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1 Introduction

In mathematics, a dynamical system is a system whose behavior at a given time depends on its behavior
at one or more previous time. One of the main objectives in the theory of dynamical systems is the
study of the behavior of orbits near fixed points.

Dynamical systems are a fundamental part of bifurcation theory which studies the changes in the
qualitative or topological structure of systems. The term bifurcation refers to the phenomenon of a
system exhibiting new dynamical behavior as the parameter is varied.

In this paper, we consider the second order, quadratic rational difference equation

o+ ﬂxnfl
A+ Bx%,+Cx,_1

Xn+1 = y }’l:O7 1, 2, (1)
With positive parameters o, B, A, B, C, and non-negative initial conditions.

We focus on local stability, invariant intervals, boundedness of the solutions, periodic solutions of
prime period two and global stability of the positive fixed points. And we study the types of bifurcation
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exist where the change of stability occurs. Then, we use Matlab for numerical discussions with figures
to support our results.
Equation (1) is special case of equation

o+ ﬁxn—l + Yxn + nxzn—l + anxn—l + Exzn
A+ Dx,_1+Bx, +Cx%,_| + Expx,—1 +Fx2,’

Xn+1 = l’l:O, 1, 2, (2)

Some special cases of (2) have been considered in many papers [1-18]. In [3] and [4] global stability

character, the periodic nature, and the boundedness of solutions of special cases of equation

_ o+ ﬁxnxnfl + YXn—1
A+Bx,x,_1 +Cx,—1’

Xnt1 n=0,1, 2, (3)

have been studied, with non-negative parameters and with arbitrary non-negative initial conditions
such that the denominator is always positive.

A. M. Amleh, E. Camouzis and G. Ladas [2] considered equations 24 and 25 in [4], they confirmed
some conjectures and solved some open problems stated.

In [5] M. GariT-Demirovi¢ et al. investigated global behavior of the equation

2
Xn—1

ax,? + bx,x,_1 + Cx,_12

Xn+1 ) l’lIO, 17 27 (4)

where the parameters a, b, and ¢ are positive numbers and the initial conditions x_; and xy are arbitrary
non-negative numbers such that x_; +xg > 0.

2 Preliminaries

Before studying the behavior of solutions of this rational difference equation, we will review some
definitions and basic results that will be used throughout this paper.

Lemma 1. [20] Consider the second order difference equation,
x(nt1) = f(x(n),x(n=1)), n=0, 1, 2, .. (5)

Where f:1x1—1 is a continuously differentiable function, and I is an interval of real numbers. Then
for every set of initial conditions x_y, xo €I the difference equation (5) has a unique solution {x,};__,.

Definition 1. [20] A point ¥ € [ is an equilibrium point of equation (5) if f(¥,X) = *.
Definition 2. [20] Let & be an equilibrium point of equation (5).

1. x is called locally stable if for every € > 0, there exists § > 0 such that if |x_; — x|+ |xo — X| < 0,
then |x, —X| < € for all n > 0.

2. X is called attracting, if there exists y > 0 such that if [x_; — x|+ |xo — X| < ¥, then lim, . x, = *.
3. x is called a global attractor if for every x_i, xo € I we have lim,,_,.x, = X.

4. x is called globally asymptotically stable if it is locally stable and a global attractor.

5. X is called unstable if it is not stable.

Definition 3. [20]
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1. A solution {x,}__, of equation (5) is said to be periodic with period p if x4, =x, for all n > —1.

2. A solution {x,};>_ ;| of equation (5) is said to be periodic with prime period p, or p-cycle if it is
periodic with period p and p is the least positive integer for which x,, = x, for all n > —1.

Definition 4. [20] Consider the difference equation (5). Then the linearized equation associated with
this difference equation is

Vntl =PV +qyn-1, n=0, 1, 2, ... (6)

Where a = %(}E,i), and b = %(ﬁ,i)
And the characteristic equation of (5) is

A*—ak—b=0 (7)

Theorem 2. [21] (Linearized Stability)
Consider the characteristic equation (7).

