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1 Introduction

Alternative formulations of general relativity. The theory of general relativity can be
formulated in a number of ways that are conceptually distinct but mathematically equivalent,
at least at the classical level and with the simplest action. Among the most well known are
three formulations where the connection is specified in different ways a priori: the metric
formulation (also known as the Hilbert formulation), the teleparallel formulation [1–8] and
the symmetric teleparallel formulation (also called coincident gravity and purified gravity) [9–
14]. Each of these variants is based on one of the three tensors that completely characterise
the geometry of a spacetime manifold: Riemann curvature Rα

βγδ, torsion T
γ
αβ = 2Γγ

[αβ] and

non-metricity Qγαβ = ∇γgαβ . These tensors correspond to parts of the connection Γγ
αβ that

encode the three different possible changes from parallel transporting a vector: change in
orientation, origin and norm. In the metric formulation, gravity is contained in the Riemann
tensor, and torsion and non-metricity are put to zero by imposing the Levi-Civita connection.
In the teleparallel formulation, found by Einstein in 1928 [1–5], the gravitational degrees of
freedom are carried by torsion, with curvature and non-metricity put to zero by taking the
Weitzenböck connection. In the third member of the family, dubbed symmetric teleparallel
theory, found by Nester and Yo in 1998 [9], gravity is described by the non-metricity tensor,
with the Riemann tensor and torsion put to zero by choosing a pure gauge connection.

The full Ricci scalar R is the sum of the Ricci scalar R̊ formed from the Levi-Civita
connection, the torsion scalar T and the non-metricity scalar Q, as well as terms that mix
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torsion and non-metricity, and a total derivative. As curvature and non-metricity are zero in
the usual teleparallel formulation, the torsion scalar is (up to a sign and a total derivative)
equal to the Levi-Civita Ricci scalar. Similarly, in the symmetric teleparallel case the non-
metricity scalar is equal to (minus) the Levi-Civita Ricci scalar plus a total derivative. So if
the actions in the three cases are defined by using only the Ricci scalar, the torsion scalar or
the non-metricity scalar, they are identical up to signs and total derivatives. The theories are
therefore equivalent, at least if matter does not couple to the connection. The teleparallel and
the symmetric teleparallel formulation are not modified theories of gravity, but alternatives on
equal footing with the metric formulation as the starting point for extension and quantisation.

Once the actions are extended (no work has been done on quantisation in the teleparallel
and symmetric teleparallel cases), the equivalence can be broken, with the three formulations
branching off in different directions. For comparison, consider the Palatini formulation (also
called the metric-affine formulation), found by Einstein in 1925 [1, 15]. There the metric and
the connection are independent variables. The Palatini formulation is equivalent to the metric
formulation (and to the other two formulations discussed above) for the Einstein-Hilbert
action with minimally coupled matter, but becomes physically distinct when the gravitational
action is more complicated [14, 16–31] or matter couples to the connection [32–41], as is the
case in Higgs inflation [35, 36, 38–40, 42–44]. In the metric theory, quantum corrections induce
higher order curvature terms, and new geometric terms formed from torsion and non-metricity
are similarly expected to arise in the teleparallel and the symmetric teleparallel formulation.
The possibilities for extension are wider than in the metric case, and modifications such as new
general relativity [45, 46], newer general relativity [13], f(T ) gravity [47–50], f(Q) gravity [13]
and others [51, 52] have been studied, and not all of the theories are yet fully understood.

Higgs inflation. A particular case where the equivalence between different formulations of
general relativity is broken is when a scalar field couples directly to the relevant gravitational
scalar quantity (Ricci, torsion or non-metricity scalar). In the Standard Model of particle
physics the Higgs field (and only the Higgs field) can couple to the gravitational scalars with
a dimension 4 term, unsuppressed by a new mass scale. In the metric formulation, quantum
corrections generate a direct coupling between the Ricci scalar and the Higgs field [53]. Such
a term is the key ingredient for Higgs inflation in both the metric [42] and the Palatini [35]
formulation. (For reviews of Higgs inflation, see [54–56].) Similarly, a direct coupling of
the Higgs to the torsion scalar is expected in the teleparallel formulation. We can then ask
whether the direct coupling can be used to distinguish between the metric and the teleparallel
formulation, as it distinguishes between the metric and the Palatini formulation. Different
formulations can also lead to different conclusions in the quantum theory, as happens for
perturbative unitarity in the metric and the Palatini formulation [36, 57–75].

