ End(C∗C)op = End(EndC(C)C)
op = End(End(CA)C)

op := Biend(CA),
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i.e. (∗C, ⋆l) is isomorphic to an R-subring of Biend(CA). If moreover CR is locally projective,
then CEnd(C) = End(C∗C), hence ∗C ≃ Biend(CA).

On the other hand, if P ∈ Pα
mr, then we have analogously CEnd(C) = End(AC) and so

C∗ ≃ EndC(C) ⊆ End(C∗C) = End(CCEnd(C)op) = End(CEnd(AC)op) := Biend(AC),

i.e. (C∗, ⋆r) is isomorphic to an R-subring of Biend(AC). If moreover RC is locally projective,
then EndC(C) = End(C∗C), hence C∗ ≃ Biend(AC).

Note that it follows from above, that in case RC and CR are locally projective we have
∗C ≃ Biend(C∗C) and C∗ ≃ Biend(C∗C) as R-rings.

The following result generalizes [2, Theorem 2.2.13] from the case of commutative base
rings to the case of arbitrary rings:

Proposition 2.8. Let P = (A, C) be a measuring left R-pairing (A not necessarily with
unity). If RC is locally projective and κP (A) ⊆ ∗C is dense, then

MC ≃ RatC(M̃A) = RatC(MA) = σ[CA]

≃ RatC(M̃∗C) = RatC(M∗C) = σ[C∗C].
(7)

Proof. Step (1). By Proposition 1.32 (2) (A, C) satisfies the left α-condition. By Lem-
mata 2.5 and 2.6 we have covariant functors

(−)A : MC → RatC(M̃A),
(M, ̺M) 7→ (M,αM ◦ ̺M),

(−)C : RatC(M̃A) → MC,
(M, ρM) 7→ (M,α−1

M ◦ ρM),

that act as the identity on morphisms. Clearly we have

(−)C ◦ (−)A = idMC , (−)A ◦ (−)C = idRatC(M̃A),

i.e. RatC(M̃A) ≃ MC.
Step (2). We show now that every C-rational right A-module is unital. Let (N, ρN) ∈

RatC(M̃A) and n ∈ N with ̺N(n) =
k∑
i=1

ni ⊗ ci. By assumption κP (A) ⊆ ∗C is dense and

so there exists some a ∈ A, such that κP (a)(ci) = εC(ci) for i = 1, ..., k. So

n =
k∑

i=1

niεC(ci) =
k∑

i=1

ni < a, ci >= na ∈ NA.

Step (3). Let (N, ρN) ∈ MC. For every n ∈ N with ̺N (n) =
k∑
i=1

ni ⊗ ci we have

{c1, ..., ck}
⊥ ⊆ (0N : n), hence NA is C-subgenerated. By Proposition 1.10 (3), Lemma 2.6

and Step (1) MC is a Grothendieck full subcategory of MA and so MC = σ[CA] (since
σ[CA] is the smallest such subcategory of MA containing C).

Step (4). For A = ∗C we get as above

MC ≃ RatC(M̃∗C) = RatC(M∗C) = σ[C∗C].�
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We are now ready to present the main result in this article, namely

Theorem 2.9. Let P = (A, C) be a measuring left R-pairing. Then the following are
equivalent:

(i) RC is locally projective and κP (A) ⊆ ∗C is dense;
(ii) RC satisfies the α-condition and κP (A) ⊆ ∗C is dense;
(iii) (A, C) satisfies the left α-condition;
(iv) σ[C∗C] ≃ MC ≃ σ[CA].
If the equivalent conditions (i)-(iv) are satisfied, then we have isomorphisms of cate-

gories

MC ≃ RatC(M̃A) = RatC(MA) = σ[CA]

≃ RatC(M̃∗C) = RatC(M∗C) = σ[C∗C].
(8)

Proof. (i) ⇐⇒ (ii) By Lemma 1.29 RC is locally projective iff it satisfies the left α-
condition.

(ii) ⇒ (iii) follows from Proposition 1.32 (2).
(iii) ⇒ (iv) If (A, C) satisfies the α-condition, then clearly RC satisfies the left α-

condition. Moreover, since (by our convention) A has unity with κP (1A) = εC, we get by
an analogous argument to that in the proof of Theorem 2.8 the isomorphisms of categories
MC ≃ σ[CA] = σ[C∗C].

(iv) ⇒ (i) By Assumption σ[C∗C] ≃ MC and it follows analog to [36, 3.5] that RC is
locally projective. Moreover, for all c1, ..., ck ∈ C, the right A-module (c1, ..., ck)A ⊂ Ck is
a right ∗C-submodule (because σ[CA] ≃ σ[C∗C]). Hence (c1, ..., ck)

∗C = ((c1, ..., ck)A)∗C ⊆
(c1, ..., ck)A, i.e. κP (A) ⊆ ∗C is dense (see [39, 15.8]).

If the equivalent conditions (i)-(iv) are satisfied, then the assumptions of Theorem 2.8
are satisfied and so the isomorphisms of categories (8) are evident.�

Remark 2.10. Note that if A has no unity, then the implication (iv) ⇒ (i) in the previous
theorem is still evident, if ∗C is unital as a left A-module. In this case the four statements
become equivalent, if we add “κP (A) ⊂ ∗C is dense” to statement (iii).

A dual version of Theorem 2.9 is valid for measuring right R-pairings:

Theorem 2.11. For a measuring right R-pairing P = (A, C) the following are equivalent:
(i) CR is locally projective and κP (A) ⊆ C∗ is dense;
(ii) CR satisfies the α-condition and κP (A) ⊆ C∗ is dense;
(iii) (A, C) is a right α-pairing;
(iv) σ[C∗C] ≃ CM ≃ σ[AC].
If the equivalent conditions (i)-(iv) are satisfied, then we have isomorphisms of cate-

gories
CM ≃ CRat(AM̃) = CRat(AM) = σ[AC]

≃ CRat(C∗M̃) = CRat(C∗M) = σ[C∗C].
(9)

Remark 2.12. We should mention here that the implications (iii) ⇒ (iv) in Theorem 2.9
resp. 2.11 were achieved independently in [17] Theorem 2.6’ resp. Theorem 2.6 (note the
interchange between left and right pairings in our notation).
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As a corollary of Proposition 1.32 and Theorem 2.9 we get

Corollary 2.13. Let Q = (B, C) ∈ Pml, ξ : A → B a morphism of R-rings and consider
the induced measuring left pairing P := (A, C). Then the fallowing are equivalent:

(i) P ∈ Pα
ml;

(ii) Q ∈ Pα
ml and ξ(A) ⊆ B is dense w.r.t. B[T

ls
(C)];

(iii) RC is locally projective and κP (A) ⊆ ∗C is dense;
(iv) σ[C∗C] ≃ MC ≃ σ[CA] ≃ σ[CB].
If these equivalent conditions are satisfied, then we have isomorphisms of categories:

MC ≃ RatC(MA) = σ[CA]
≃ RatC(M∗C) = σ[C∗C]
≃ RatC(MB) = σ[CB].