1. If both characteristic roots of (7) lie inside the unit disk in the complex plane, then the equilibrium
X of (5) is locally asymptotically stable.

2. If at least one characteristic root of (7) is outside the unit disk in the complex plane, the equilib-
rium point X is unstable.

3. If one characteristic root of (7) is on the unit disk and the other characteristic oot is either inside
or on the unit disk, then the equilibrium point X may be stable, unstable, or asymptotically stable.

4. A necessary and sufficient condition for both roots of (7) to lie inside the unit disk in the complex
plane, is
la| <1—b<2. (8)

Let A =Jf(X) is the Jacobian matrix of f at X, where
i@ =2 ) (9)
ox;  0xp
An important way to determine the stability of fixed points is given in the following result.

Theorem 3. [22/ Consider the map f:H C R> = R?, and let A = Jf(X), with spectral norm p(A).
Then p(A) < 1, if and only if
[tr(A)| —1 < det(A) < 1 (10)

where tr(A) is the trace of A, and det(A) is the determinant of A.
The following theorem will be used to investigate global stability of fixed points.

Theorem 4. [20] Let [a,b] be an interval of real numbers and assume that f : [a,b] X [a,b] — [a,b] is
a continuous function satisfying the following properties:

1. f(x,y) is non-increasing in x € [a,b] for each y € |a,b], f(x,y) is non-decreasing in y € [a,b] for
each x € [a,b].

2. The difference equation (5) has no solutions of prime period two in [a,b).

Then (5) has a unique equilibrium X € [a,b] and every solution of (5) converges to X.
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The expression ?bifurcation? is extremely general. We use it to describe the orbit structure near
non-hyperbolic fixed points.

Definition 5. Bifurcation is a change of the topological type of the system as its parameters pass
through a bifurcation (critical) value.

There are several types of bifurcation, the saddle-node bifurcation, period-doubling bifurcation,
Neimark-Sacker bifurcation.

Definition 6. [18] Consider the non-linear difference equation
X1 =AX, + F(Xn),
where A is k x k matrix, X, € R for every n> 0, F € C[Rk,Rk].

1. The bifurcation associated with the appearance of an eigenvalue pu =1 is called fold or (tangent)

bifurcation.
This bifurcation is also referred to as a limit point, saddle-node bifurcation, turning point, among
others.

2. The bifurcation associated with the appearance of an eigenvalue u = —1 is called flip or (period-

doubling) bifurcation.

3. The bifurcation corresponding to the presence of two eigenvalues A;, = et 0 < 6y <, is called
a Neimark-Sacker (or torus) bifurcation.

The fold and flip bifurcations are possible if n > 1, but for the Neimark- Sacker bifurcation we
need n > 2.
Theorem 5. [22] Consider the two-dimensional map
x— f(x,u), xeR, uek. (11)
Let (x,u*) be a fized point of f(x,1t) and A=Jf(x,u*). Then the following statements hold:
1. If det(A) =tr(A) — 1, then the eigenvalues of A are Ay =det(A) and A, = 1.
2. If det(A) = —tr(A) — 1, then the eigenvalues of A are Ay = —det(A) and A, = —1.

3. If|tr(A)|— 1 < det(A) and det(A) =1, then A has a pair of complex conjugate eigenvalues A = e+
where 6 = cos_l(#).

Corollary 6. Let
x> flxu), x€R? ueR (12)

be a one-parameter family of two-dimensional maps, with fized point (¥,u*) and A =Jf(x,u*). Then
the following statements hold:

1. If det(A) =tr(A) — 1, then the system (12) undergoes a saddle-node bifurcation.
2. If det(A) = —tr(A) — 1, then the system (12) undergoes a period-doubling bifurcation.

3. Iftr(A)|—1<det(A) and det(A) =1, then the system (12) undergoes a Neimark-sacker bifurcation.
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Consider the period-doubling bifurcation case for any n-dimensional map
I=Ax+G(x), xeR (13)

where G(x) = O(||x||?) is a smooth function and its Taylor expansion is

1 1
G(x) = 5B(x,x) + Clx,x,x) + O(|*]]) (14)
where 2
Yi(n
= =0(XkY 15
)k;gman“ () (15)
and 5
Y Yi(n)
Ci X, 0,2) = =0\X1YkZj)- 16
( Yy ) lkzjllanl&n anl|n 0( 1Yk J) ( )
And the Jacobian matrix A has the eigenvalue A = —1 and the corresponding critical eigenspace T¢ is

one-dimensional and spanned by an eigenvector § € R" such that AGg=A4. Let p € R” be the adjoint
eigenvector, that is, ATp = Ap, where AT is the transposed matrix. Normalize p with respect to §
such that (p,g) = 1. Let T°" denote an (n— 1)-dimensional linear eigenspace of A corresponding to all
eigenvalues other than A. Note that the matrix (A —Al,) has common invariant spaces with the matrix
A, so we conclude that y € T if and only if (p,y) = 0.

To predict the direction of period-doubling bifurcation, we use the critical normal form coefficient
c(0). ¢(0) is given by the following invariant formula:

1

£(0.C(3.0.4)) ~ 3(5.B(@.(A— 1) B@.). a7)

c(0) = 5

If ¢(0) > 0, then a unique and stable period-two cycle bifurcates from the fixed point at the bifurcation
point. [18]

(X+an 1
3 Dynamics of x,,| = ATB2, 10
In this section we return to our problem

OCJern,]
A+ Bx%,+Cx,_,

Xpil = L n=0,1,2, .. (18)

with positive parameters o, 8, A, B, C, and non-negative initial conditions.
3.1 Change of variables

The change of variables

VA

Xn = —F=Yn- 19
75 (19)

reduces equation (18) to the difference equation
apr = 20,2, (20)

L4+y2, + 7y

Where p = (X\)Q,q ﬁ andr:\/%.
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3.2  Equilibrium points
We will prove the existence of the unique positive equilibrium point of the rational difference equation

D+ qVn—1
| =———— n=0,1, 2, ... 21
Yn+ 1+y2,,+ryn71 ( )
with positive parameters p, ¢, r, and non-negative initial conditions. And we use a Matlab code to
find it.

To find the equilibrium point, we solve the following equation

_ p+qy
—_gAr 22
Y 1+32+ry (22)
hence
P+ +(1—q)y—p=0. (23)

By Descartes’ rule of signs equation (23) has one positive root, which is the unique positive equi-
librium point of equation (21).

To find the roots of equation (23) we use a Matlab code.

And then we choose the positive root to be ¥.

3.3 Linearized equation
To find the linearized equation of (21) about the equilibrium point y, let

P+aqy

_ 24
f(x,y) a2 iry (24)
We have
d -2
U () = —2APED), (25)
ox (142 +ry)
I (0 y):q(1+x2+ry)—r(p+qy) (26)
dy " (1+22+ry)°
by substituting y = 1 fy‘tfry from equation (22) we get
of —25
of 5.5) = , 27
<9x(y y) 14+52+ry (27)
And af _
. q—ry
Y55 =21 28
o) = i 29)
The linearized equation is
Y+l = 2 Y+ k] Yn—1 (29)
AR R T
And the characteristic equation is
2, 2 q—ry
A+ A =0. (30)

L+ 4r5 1472+
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137 3.4 Local stability

138 To check when the unique positive equilibrium point ¥ of equation (21) is locally asymptotically stable,
130 let

~25° q—1y
a= ——-, = ——— 31
1+32+ry 1+32+ry (31)
140 Using Theorem 2 (4) a sufficient condition for asymptotic stability of y is |a] < 1—5b < 2.
Which is equivalent to
—-b <1, (32)
and |a| <1—0b. (33)
The inequality (32) always holds, since it is equvilent to
1+5+¢>0. (34)
111 Which always holds.
And (33) is equivalent to
a>—1+b, (35)
and a < 1—0. (36)
142 (35) holds when
qg<1—542r7. (37)
143 And (36) holds when
q < 1435 +2r7. (38)
Hence a sufficient conditions for asymptotic stability of y is
g <1—342r7. (39)
and g < 1+ 35> +2r7. (40)

144 Note that if (39) holds, then (40) holds, thus g < 1 — 3% +2ry is a sufficient condition for asymptotic
us  stability of y .

s 3.5 Invariant intervals

7 Consider the difference equation (21), and {y,}; _, as a solution. Then the following are invariant
us intervals:

149 1. [0,q] when r > 1, and g > p.