(10)

Definition 2.14. We call a measuring left (right) α-pairing (A, C) coproper, if Arat :=
RatC(AA) (

ratA := RatC(AA)) is dense in A. An R-coring with RC (CR) locally projective
will be called left coproper (right coproper), if �C := RatC(∗C∗C) ⊂ ∗C (resp. C� :=
CRat(C∗

C∗) ⊆ C∗) is dense. If RC and CR are locally projective, then we call C coproper, if it
is left and right coproper.

Proposition 2.15. ([1]) Let P = (A, C) be a coproper left measuring α-pairing (i.e. T :=
RatC(AA) ⊂ A is dense).

1. C is left coproper, i.e. �C ⊂ ∗C is dense.
2. For every f ∈ T , there exists some e ∈ T , such that fe = f.
3. For every right A-module M we have RatC(MA) =MT .
4. There is an isomorphism of categories M�C ≃ MC ≃ MT .

2.16. Birational modules. Let P = (A, C) be a measuring left α-pairing and Q = (B,D)
be a measuring right α-pairing (A, B not necessarily with unities). For a (B,A)-faithful
(B,A)-bimodule (M, ρAM , ρ

B
M) it’s obvious that DRat(BM) is a right A-module, RatC(MA)

is a left B-module, and

RatC((DRat(BM))A) =
DRat(BM)∩RatC(MA) =

DRat(B(Rat
C(MA))) (11)

is a (B,A)-subbimodule of M, which we call the (D, C)-birational (B,A)-subbimodule of
M. If M = RatC((DRat(BM))A), then we call BMA (D, C)-birational.

With DRatC(BM̃A) ⊂ BM̃A we denote the full subcategory of (D, C)-birational (B,A)-
bimodules. The subcategory of unital (D, C)-birational (B,A)-bimodules is denoted with
DRatC(BMA).

As a generalization of the corresponding result for coalgebras over base fields (e.g.
[13, Theorem 2.3.3]) resp. over commutative rings ([2, Folgerung 2.2.19]) we get

Theorem 2.17. Let P = (A, C) be a measuring left R-pairing and Q = (B,D) be a
measuring right R-pairing (A, B not necessarily with unities). If C,D are locally projective,
κP (A) ⊆ ∗C and κQ(B) ⊆ D∗ are dense, then there are isomorphisms of categories

DMC ≃ DRatC(BM̃A) = DRatC(BMA)

≃ DRatC(D∗M̃∗C) = DRatC(D∗M∗C)
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Proof. Let M be an arbitrary R-bimodule. In view of the previous results in this section
it’s enough to show that M is a counital (D, C)-bicomodule iff it’s a (D, C)-birational
(B,A)-bimodule. If M is a counital (D, C)-bicomodule, then M is by Lemma 2.5 (1) a
C-rational right A-module and analogously a D-rational left B-module. Moreover αQM is
obviously A-linear, ̺DM is by assumption C-colinear, hence A-linear by Lemma 2.5 (2).
Consequently ρBM = αQM ◦ ̺DM is A-linear, i.e. M is a (D, C)-birational (B,A)-bimodule.

On the other hand, let M be a (D, C)-birational (B,A)-bimodule. By Lemma 2.6 M
is a counital right C-comodule and analogously a counital left D-comodule. Since M is a
(B,A)-bimodule, ρBM is A-linear and so we have for all a ∈ A and m ∈M :

αQM(̺DM(ma)) = ρBM(ma) = ρBM(m)a = (αQM(̺DM(m))a = αQM(̺DM(m)a),

hence ̺DM is A-linear by the injectivity of αQM . By Lemma 2.6 (2), ̺DM is C-colinear, i.e. M
is a counital (D, C)-bicomodule.�

As a consequence of Theorems 2.9 and 2.11 we get

Proposition 2.18. 1. Let P = (A, C) ∈ Pml. If K ⊂ C is a right C-coideal (resp. a
left C-coideal, a C-bicoideal), then K⊥ is a left A-ideal (resp. a right A-ideal, an A-
ideal). If K is a C-coideal, then K⊥ ⊂ A is an R-subring with unity 1A. If P ∈ Pα

ml

and I ⊂ A is a left A-ideal, then I⊥ ⊂ C is a right C-coideal.

2. Let P = (A, C) ∈ Pmr. If K ⊂ C is a left C-coideal (resp. a right C-coideal, a C-
bicoideal), then K⊥ is a right A-ideal (resp. a left A-ideal, an A-ideal). If K is a
C-coideal, then K⊥ ⊂ A is an R-subring with unity 1A. If P ∈ Pα

mr and I ⊂ A is a
right A-ideal, then I⊥ ⊂ C is a left C-coideal.

Lemma 2.19. Let X be set and XR the free R-module with basis X. If RR is noetherian,
then for every right R-module M, the following R-linear map is injective

βM :M ⊗R R
X →MX , m⊗ f 7−→ [x 7−→ mf(x)]. (12)

Hence P̃ := (XR,RX) is a left α-pairing.

Proof. Let M be an arbitrary right R-module and write M as a direct limit of its f.g.
R-submodules M = lim−→Λ

Mλ ( [39, 24.7]). For every λ ∈ Λ, Mλ is f.p. in MR and we have

by ([39, 25.4]) the isomorphisms

βMλ
:Mλ ⊗R R

X →MX
λ , m⊗ f 7→ [x 7→ mf(x)]

Moreover for each λ ∈ Λ the restriction of βM on Mλ is equal to βMλ
and so the following

map is injective:

βM = lim−→βMλ
: lim−→Mλ ⊗R R

X → lim−→MX
λ ⊂MX .

Obviously P̃ ∈ Pα
l iff βM is injective for every M ∈ MR.�
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Corollary 2.20. Let W,W ′ be R-bimodules, X ⊂ ∗W,X ′ ⊂ ∗W ′ be R-subbimodules and
consider the canonical R-linear maps

κ : X ′ ⊗R X → ∗(W ⊗RW
′) and χ : W ⊗R W

′ → (X ′ ⊗R X)∗.