151 2. 0,2] when pr<gq.
12 Proof.

153 1. Assume that r > 1, and ¢ > p, and yy_1, yn € [0,g] for some integer N.

154

D+ qyn—1
L+y2y +ryn-1
< D+ gyn—1
~ ltryvo (41)
<4t oN-
~ l+yva’

:q'

YN+1 =
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And working inductively we complete the proof.
2. Assume that pr <g, and yy_1, yy € [0, %] for some integer N.
P+qyn-1
1+ +ryv-1
Q(fll +yn-1)
r(%—’_%yzN—’_yN—l) (42)
_ G v
“r(tyvn)

YN+1 =

S IR

And working inductively we complete the proof.

3.6 Boundedness

oo

w__, be a solution

We will show that every solution of the difference equation (21) is bounded. Let {y,
of (21). then we have forn=0, 1, 2, ...

p+qyn—1
L+ Y%+ 1y
p qYn—1
L B R A | (43)
< B + qYn—1
R S o

:p—i—g'
r

0<Yn+1 =

Hence the solution is bounded, since it is bounded from below and from above.
3.7 Period two cycles

In general, we say that the solution {y,},__, has a prime period two if the solution eventually takes
the form:

" O,V 0, Y (44)
where ¢ and y are positive, and ¢ # y.

Theorem 7. Assume that equation (21) has a two periodic cycle {@, y}, where ¢ and y are positive,
and ¢ # y. Then g must satisfy the following conditions:

1.
q<1+r(¢+y) (45)
2.
q>1-0y (46)
Proof. Assume {¢, y} is prime period two solution of equation (21), then ¢, y satisfy :
p+q¢
_ 47
=1 v +ro (47)
and tqv
y=_"74 (48)

L2ty
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From Equation (47) we have

0+ 0y’ +19° =p+q9, (49)
and from Equation (48) we have
W+ YO 4yt =p+qy. (50)
Subtracting Equation (50) from (49), we get:
(6 =)= vo(9—v)+r(9° —v*) =q(9 —v). (51)
Since ¢ # y, the last equation can be divided by (¢ — y), and we get
I—yo+r(0+y)=q. (52)
So
oy =1+r(0+v)—q. (53)
But w¢ >0, so
I+r(0+y)—q=0, (54)
hence
g<1+r(@+y) (55)
Which is the first condition. From (52) we get also:
+q-1
ory=Vr0l (56)
But ¢ +y >0, so
—1
d"”% >0, (57)
since r > 0 we have
¢W+q_1>07 (58)
hence
qg>1-9¢y. (59)

Which is complete the proof.
3.8 Global stability

Now we will investigate a result about the global stability of the positive equilibrium point of (21) y.

Theorem 8. Assume pr<g< ’7”2;442. Then the positive equilibrium point § on the interval S = [0, %]

18 globally asymptotically stable.

Proof.  this proof can easily done depending on Theorem (4). Assume pr < g, and consider the

function N
p+qy
X,y) = ——5—. 60
Fley) = T2 (60)
Note that S is an invariant interval and all non-negative solutions of equation (21) lie in this interval.
And f(x,y) on S is non-increasing function in x, and non-decreasing in y.
Now we need to show that the difference equation (21) has no solution of prime period two in S.
For seek of contradiction assume that the difference equation (21) has a solution of prime period

two {¢,y} € S. Then ¢ must satisfy
q> 1— ¢l//7 (61)
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unstable fixed point

10

x(n)

=

w
T

n-iteration

Fig. 1 The positive equilibrium point is unstable.

but since {¢,y} € S
2
q
1—- >1—= 62
oy =>1--7, (62)
hence

2
q
q>17r—2, (63)

which is a contradiction, since g < ’7”254*’2.
So equation (21) has no solution of prime period two in S. Then both conditions of Theorem (4)
hold, then (21) has a unique positive equilibrium point y € S, and it is globally asymptotically stable.

3.9 Numerical discussion
In this subsectionm we use Matlab to graph an example to support our results.

Example 1. Consider the difference equation (21), take p =4, ¢ =5, r=0.5. Equation (21) becomes

44 Sy,
142, +0.5y,-1

Yn+1 = n=0,1, 2, ... (64)
With initial conditions yg = 0.1, y; = 1.1.

The theoretical positive equilibrium point will be y = 2.1786778129.

Theoretically the positive equilibrium point y is unstable since pr =2 < g but ¢ >
0.3903882032.

Figure (1) shows that the positive equilibrium point is unstable.

rrr4d—r2
=

PHqyn—1

4 Bifurcation of y,. = ; s

In this section we study the types of bifurcation that occur at ¢ = ¢* as ¢ is the bifurcation parameter.
In order to convert equation (21) to a second dimensional system with three parameters p, q, and
r, let
Zn = Yn-1, (65)
and
Vi = Yn- (66)



211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

Mohammad Saleh, Shahd Herzallah / Journal of Applied Nonlinear Dynamics 10(3) (2021) 561-576 571

We get the following system

In+1 = Vn (67)
P + qin
py1 = LT 0,1, 2, . 68
+1 1+V2n T rz, ( )
This system has the unique fixed point (z,7)” = (¥,7)7. Convert this system in to second dimensional
map
2\ _ (h (z,V)> ( v )
F = = . 69
() = () = (e o

So the Jacobian matrix of F(z,v) at (y,y) is

0 1
JF(Zv")‘(y,y’) = ( q—r3 —25° ) (70)
1432415 1432415
So _
det(JF(7,7)) = — 27 (71)
) 1—’—_2—’—,'}77
and )
—2§
tr(JF(y,y)) = . 72
r(JF(3,9)) TR (72)

Theorem 9. the fized point (y,7) of the system (69) undergoes a saddle-node bifurcation when g =
2ry + 35 + 1.

Proof. Saddle-node bifurcation happens when
det(J) =1r(J) — 1. (73)

So the fixed point (7,y) of the system (69) undergoes a saddle-node bifurcation if

s N2
B q_zry _ _zy __ (74)
149 +ry 14324719
SO
g=2ry+37 +1. (75)

So saddle-node bifurcation happens if g = 2rj+ 35> + 1.

Theorem 10. the fized point (3,5) of the system (69) undergoes a period-doubling bifurcation when
2
q=27-F+1if r>T=

Proof. Assume r> Z-1. Period-doubling bifurcation happens when
det(J) = —tr(J) — 1. (76)

So the fixed point (7,y) of the system (69) undergoes a period-doubling bifurcation if

s 132
S el B (77)
1+y4ry L+y*+ry
SO
q=2ry -5 +1. (78)

2

Which is positive since r > 2 2;1 . So period-doubling bifurcation happens if g = 2rj — 5> + 1.
Note that the system (69) does not undergo Neimark-sacker bifurcation at (¥,y).
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21 4.1  Direction of the period-doubling (Flip) bifurcation

22 In this section we will find the direction of Flip bifurcation of system (69) at g = 2ry — 3> + 1.
We need at first to shift the fixed point (7,5) to the origin. Let

Wp = 2Zn __)_)7 (79)
Uy =Vy — . (80)
233 System (69) will be
Wpil = Up (81)
234
p+qw,+7)
= ,n=0,1,2, .. 82
T T (w92 4 rwa+9) (82)
235 Or
Y1 =AY, + G(Yy), (83)
26 Wwhere
0 1 w
A = ( q—ry 72}—)2 > , Iy = <un) N (84)
1432415 14572+ry n
237 and { 1
G(Y) = 5B(Y,Y) +C(r,Y,Y) + O([Y[*) (85)
238
o BI(Y>Y) . CI(Y7Y7Y>
B(Y,Y) = (BZ(Y,Y)> and C(Y,Y,)Y) = (CQ(Y,Y,Y) (86)
20  where 52
Yi(n
—o(xky 87
ij] an anj|rl 1) ( )
20 and
o 9%i(n
Ci(x,y,2) = Y, In=0(x1yx2)- (88)

Lk, j= 18171877 377]
1 So Bi(y,¢) =0 and Ci(y,9,§) =0,

2.