If RR is noetherian, WR is flat and Ke(X)R ⊂ WR is pure, then

Ke(κ(X ′ ⊗R X)) ≃ Ke(X)⊗RW
′ +W ⊗R Ke(X ′). (13)

Proof. Consider the embeddings E := W/Ke(X) →֒ X∗, E ′ := W ′/Ke(X ′) →֒ RX′

and
the commutative diagram

W ⊗RW
′ χ //

π⊗π′

��

(X ′ ⊗R X)∗� _

ι

��

W/Ke(X)⊗R R
X′ � � // X∗ ⊗R R

X′

� t

βX∗

''OOOOOOOOOOOO

W/Ke(X)⊗R W
′/Ke(X′)

' �

44iiiiiiiiiiiiiiiii

δ
// (X∗)X

′

It follows by assumptions that W/Ke(X) is flat in MR and RR
X′

is flat (e.g. [39, 36.5,
26.6]). Moreover βX∗ is injective by Lemma 2.19, hence δ is injective. It follows then by
[10, II-3.6] that

Ke(κ(X ⊗R X
′)) := Ke(χ) = Ke(δ ◦ (π ⊗ π′))

= Ke(πX ⊗ πX′) = Ke(X)⊗RW
′ +W ⊗R Ke(X ′).�

Proposition 2.21. Let R be a QF ring and C an R-coring. If A ⊆ ∗C is an R-subring (with
εC ∈ A), CR is flat and Ke(A)R ⊂ CR is pure, then ∆C(Ke(A)) ⊆ Ke(A)⊗R C+C⊗RKe(A)
(Ke(A) ⊂ C is a C-coideal).

Proof. Let A ⊆ ∗C be an R-subring and consider the R-linear map

κ : A⊗R A → ∗(C ⊗R C), a⊗ b 7→ [c⊗ d 7→< b, c < a, d >>].

If CR is flat and Ke(A)R ⊂ CR is pure, then we have by Corollary 2.20 and Lemma 1.18:

Ke(A) ⊆ Ke(∆∗
C(κ(A⊗R A))) = ∆−1

C (Ke(A)⊗R C + C ⊗R Ke(A)), (14)

i.e. ∆C(Ke(A)) ⊆ Ke(A) ⊗R C + C ⊗R Ke(A). If εC ∈ A, then εC(Ke(A)) = 0, hence
Ke(A) ⊂ C is a C-coideal.�

Corollary 2.22. Let C be an R-coring and assume that RC is locally projective. For every
R-coring D with an injective morphism of R-corings ιD : D →֒ C we have:
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1. RD ⊆ RC is pure iff Q := (∗C,D) ∈ Pα
ml. In this case RD is locally projective, ι∗D(

∗C) ⊆
∗D is dense and there are isomorphisms of categories

MD ≃ RatD(M∗D) = σ[D∗D]
≃ RatD(M∗C) = σ[D∗C].

2. Let RR be C-injective. Then RD ⊆ RC is pure iff RD is locally projective.

3. If RD ⊆ RC is pure, then

D = C ⇐⇒ MD = MC ⇐⇒ C∗C is D-rational.

Proof. 1. Since ιD is a morphism of R-corings, it follows that ι∗D : ∗C → ∗D is a
morphism of R-rings, i.e. Q is a measuring left R-pairing. The result follows now
by Theorem 2.9 and the commutativity of the following diagram for every right R-
module M

M ⊗R D
αQ
M

**

idM⊗ιD //

αD
M

��

M ⊗R C

αC
M

��
Hom−R(

∗D,M)
(ι∗

D
,M)

// Hom−R(
∗C,M)

(15)

2. If RR is C-injective, then ι∗D : ∗C → ∗D is surjective. Hence, for every right R-module
M the map (ι∗D,M) in diagram (15) is injective and the result follows.

3. It is enough to prove: C ∈ RatD(M∗C) =⇒ D = C.

Assume C ∈ RatD(M∗C) ≃ MD. Then there exists a right R-linear map

̺ : C → C ⊗R D, c 7−→
kc∑

i=1

ci ⊗ di,

such that c ↼ f =
kc∑
i=1

ciι
∗
D(f)(di) for every f ∈ ∗C. Consider the following diagram

C
̺ //

∆C ''PPPPPPPPPPPPPP C ⊗R D� _

idC⊗ιD
��

C ⊗R C

(16)

and the left α-pairing P ⊗l P := (∗C⊗R
∗C, C ⊗R C) (see Lemma 1.33 (1)). Then we

have for all c ∈ C and f, g ∈ ∗C :

χP⊗lP
(
∑
c1 ⊗ c2)(f ⊗ g) =

∑
g(c1f(c2)) = g(c ↼ f)

= g(
kc∑
i=1

ciι
∗
D(f)(di)) = χP⊗lP

(
kc∑
i=1

ci ⊗ ι(di))(f ⊗ g),
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and so
∑
c1 ⊗ c2 =

kc∑
i=1

ci ⊗ ι(di), i.e. diagram (16) is commutative. Hence for every

c ∈ C we have

c =
∑

εC(c1)c2 =
kc∑

i=1

εC(ci)ι(di) ∈ ι(D),

i.e. C = D.�

Remark 2.23. Even if C is an R-coring and D ⊂ C is an R-subbimodule with ∆C(D) ⊆
Im(D⊗RD), D may have no R-coring structure such that the natural embedding ιD : D →֒
C is a morphism of R-corings. For D to be an R-subcoring of C we need RDR ⊂ RCR to be
pure (in the sense of Cohn). A counterexample for coalgebras over commutative rings can
be found in [28, Page 56].

An important role by studying the category of rational representations of a left mea-
suring pairing P ∈ Pα

ml is played by the

2.24. Finiteness Theorem. Let P = (A, C) ∈ Pα
ml.

1. If M ∈ RatC(MA), then there exists for every finite subset {m1, ..., mk} ⊂ M some
N ∈ RatC(MA), such that N ⊂M and NR is finitely generated.

2. Every finite subset of C is contained in a right C-coideal, which is f.g. in MR.

Proof. 1. Let M ∈ RatC(MA) and {m1, ..., mk} ⊂ M. Then miA ⊂ M is an A-
submodule, hence a C-subcomodule. Moreover mi ∈ miA and consequently there

exists a subset {(mij , cij)}
ni
j=1 ⊂ miA×C, so that ̺M(mi) =

ni∑
j=1

mij⊗cij for i = 1, ..., k.

Obviously N :=
k∑
i=1

miA =
k∑
i=1

ni∑
j=1

mijR ⊂ M is a C-subcomodule and contains

{m1, ..., mk}.

2. This is a special case of (1).�

For every (A, C) ∈ Pα
ml we get from the isomorphism of categories RatC(MA) ≃

σ[CA] and [38, 2.9]:

Corollary 2.25. Let (A, C) ∈ Pα
ml.

1. RatC(MA) is (A, R)-finite (i.e. a C-rational right A-module is f.g. in MA iff it’s
f.g. in MR).

2. If RR is perfect, then every C-rational right A-module satisfies the descending chain
condition w.r.t. the f.g. A-submodules.