=

—2r(q—15) 25(2ry —q) 87> —2(p +g7)
B 9 = T 5 - + _7 + 1 -9 .\ ) 89
2(y,9) i +y2+ry)2(%¢1) A+P+ry) (Vi +vao1) + (1R +19) (vatn) (89)
and
6r*(q —ry) 4ry(2q —3ry)
— o3 3 + +
Co(y.9,8) = 0121 s(vi91&1) + e (Vi1 &+ yi0a81 + v i &)
2q(ry +352 — 1) +4r(p — 65°)
+ + 90
T2 +9) (V20281 + 2018 + v1285) (90)
205(p + g) — 485
(1+7+ry)3 (¥20282).
242 Now we find the eigenvectors of A and AT corresponding to the eigenvalue A = —1 at the bifurcation
23 point g =2rj—7 + 1.
244 Let ¢ and p* be the eigenvectors of A and AT corresponding to the eigenvalue A = —1 respectively.

25 SO0 we have
A§g=—4, and AT p* = —p*. (91)
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Or
(A+1)g=0 (92)
(AT +1)p* =0. (93)
246 From equation (92) we get
R 1
g~ (_ 1) . (94)
247 And from equation (93) we get
ry—q
P* ~ (l-&-yi-&-ry) . (95)
Fa I 147 473
; * 5 5 — ry — _
248 Now, we normalize p* and g, take p=1 «Vl Y1, n= 13:,273,}-,*1 = Ty
249 The critical eigenspace T¢ corresponding to A = —1 is one-dimensional and spanned by an eigenvec-

0 tor g. Let T denote a one-dimensional linear eigenspace of A corresponding to all eigenvalues other
251 than A. Note that the matrix (A — A1l,) has common invariant spaces with the matrix A, so we conclude
22 that y € T if and only if (p,y) =0.

253 So, to find ¢(0) which is given by the following invariant formula:
| 1, . IR TR
c(0) = £(P,€(4.9.9)) — 5(p.B(q, (A~ 1) 'B(4,9)))- (96)
x4 We evaluate
L 0
B(§,q) = | —2r(q-r9)-452ry—q) 187 2(ptgy) | - (97)
(1432 +ry)?
o 0
C(4,9,9) = 6r2(q—ry) _ 12r5(2q—3ry) +32q(ry‘+3y-2—1)+4r(p—6y-3) _20§(p+qy)—485°* | - (98)
2+ (LP4r) (1452 +r7)° (1452 +r3)°
255
TR 1—|—)72+r)7 6r> q—ry 12ry(2q — 3ry
(p,€(3.9.9)) =~ ( = (_2 _)3 - (_2 - 3)
1452 +q ) [(1+372+m)> (14532 +79) (99)
320+ 39— 1) +4r(p—65°)  203(p +qy) — 485"
(1+5%+15)3 (1+52+ry)?
-1 1 P (-1 2
(A-Dn~"'= ( g1y _q4 =2 ) === < gn " ) : (100)
e T Ty 2y T L
256
g = [ 2r(g=r3)+45(2r7—q) 87 +2(p+4y)
- 1452 +ry 4 r5)
- Ipra A\ (1452 +ry)
(A=1)"B(g,9) = 257 2r(g=r5)+45(2r5—q) 85 +2(p+5) (101)
(1452 +13)2
257 _2+ _ 0
_ 1+y"+ry
N 1 A A
_ - 7 1
B, -1) B =5 (). (102

258  where

(2r(q— 1) +45(2ry —q) — 87 +2(p+qy) \ [ —2r(q—r¥) — 8 +2(p+qY)
m_( (I+52+19)? )( (I+ 32 +17)? ) (103)
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s pes n 2r(q —19) +45(2r5 — q) — 85> +2(p + 4y)
B(§,(A—1,)"'B(4,4))) =
(p,B(q,(A—1,)"B(q,9))) =([ (57 5q) ]
Z2la =) - 87° +2(p+4y) )
(1457 +ry)? '
If ¢(0) > 0, then a unique and stable period-two cycle bifurcates from the fixed point at the bifur-
cation point g = 2ry — > + 1.

(104)

4.2 Numerical Results
In this subsection, we use Matlab to give a graph of an example to support our results.

Example 2. Consider the difference equation (21). Fix p, r, and consider g as bifurcation parameter.
Take p=1, r=0.9, and 0 < g < 10. Equation (21) becomes

14gyn1
= =0, 1, 2, ... 105
yn+l 1+y2n+0.9yn_17 n 9 9 9 ( )
Which is equivalent to
y2(n
(”E”ﬂ;) - ( ReiA ) . (106)
yaun 1+32(n)7, 091 ()
The positive equilibrium point y of (105) satisfies
P 4+0.97%+(1—¢q)5—1=0. (107)

Theorem 10 shows that the fixed point undergoes a period-doubling bifurcation at ¢* = 1.85 — > + 1.
So equation (107) at ¢* becomes
25° — 0.9 — 1 =0. (108)

Thus the theoretical fixed point of (105) is
= 0.97546665.

Note that r=0.9 > y;%l = —0.0236, so the condition of Theorem 10 holds. Substituting the value of ¥
in ¢* we get
q" = 1.8043047.

Now to determine the direction of period-doubling bifurcation we find ¢(0).

g= (_11> and p = (—0.7533482) (‘0'241665 18) :

(p,B(4,(A—1,)""B(q,9))).

So
¢(0) =0.1857633587 >0

So this shows that a unique and stable period-two cycle bifurcates from the fixed point at the bifurcation
point ¢g* = 1.8043047. Figure (2) shows the stable period-two cycle.
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Period-doubling bifurcation

12

L+gyn—1
14+y2,4+0.9y, 1

Fig. 2 Period-doubling bifurcation of y,.| =
5 Summary

In this paper, we consider the second order, quadratic rational difference equation

o+ PBr
A+ Bx%, +Cx,

Xpt1 ,n=0,1, 2, ...

With positive parameters o, B, A, B, C, and non-negative initial conditions.
We focus on local stability, invariant intervals, boundedness of the solutions, periodic solutions of prime
period two and global stability of the positive fixed points. And we study the types of bifurcation exist
where the change of stability occurs. Then, we give some Matlab codes that use these results and
numerical discussions with figures to support our results.

The change of variables

VA

Xn = —=Yn- 109
" \/Ey” (109)
reduces equation (18) to the difference equation
P+ qyn—1
el = ————, n=0, 1, 2, ... 110
I (110)
_yNB B _C
Where p = Q75 4= 4 and r = =

We prove the existence of the unique positive equilibrium point of our difference equation, and then
we insert a Matlab code to find it.

Then we find the linearized equation and the characteristic equation. And we check when the
unique positive equilibrium point y of equation (21) is locally asymptotically stable. We investigate
also two invariant intervals. And we show that any solution take its values between 0 and p + 4.

Then we set some conditions on ¢ that must hold when two periodic cycle exist. And we give a
case for global stability. And we introduce Matlab code that uses our results for finding the fixed point
and its stability and solution behavior, and then we insert an example.

Finally, we study the bifurcation of our difference equation. And we concentrate at the Period-
Doubling (Flip) Bifurcation and its direction.



576

Mohammad Saleh, Shahd Herzallah / Journal of Applied Nonlinear Dynamics 10(3) (2021) 561-576

0 References

31 [1]
302
303 [2]
304
305 [3]
306
307 [4]
308
300 [5]
310
s [6]
312
a3 [7]
314
a5 [8]
316
stz [9]
318
319 [10]
320
321 [11]

322

323 [12]
324
325 [13]
326
327 [14]
328

329 [15]

331 [16]

o+Bxn

Alhalawa, M.A. and Saleh, M. (2017), Dynamics of higher order rational difference equation x,+; = T

Int. J. Nonlinear Anal. Appl., 363-379.