3. If RR is noetherian, then every C-rational right A-module is locally noetherian.

4. If RR is artinian, then every f.g. C-rational right A-module has finite length.
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Proposition 2.26. For every dense measuring left R-pairing P = (A, C) the following are
equivalent:

1. MC ≃ σ[CA] = MA/AnA(C);

2. The functor −⊗R C : MR → MA/AnA(C) has a left adjoint;

3. RC is f.g. and projective;

4. C∗C is f.g. and RC is locally projective;

5. A/AnA(C) is f.g. in MR and RC is locally projective.

Proof. With the help of Proposition 1.10 and Theorem 2.9, the equivalence of the first
four statements can be established as in [36, 3.6].

If we assume (1) or (5), then we conclude that MC ≃ σ[CA] ≃ σ[C∗C] by Proposition
2.8 and is (A, R)-finite by Corollary 2.25. The result follows then by the fact that in this
case σ[CA] = MA/AnA(C) iff A/AnA(C) is f.g. in MR [38, 2.9 (3)].�

Remark 2.27. It follows from Proposition 2.26 that for an R-coring C with RC locally
projective and every dense R-subring A ⊆ ∗C :

AR is f.g. ⇐⇒ RC is f.g. ⇐⇒ RC is f.g. and projective.

In particular a f.g. locally projective R-coring is projective.

The following result gives topological characterizations of the C-rational right A-
modules. Here we generalize some of those characterizations given by D. Radford in [30,
2.2] in the case of coalgebras over base fields to the case of corings over arbitrary (artinian)
ground rings. See also [2, Proposition 2.2.26] for the case of coalgebras over commutative
rings.

Proposition 2.28. Let P = (A, C) ∈ Pα
ml and consider A with the C-adic topology

T−C(A) = A[Trls(C)]. If M is a unital right A-module, then for every m ∈M the following
are equivalent:

1. there exists a finite subset F = {c1, ..., ck} ⊂ C, such that (0C : F ) ⊆ (0M : m);

2. mA is C-subgenerated;

3. m ∈ RatC(MA);

4. there exists a f.g. left R-submodule K ⊂ C, such that K⊥ ⊆ (0M : m).

If RR is artinian, then (1)-(4) are moreover equivalent to:

5. (0M : m) contains an R-cofinite closed R-submodule;

6. (0M : m) is an R-cofinite closed right A-ideal.
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Proof. (1) =⇒ (2) By assumption and 1.24 m ∈ N := Sp(σ[CA],M). Moreover mA ⊂ N
is a right A-submodule and is consequently C-subgenerated.

(2) =⇒ (3) By assumption and Theorem 2.9 m ∈ mA ⊂ RatC(MA).

(3) =⇒ (4) Let ̺(m) =
k∑
i=1

mi⊗ ci and put K :=
k∑
i=1

Rci ⊂ C. Then clearly K⊥ ⊆ (0M :

m).
(4) =⇒ (1) For every left R-submodule K ⊆ C we have (0C : K) ⊆ K⊥.
Let RR be artinian.

(4) =⇒ (5). Assume K⊥ ⊆ (0M : m) for some K =
k∑
i=1

Rci ⊂ C. Since A/K⊥ →֒ ∗K

and RR is noetherian, we conclude that K⊥ ⊂ A is R-cofinite. Moreover K⊥ is by Lemma
1.16 (1) closed.

The implications (5) ⇒ (6) ⇒ (1) follow from Lemma 1.16 (3).�

3 Applications

In what follows R is a commutative ring and MR is the category of R-(bi)modules. For
an R-algebra (A, µA, ηA) and an R-coalgebra (C,∆C, εC) we consider (HomR(C,A), ⋆) :=
HomR(C,A) as anR-algebra with the so called convolution product (f⋆g)(c) :=

∑
f(c1)g(c2)

and unity ηA ◦ εC . With this definition C becomes a C∗-bimodule through the left and the
right C∗-action f ⇀ c =

∑
c1f(c2) and c ↼ f =

∑
f(c1)c2.

Entwined Modules

Next we apply our results in the previous sections to the category of entwined modules
corresponding to a right-right entwining structure (A,C, ψ). These were introduced by T.
Brzeziński and S. Majid [7] as a generalization of the Doi-Koppinen modules corresponding
to a right-right Doi-Koppinen structure (see 3.15).

3.1. A right-right entwining structure (A,C, ψ) over R consists of an R-algebra A, an
R-coalgebra C and an R-linear map

ψ : C ⊗R A→ A⊗R C, c⊗ a 7→
∑

aψ ⊗ cψ,

such that
∑

(aã)ψ ⊗ cψ =
∑
aψãΨ ⊗ cψΨ,

∑
(1A)ψ ⊗ cψ = 1A ⊗ c,∑

aψ ⊗∆C(c
ψ) =

∑
aψΨ ⊗ cΨ1 ⊗ cψ2 ,

∑
aψεC(c

ψ) = εC(c)a.
(17)

3.2. Let (A,C, ψ) be a right-right entwining structure. An entwined module corresponding
to (A,C, ψ) is a right A-module M, which is also a right C-comodule through ̺M , such
that

̺M(ma) =
∑

m<0>aψ ⊗mψ
<1> for all m ∈ M and a ∈ A.

The category of right-right entwined modules andA-linear C-colinear morphisms is denoted
by MC

A(ψ). For M,N ∈ MC
A(ψ) we denote by HomC

A(M,N) the set of A-linear C-colinear
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morphisms fromM toN. By a remark of M. Takeuchi (e.g. [8, Proposition 2.2]) C := A⊗RC
is an A-coring with A-bimodule structure given by

a(ã⊗ c) := aã⊗ c, (ã⊗ c)a :=
∑

ãaψ ⊗ cψ, (18)

comultiplication

∆C : A⊗R C → (A⊗R C)⊗A (A⊗R C), a⊗ c 7→
∑

(a⊗ c1)⊗A (1A ⊗ c2)

and counity εC := ϑrA ◦ (idA ⊗ εC). Moreover MC
A(ψ) ≃ MC.

Lemma 3.3. (See [37, 4.2]) Let (A,C, ψ) be a right-right entwining structure over R and
consider the corresponding A-coring C := A⊗R C.

1. #op
ψ (C,A) := HomR(C,A) is an A-ring with A-bimodule structure given by (af)(c) :=∑
aψf(c

ψ), (fa)(c) := f(c)a, multiplication

(f · g)(c) =
∑

f(c2)ψg(c
ψ
1 ), (19)

and unity ηA ◦ εC .

2. #op
ψ (C,A) ≃ ∗C as A-rings via

ϕ : HomR(C,A) → HomA−(A⊗R C,A), f 7→ [a⊗ c 7→ af(c)] (20)

with inverse h 7→ [c 7→ h(1A ⊗ c)].

3.4. A left-right entwining structure is a triple (A,C, ψ), where A is an R-algebra, C is an
R-coalgebra and

ψ : A⊗R C → A⊗R C, a⊗ c 7→
∑

aψ ⊗ cψ,

is an R-linear map such that the conditions in (17) are satisfied with the first of them
replaced by ∑

(aã)ψ ⊗ cψ =
∑

aψãΨ ⊗ cΨψ for all a, ã ∈ A, c ∈ C.

3.5. Let (A,C, ψ) be a left-right entwining structure. With an entwined module cor-
responding to (A,C, ψ) we mean a left A-module M, which is also a right C-comodule
through ̺M , s.t.

̺M(am) =
∑

aψm<0> ⊗mψ
<1> for all a ∈ A and m ∈ M.

The category of left-right entwined modules and A-linear C-colinear morphisms is denoted
by AM

C(ψ). For M,N ∈ AM
C(ψ) we denote by AHom

C(M,N) the set of all A-linear
C-colinear morphisms from M to N. It’s easy to see that (Aop, C, ψ ◦ τ) is a right-right
entwining structure, hence D := Aop⊗RC is an Aop-coring and AM

C(ψ) ≃ MC
Aop(ψ ◦ τ ) ≃

MAop⊗RC . Moreover #op
ψ◦τ (C,A

op) ≃ ∗D as Aop-rings and #ψ(C,A) := (#op
ψ◦τ (C,A

op))op is
an A-ring with multiplication

(f · g)(c) =
∑

f(cψ1 )g(c2)ψ for all f, g ∈ HomR(C,A) and c ∈ C (21)

and unity ηA ◦ εC .
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3.6. Let (A,C, ψ) be a right-right entwining structure over R and consider the correspond-
ing A-coring C := A⊗RC.We say that (A,C, ψ) satisfies the α-condition, if for every right
A-module M the following map is injective

αψM :M ⊗R C → HomR(#
op
ψ (C,A),M), m⊗ c 7→ [f 7→ mf(c)]

(equivalently, if AC is locally projective).

Inspired by [14, 3.1] we present

Definition 3.7. 1. Let (A,C, ψ) be a right-right entwining structure satisfying the α-
condition. Let M ∈ M#opψ (C,A), ρM : M → Hom−A(#

op
ψ (C,A),M) the canonical

map and RatC(M) := ρ−1
M (M ⊗R C). If RatC(M#opψ (C,A)) = M, then we call M

#-rational and set ̺M := (αψM)−1 ◦ ρM : M → M ⊗R C. The class of #-rational
right #op

ψ (C,A)-modules build a full subcatgery of M#opψ (C,A), which we denote with

RatC(M#opψ (C,A)). For a left-right entwining structure (A,C, ψ), the α-condition and

the category of #-rational left #ψ(C,A)-modules are analogously defined.

Lemma 3.8. Let (A,C, ψ) be a right-right entwining structure over R and consider the
corresponding A-coring C := A⊗R C.

1. If RC is flat (resp. projective, f.g.), then AC is flat (resp. projective, f.g.).

2. If RC is locally projective, then AC is locally projective (i.e. (A,C, ψ) satisfies the left
α-condition).

Proof. 1. Clear.

2. For every right A-module M we have the commutative diagram

M ⊗A (A⊗R C)
αC
M // Hom−A(

∗C,M)

(γ,M)
��

M ⊗R C
αCM

// HomR(C
∗,M)

where γ : C∗ → ∗C, f 7→ [a⊗ c 7→ af(c)]. The result follows then by Lemma 1.29.�

Lemma 3.9. Let (A,C, ψ) be a right-right entwining structure.

1. If M ∈ MC
A(ψ) and N ⊂ M is a C-subcomodule, then NA is a subobject of M in

MC
A(ψ).

2. Assume RC to be locally projective.

(a) For every right #op
ψ (C,A) module M we have RatC(M#opψ (C,A)) ∈ MC

A(ψ).
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(b) If M ∈ MC
A(ψ), then M becomes a #-rational right #op

ψ (C,A)-module through

mf =
∑

m<0>f(m<1>) for all m ∈M and f ∈ #op
ψ (C,A).

(c) Assume A ∈ MC
A(ψ), so that

∑
1<0> ⊗ 1<1> ∈ C is a group-like element. Let

M ∈ M#opψ (C,A) be C-rational and put M coC := {m ∈M | ̺M(m) =
∑
m1<0>⊗

1<1>}. If ΨM :M coC⊗BA→ M, m⊗a 7→ ma is surjective, thenM is #-rational.

Proof. 1. For every n ∈ N and a ∈ A we have

̺M(na) =
∑

n<0>aψ ⊗ nψ<1> ∈ NA⊗R C.

Consequently NA ⊂ M is a C-subcomodule with structure map (̺M)|NA, hence
NA ⊂M is a subobject in MC

A(ψ).

2. Assume RC to be locally projective.

(a) Every right #op
ψ (C,A)-moduleM becomes a right A-module through the canon-

ical algebra morphism ιA : A → #op
ψ (C,A) and a left C∗-module through the

algebra anti-morphism ιC∗ : C∗ → #op
ψ (C,A). Clearly RatC(M#opψ (C,A)) ⊂ M is

a C-rational left C∗-module. Moreover, for all m ∈ RatC(M#opψ (C,A)), a ∈ A and

g ∈ #op
ψ (C,A) we have

[ma]g = (mιA(a))g
= m(ιA(a) · g)
=

∑
m<0>(ιA(a) · g))(m<1>)

=
∑
m<0>ιA(a)(m<1>2)ψg(m

ψ
<1>1)

=
∑
m<0>(aεC(m<1>2))ψg(m

ψ
<1>1)

=
∑
m<0>aψg(m

ψ
<1>),

i.e. ma ∈ RatC(M#opψ (C,A)) with ̺(ma) =
∑
m<0>aψ ⊗ mψ

<1> and the result

follows.

(b) Let M ∈ MC
A(ψ). Then for every m ∈M and f, g ∈ #op

ψ (C,A) we have

m(f · g) =
∑
m<0>(f · g)(m<1>)

=
∑
m<0>f(m<1>2)ψg(m

ψ
<1>1)

=
∑
m<0><0>f(m<1>)ψg(m

ψ
<0><1>)

= (
∑
m<0>f(m<1>))g

= (mf)g.

(c) Let m ∈M be arbitrary. By assumption m = ΨM(
k∑
i=1

ni ⊗ ai) for some
k∑
i=1

ni ⊗

ai ∈M coC ⊗R A, hence we have for all f ∈ #op
ψ (C,A) :

mf =
k∑
i=1

ni(aif) =
k∑
i=1

ni1<0>ai
ψ
f(1ψ<1>)

=
k∑
i=1

(niai)<0>f((niai)<1>) =
k∑
i=1

m<0>f(m<1>).�
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The main result in this section is

Theorem 3.10. Let (A,C, ψ) be a right-right entwining structure and consider the corre-
sponding A-coring C := A⊗R C.