Anisimova, A. and Bula, I. (2014), Some Problems of Second-Order Rational Difference Equations with
Quadratic Terms, International Journal of Difference Equations, 11-21.

Amleh, A. M., Camouzis, E., and Ladas, G. (2008), On the Dynamics of a Rational Difference Equation,
Part 1, International Journal of Difference Equations (IJDE), 1-35.

Amleh, A. M., Camouzis, E., and Ladas, G. (2008), On the Dynamics of a Rational Difference Equation,
Part 2, International Journal of Difference Equations (IJDE), 195-225.

GariT-Demirovié¢, M., Kulenovié¢, M.R.S., and Nurkanovié¢, M. (2013), Global Dynamics of Certain Homo-
geneous Second-Order Quadratic Fractional Difference Equation, The Scientific World Journal.

Jafar, J. and Saleh, M. (2018), Dynamics of nonlinear difference equation x, | = %7 J. Appl. Math.
Comput, 493-524.

Saleh, M. and Alogeili, M. (2005), On the rational difference equation y,+; =A+ y;‘;", Appl. Math. Comput.,
171, 862-869.

Saleh, M. and Abu-Baha, S. (2006), Dynamics of higher order Rational Difference Equation, App. Math.
Comp., 181(2006), 84-102.

Saleh, M. and Alogeili, M. (2005), On the rational difference equation y,1; =A+ y;—;", Appl. Math. Comp.,
171(2005), 862-869.

Saleh, M. and Alogeili, M. (2006), On the rational difference equation y,+; =A+
177, 189-193.

Saleh, M., Alkoumi, N., and Farhat, A. (2017), On the Dynamics of a Rational Difference Equation x,4+1 =

%&ﬁ”;’ﬂ Chaos and Soliton, 76-84.

Saleh, M. and Farhat, A. (2017), Global Asymptotic Stability of the Higher Order Equation x,i, = by

A+Bx,_j
J. Appl. Math. Comput, DOI 10.1007/s12190-016-1029-4, 135-148.
Saleh, M. and Asad, A. (2021), Dynamics of Kth Order Rational Difference Equation, J. Applied nonlinear
Dynamics, 125-149, DOI:10.5890/JAND.2021.03.008.
Sebdani, R.M. and Dehghan, M. (2006), Global stability of y,+; = %J;:y”*k, Appl. Math. Comput., 182,
621-630.
Sebdani, R.M. and Dehghan, M. (2006), The study of a class of rational difference equation, Appl. Math.
Comput., 179, 98-107.
Sebdani, R.M. and Dehghan, M. (2006), Dynamics of a non-linear difference equation, Appl. Math. Comput.,
178, 250-261.
Yan, X., Li, W.T., and Zhao, Z. (2006), Global asymptotic stability for a higher order nonlinear rational
difference equations, Appl. Math. Comput., 182, 1819-1831.
Kuznetsov, A.Y. (2007), Applied Mathematical Sience, Elements of applied bifurcation theory, 2nd edition
Journal of Mathematical Analysis and Applications, 331, 230-239.
Zayed, E.M.E. and El-Moneam, M.A. (2006), On the Rational Recursive Sequence, Egypt.
Kulenovie, M.R.S. and Ladas, G. (2002), Dynamics of Second Order Rational Difference Equations With
Open Problems and Conjectures, Chapman. Hall/CRC, Boca Raton.
Elaydi, S. (2000), An introduction to difference equations, 3rd edition. Springer.
Elaydi, S. Discrete Chaos With Applications In Science And Engineering, 2nd edition. Chapman Hall/CRC.
Kulenovi’c, M.R.S. and Ladas, G. (2002), Dynamics of Second Order Rational Difference Equations With
Open Problems and Conjectures.
Li, W.T. and Sun, H.R. (2005), Dynamics of a rational difference equation, Appl. Math. Comput., 163,
577-591.
Salas Einarhille, S.L. (1982), Calculus One and Several Variables, fourth edition.

Yn

T Appl. Math. Comput.,