1. If RC is flat, then MC
A(ψ) is a Grothendieck category with enough injective objects.

2. If RC is locally projective (resp. f.g. and projective), then

MC
A(ψ) ≃ RatC(M#opψ (C,A)) ≃ σ[(A⊗R C)#opψ (C,A)] (resp. M

C
A(ψ) ≃ M#opψ (C,A)).

(22)

Proof. 1. If RC is flat, then AC is flat and the result follows by the isomorphism
MC

A(ψ) ≃ MC and Proposition 1.10 (3) (this is a generalization of [12, Section
2.8, Corollary 4], where (A,C, ψ) is monoidal and R is a base field).

2. If RC is locally projective, then AC satisfies the α-condition by Lemma 3.8 (2), i.e.
(∗C, C) ∈ Pα

ml. The result follows now by Theorem 2.9 and Lemma 3.9. If RC is
f.g. and projective, then AC is also f.g. and projective and the result follows by
Proposition 2.26.�

Corollary 3.11. Let (A,C, ψ) be a left-right entwining structure and consider the cor-
responding Aop-coring D := Aop ⊗R C. If RC is flat, then by Theorem 3.10 AM

C(ψ) ≃
MC

Aop(ψ ◦ τ ) is a Grothendieck category with enough injective objects. If moreover RC is
locally projective (resp. f.g. and projective), then

AM
C(ψ) ≃ RatC(#ψ(C,A)M) = σ[#ψ(C,A)D] (resp. AM

C(ψ) ≃ #ψ(C,A)M).

3.12. Let (A,C, ψ) be a right-right entwining structure.

1. By [9, Corollaries 3.4, 3.7] − ⊗c
R A : MC → MC

A(ψ) is a functor, where for every
N ∈ MC we consider the canonical right A-module N ⊗c

R A := N ⊗R A with the
C-coaction n ⊗ a 7→ [

∑
n<0> ⊗ aψ ⊗ nψ<1>]. Moreover − ⊗R A is left adjoint to the

forgetful functor FA : MC
A(ψ) → MC , where for every N ∈ MC and M ∈ MC

A(ψ)

HomC
A(N ⊗c

R A,M) → HomC(N,M), g 7→ g(−⊗ 1A) (23)

is a functorial isomorphism with inverse f 7→ [n⊗ a 7→ f(n)a].

2. By the isomorphism MC
A(ψ) ≃ MC and Proposition 1.10 (1) − ⊗R C ≃ − ⊗A C :

MA → MC
A(ψ) is a functor, where for every N ∈ MA we consider the canonical

right C-comodule N ⊗R C with the A-action (n ⊗ c)a 7→
∑
naψ ⊗ cψ. Moreover

−⊗R C is right adjoint to the forgetful functor FC : MC
A(ψ) → MA and left adjoint

to HomC
A(C,−) : MC

A(ψ) → MA.

Definition 3.13. Let C be an R-coalgebra.

1. C is said to be left (right) Quasi-co-Frobenius, if C is cogenerated by C∗ as a left (a
right) C∗-module (i.e. C is a torsionless C∗-module [20]).
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2. Assume RC to be locally projective. After [4] we call C left coproper (resp. right
coproper), if C� := RatC(C∗C∗) (resp. �C := RatC(C∗

C∗)) is dense in C∗. We call C
coproper, if C is left and right coproper.

Corollary 3.14. Let (A,C, ψ) be a right-right entwining structure and consider the corre-
sponding A-coring C := A⊗R C.

1. Let C be projective in MC (e.g. R is a QF ring and C is left Quasi-co-Frobenius).
Then C⊗c

RA is projective in MC
A(ψ). If moreover ψ is bijective, then A⊗RC is also

projective in MC
A(ψ).

2. If RC is locally projective and left coproper, then C�⊗c
R A is a generator in MC

A(ψ).

3. If A is a cogenerator in MA, then A⊗R C is a cogenerator in MC
A(ψ). If RC is flat

and AA is injective, then A⊗R C is injective in MC
A(ψ).

Proof. 1. This follows from the functorial isomorphism (23): HomC
A(C ⊗c

R A,M) ≃
HomC(C,M) for every M ∈ MC

A(ψ). If R is a QF ring and C is left Quasi-co-
Frobenius, then C is projective in MC by [27]. Note that ψ is a morphism in
MC

A(ψ), hence A⊗R C ≃ C ⊗c
R A in MC

A(ψ), if ψ is bijective.

2. If RC is locally projective and left coproper, then C� is a generator in σ[C∗C] ≃ MC

by [38, 2.6]. The result follows then by the functorial isomorphism (23): HomC
A(C

�⊗c
R

A,M) ≃ HomC(C�,M) for every M ∈ MC
A(ψ).

3. Consider the corresponding A-coring C := A⊗RC. If A is a cogenerator in MA, then
by Lemma 1.10 (2) C is a cogenerator in MC ≃ MC

A(ψ). If RC is flat, then AC is flat
and the second statement follows by Proposition 1.10 (7).�

Doi-Koppinen Modules

In what follows we consider a fundamental class of entwined modules, namely the class of
Doi-Koppinen modules introduced independently by Y. Doi [15] and M. Koppinen [24].

3.15. A right-right Doi-Koppinen structure over R is a triple (H,A,C) consisting of an
R-bialgebra H, a right H-comodule algebra A and a right H-module coalgebra C. A right-
right Doi-Koppinen module for (H,A,C) is a right A-module M, which is also a right
C-comodule through ̺M , such that

̺M(ma) =
∑

m<0>a<0> ⊗m<1>a<1> for all m ∈M and a ∈ A.

With M(H)CA we denote the category of right-right Doi-Koppinen modules and A-linear
C-colinear morphisms. By [9, Page 295] (A,C, ψ) is a right-right entwining structure and
M(H)CA ≃ MC

A(ψ), where

ψ : C ⊗R A→ A⊗R C, c⊗ a 7→
∑

a<0> ⊗ ca<1>. (24)
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By Lemma 3.3 #op(C,A) := HomR(C,A) is an A-ring with A-bimodule structure

(af)(c) :=
∑

a<0>f(ca<1>) and (fa)(c) := f(c)a,

multiplication

(f · g)(c) =
∑

f(c2)<0>g(c1f (c2)<1>) (25)

and unity ηA ◦ εC . Moreover we have, with C := A ⊗R C the corresponding A-coring, an
isomorphism of A-rings #op(C,A) ≃ ∗C. The R-algebra #op(C,A) was introduced by M.
Koppinen [24, 2.2].

3.16. Let H be an R-bialgebra. Since H itself is a right H-module coalgebra with structure
map µH , it turns out that, for every right H-comodule algebra A, the triple (H,A,H) is
a right-right Doi-Koppinen structure and M(H)HA = MH

A , the category of relative Hopf
modules investigated in [16]. Note also thatH is a right H-comodule algebra with structure
map ∆H and it turns out that, for every right H-module coalgebra C, the triple (H,H,C) is
a right-right Doi-Koppinen structure and M(H)CH = M[C,H], the category of Doi’s [C,H ]-
modules introduced in [16]. Finally (H,H,H) is a right-right Doi-Koppinen structure and
M(H)HH = MH

H , the category of Hopf modules studied by M. Sweedler [34, 4.1].

The following result is easy to prove.

Lemma 3.17. Let (H,A,C) be a right-right Doi-Koppinen structure over R, C := A⊗RC
the corresponding A-coring and T ⊆ C∗ a left H-module subalgebra.

1. A#opT := A⊗R T is an A-ring with A-bimodule structure

ã(a#f) :=
∑

ã<0>a#ã<1>f and (a#f)ã := aã#f (26)

and multiplication

(a#f) · (b#g) :=
∑

a<0>b#(a<1>g) ⋆ f. (27)

If εC ∈ T, then 1A#εC is a unity for A#opT and A → A#opT, a 7→ a#εC is a
morphism of A-rings.

2. We have a morphism of A-rings

β : A#opT → #op(C,A), a#f 7→ [c 7→ af(c)].

Hence Q := (A#opT, C) is a measuring left A-pairing with

κQ := ϕ ◦ β : A#opT → ∗C, a#f 7→ [ã⊗ c 7→ ãaf(c)].

Theorem 3.18. Let (H,A,C) be a right-right Doi-Koppinen structure and consider the
corresponding A-coring C := A⊗R C.

1. If RC is flat, then M(H)CA is a Grothendieck catgeory with enough injective objects.
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2. Let T ⊆ C∗ be an A-pure left H-module subalgebra and Q := (A#opT, C). If RC is
locally projective (resp. f.g. and projective) and T ⊆ C∗ is dense, then β(A#opT ) ⊆
#op(C,A) is dense, Q ∈ Pα

ml and we have isomorphisms of categories

M(H)CA ≃ σ[C#op(C,A)] = σ[CA#opT ] (resp. M(H)CA ≃ M#op(C,A) ≃ MA#opC∗).

Proof. 1. Since M(H)CA ≃ MC
A(ψ), where ψ is defined in (24), the result follows by

Proposition 3.10 (1).

2. Consider the left measuring A-pairing P := (A#opC∗, C) and let φ : C∗ → A⊗R C
∗,

f 7→ 1A ⊗ f. Then we have for every right A-module M the following commutative
diagram

M ⊗A (A⊗R C)
αPM // Hom−A(A⊗R C

∗,M)

(φ,M)
��

M ⊗R C
αCM

// HomR(C
∗,M)

Let RC be locally projective. Then αCM is injective and so αPM is injective. Since M is
an arbitrary right A-module, P satisfies the α-condition and we get by Theorem 3.10
the category isomorphisms M(H)CA ≃ σ[C#op(C,A)] ≃ σ[CA#opC∗ ]. It follows then by
Theorem 2.9 that κP (A#

opC∗) ⊆ ∗C is dense. If T ⊆ C∗ is an A-pure dense left H-
module subalgebra, then obviously A#opT ⊆ A#opC∗ is dense, hence κQ(A#

opT ) ⊆
∗C is dense. Since ∗C ≃ #op(C,A) it follows then that β(A#opT ) ⊆ #op(C,A) is
dense.

If RC is f.g. and projective, then M(H)CA ≃ M#op(C,A) by Theorem 3.10 (2). Note
that in this case A#opC∗ ≃ #op(C,A) and the result follows.�

3.19. A left-right Doi-Koppinen structure is a triple (H,A,C), where H is an R-bialgebra,
A is a right H-comodule algebra and C is a left H-module coalgebra. A Doi-Koppinen
module corresponding to (H,A,C) is a left A-module M, which is also a right C-comodule
through ̺M , s.t. ̺M(am) =

∑
a<0>m<0> ⊗ a<1>m<1>. The category of left-right Doi-

Koppinen modules and A-linear C-colinear morphisms is denoted by AM
C(H). It turns out

that (Hop, Aop, C) is a right-right Doi-Koppinen structure, hence #(C,A) := (#op(C,Aop))op

is an A-ring with multiplication

(f · g)(c) =
∑

f(g (c2)<1> c1)g(c2)<0>. (28)

and unity ηA ◦ εC . For every right H-module subalgebra T ⊆ C∗ (with εC ∈ T ) the smash
product A#T := (Aop#opT )op is an A-ring with multiplication

(a#f) · (b#g) :=
∑

ab<0>#(fb<1>) ⋆ g (29)

(and unity 1A#εC). In fact the R-algebra #(C,A) (resp. A#T ) was introduced in [24,
2.1] (resp. in [15, Page 375]).
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Corollary 3.20. Let (H,A,C) be a left-right Doi-Koppinen structure, D := Aop ⊗R C the
corresponding Aop-coring and β : A#C∗ → #(C,A) the canonical morphism. If RC is flat,
then AM(H)C ≃ M(Hop)CAop is a Grothendieck category with enough injective objects. If
T ⊆ C∗ is an A-pure dense right H-module subalgebra and RC is locally projective (resp.
f.g. and projective), then β(A#T ) ⊆ #(C,A) is dense and

AM(H)C ≃ σ[#(C,A)D] ≃ σ[A#TD] (resp. AM(H)C ≃ #(C,A)M ≃ A#C∗M).

Next we extend some results of [26] on relative Hopf modules to the general case of
right-right Doi-Koppinen modules.

Proposition 3.21. Let (H,A,C) be a right-right Doi-Koppinen structure such that RC is
locally projective, C := A ⊗R C the corresponding A-coring and T ⊆ C∗ an A-pure dense
left H-module subalgebra.

1. Let M be a right A-module and a left T -module. If for all f ∈ T, a ∈ A and m ∈M
we have

f [ma] =
∑

((a<1>f)m)a<0>,

then RatC(TM) ∈ M(H)CA. Consequently M ∈ M(H)CA iff M = RatC(TM).

2. If εC ∈ T, then for every right A#opT -moduleM we have: RatC(TM) = RatC(MA#opT )
and M ∈ M(H)CA iff M = RatC(TM).

Proof. 1. Since RC is locally projective and T ⊆ C∗ is dense, it follows by [2, Satz
2.2.13] that RatC(TM) ≃ MC . Moreover we have for all m ∈ RatC(TM), f ∈ T and
a ∈ A :

f [ma] =
∑

((a<1>f)m)a<0> =
∑

(m<0>(a<1>f)(m<1>))a<0>

=
∑
f(m<1>a<1>)m<0>a<0>,

i.e. ma ∈ RatC(TM) with ̺M(ma) =
∑
m<0>a<0>⊗m<1>a<1>, hence RatC(TM) ∈

M(H)CA. On the other hand, if M ∈ M(H)CA, then M is in particular a right C-
comodule and so M = RatC(TM).

2. Clearly RatC(MA#opT ) ⊆ RatC(TM). On the other hand we have for all f ∈ T, a ∈ A
and m ∈ RatC(TM) :

m(a#f) = m((1A#f) · (a#εC)) = (m(1A#f))(a#εC)
= (fm)(a#εC) = (

∑
m<0>f(m<1>))(a#εC))

=
∑
m<0>af(m<1>),

i.e. m ∈ RatC(MA#opT ) with ̺M(m) =
∑
m<0> ⊗A (1A ⊗ m<1>). Note that for all

f ∈ T, a ∈ A and m ∈ RatC(TM) we have by a similar argument that f [ma] =∑
((a<1>f)m)a<0> and the result follows by (1).�
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As a direct consequence of Proposition 3.21 we get

Corollary 3.22. Let (H,A,C) be a right-right (resp. a left-right) Doi-Koppinen structure
and assume RC to be locally projective. If MC is closed under extensions in C∗M, then
M(H)CA (resp. AM(H)C) is closed under extensions in MA#opC∗ (resp. in A#C∗M).

The proof of the following result is with slight modifications along the lines of [26, 1.9].

Corollary 3.23. Let (H,A,C) be a right-right (resp. a left-right) Doi-Koppinen structure
with RC locally projective and consider the corresponding A-coring C := A⊗R C (resp. the
Aop-coring D := Aop ⊗R C). If C is left coproper and C� ⊆ C∗ is A-pure, then

M(H)CA = MA#opC� = M�C (resp. AM(H)C ≃ A#C�M ≃ (�D)opM).

Proof. Let (H,A,C) be a right-right Doi-Koppinen structure, A := A#opC∗, P :=
(A, C) ∈ Pml and assume RC to be locally projective. Since C is left coproper, it fol-
lows by the isomorphism of categories RatC(C∗M) = σ[C∗C] and analog to [38, 2.6] that
RatC(C∗N) = C�N for every left C∗-module N. By Lemma 3.21 (2) we have then

T := RatC(AA) = RatC(C∗A) = C�A = A(1A#
opC�) = A#opC�.

Since C� ⊂ C∗ is dense, T = A ⊗R C
� ⊂ A ⊗R C

∗ is dense by Theorem 3.18 and the
result follows by Proposition 2.15. The corresponding result for left-right Doi-Koppinen
structures follows by symmetry.�

Next we consider three examples of right-right Doi-Koppinen structures (see [12]).

3.24. Yetter-Drinfel’d modules. Let (H,K,A,C) be a Yetter-Drinfel’d datum, (Kop⊗R

H,A,C) the corresponding right-right Doi-Koppinen structure and consider the category
of Yetter-Drinfel’d modules YD(K,H)CA ≃ M(Kop⊗RH)CA. If RC is flat, then YD(K,H)CA
is a Grothendieck category with enough injective objects (this generalizes [12, Section 4.4.,
Corollary 31], where a base field is assumed). If RC is locally projective (resp. f.g. and
projective), then we have with C := A⊗R C the corresponding A-coring

YD(K,H)CA ≃ σ[C#op(C,A)] ≃ σ[CA#opC∗)] (resp. YD(K,H)CA ≃ M#op(C,A) ≃ MA#opC∗).

3.25. Long dimodules. Let A be an R-algebra, C an R-coalgebra, (R,A,C) the trivial
right-right Doi-Koppinen structure and consider the category of Long dimodules LCA ≃
M(R)CA. If RC is flat, then LCA is a Grothendieck category with enough injective objects. If
moreover RC is locally projective (resp. f.g. and projective), then we have with C := A⊗RC
the corresponding A-coring

LCA ≃ σ[C#op(C,A)] ≃ σ[CA#opC∗ ] (resp. LCA ≃ M#op(C,A) = MA#opC∗).

3.26. Modules graded by G-sets. Let G be a group, A a G-graded R-algebra, X a right
G-set (e.g. X = G), (RG,A,RX) the corresponding right-right Doi-Koppinen structure
and denote by gr-(G,A,X) ≃ M(RG)RXA the category of RX-graded right A-modules.
Since the free R-module RX is in particular locally projective, we get by Theorem 3.18
(2) isomorphisms of categories

gr-(G,A,X) ≃ σ[(A⊗R RX)#op(RX,A)] ≃ σ[(A⊗R RX)A#op(RX)∗ ].

If moreover X is finite, then RX is in particular f.g. and projective, hence

gr-(G,A,X) ≃ M#op(RX,A) ≃ MA#op(RX)∗ .
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Alternative Doi-Koppinen modules

It turns out from work of D. Tambara [35] that every entwining structure (A,C, ψ), for
which RA is f.g. and projective, can be obtained from a Doi-Koppinen structure with
a suitable auxiliary R-bialgebra giving rise to the entwining map ψ. P. Schauenburg has
shown in [31] that this is not the case in general. However, if RC is f.g. and projective, then
he remarks that (A,C, ψ) can be derived form what he calls an alternative Doi-Koppinen
structure.

3.27. Let H be an R-bialgebra, A a right H-module algebra and C a right H-comodule
coalgebra. Then (H,A,C) is called a right-right alternative Doi-Koppinen structure. It
turns out, that (A,C, ψ) is a right-right entwining structure, where

ψ : C ⊗R A→ A⊗R C, c⊗ a 7→
∑

ac<1> ⊗ c<0>.

We denote the corresponding category of entwined modules (called alternative right-right
Doi-Koppinen modules) by aM(H)CA. As for other categories of entwined moudles, if RC is
flat, then aM(H)CA is a Grothendieck category with enough injective objects. If moreover

RC is locally projective (resp. f.g. and projective), then

aM(H)CA ≃ σ[(A⊗R C)#op(C,A)] (resp. aM(H)CA ≃ M#op(C,A)).
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thanks go to José Gómez-Torrecillas for his inspiring ideas and for the useful preprints on
the subject he sent me.

References

[1] J.Y. Abuhlail, On the linear weak topology and dual pairings over rings, Topology
and its Applications 149, 161-175 (2005).

[2] J.Y. Abuhlail, Dualitätstheoreme for Hopf-Algebren über Ringen, Ph.D.
Dissertation, Heinrich-Heine Universität, Düsseldorf - Germany (2001).
http://www.ulb.uni-duesseldorf.de/diss/mathnat/2001/abuhlail.html
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