Direct coupling of a scalar field to the torsion scalar [50, 76–123] and inflation in telepar-
allel gravity [47, 48, 50, 89, 108, 116, 123–151] have been studied in a number of papers. It
has always been assumed that non-metricity vanishes, which in the tetrad formalism is known
as the tetrad postulate. However, the condition that non-metricity vanishes is not invariant
under changes in field space coordinates. Just as the geometric degrees of freedom can be
shuffled between curvature, non-metricity and torsion, these three aspects of geometry can be
partially transferred into modifications of the scalar field kinetic term and potential [152–158].

We consider the teleparallel formulation with a scalar field ϕ that has a direct coupling
F (ϕ) to the torsion scalar. We also include an arbitrary function P (ϕ) in the tetrad postulate
to take into account that it can be taken to hold in different frames. We further include a
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function G(ϕ) that couples the torsion vector to the derivative of the scalar field. This
coupling turns out to be crucial for the properties of the theory. We show that if the three
coupling functions F , G and P do not satisfy a specific relation, the scalar field does not
generate scalar perturbations in linear theory. It thus cannot act as the inflaton. In theories
where this relation is satisfied, depending on the relation between the three functions, we can
get the same result as in the metric or the Palatini formulation, or a new kind of effective
potential. Applying the results to Higgs inflation, we show that the tensor-to-scalar ratio can
be larger than in the metric or the Palatini case. We demonstrate that our result applies to
f(T ) type actions as they can by a change of field coordinates be transformed into an action
that is linear in T but has a scalar field.

In section 2 we go through the teleparallel formulation of gravity, in section 3 we add a
scalar field, derive a condition for the existence of linear scalar perturbations, and consider
Higgs inflation, f(T ) theories and their generalisations. In section 4 we discuss our results
and in section 5 we summarise our findings.

2 Teleparallel formulation of gravity

2.1 Tetrads

We consider the teleparallel formulation of general relativity using tetrads. A tetrad eAα

is a set of four fields that forms a basis for the tangent space at each point of spacetime,
providing a soldering of the spacetime manifold and the tangent space. We denote spacetime
coordinate indices with Greek letters from the beginning of the alphabet (α, β, . . .), tangent
space indices with uppercase Latin letters from the beginning of the alphabet (A,B, . . .), and
spatial indices with lowercase Latin letters from the middle of the alphabet (i, j, . . .). We
take the basis to be orthonormal with respect to the metric gαβ ,

(2.1)gαβ = ηABe
A
αe

B
β ,

where ηAB = diag(−1, 1, 1, 1) is the Minkowski metric. The inverse tetrad eA
α is defined so

that
eA

αeAβ = δαβ , eA
αeBα = δBA . (2.2)

As the metric can be written in terms of the tetrad, but not vice versa, the tetrad is more
fundamental than the metric. Tetrads are needed to describe fermions in curved spacetime.
The curvature-free metric-compatible connection used in the teleparallel formulation cannot
be written in closed form in terms of the metric, tetrads are also needed for that. (Although
teleparallel gravity can be formulated in terms of the metric and the affine connection using
Lagrange multipliers, or equivalently in terms of the metric and an auxiliary transformation
matrix that parametrises the curvature-free connection [52, 159–166].)

2.2 Curvature, non-metricity and torsion

An arbitrary affine connection can be written as

Γγ
αβ = Γ̊γ

αβ + Lγ
αβ , (2.3)

where Γ̊γ
αβ is the Levi-Civita connection of the metric gαβ , and L

γ
αβ is called the distortion

(or the deformation) tensor. We denote quantities defined with the Levi-Civita connection
with .̊ The distortion tensor can be further decomposed as

(2.4)Lγ
αβ = Jγ

αβ +Kγ
αβ ,
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where Jγ
αβ is the disformation tensor and Kγ

αβ is the contortion tensor, defined as

Jαβγ ≡
1

2
(Qαβγ −Qγαβ −Qβαγ) , Kαβγ ≡

1

2
(Tαβγ + Tγαβ + Tβαγ) , (2.5)

where Qαβγ is the non-metricity and Tαβγ is the torsion, defined as

Qγαβ ≡ ∇γgαβ , T γ
αβ ≡ 2Γγ

[αβ] . (2.6)

Note that Qγαβ = Qγ(αβ), Jαβγ = Jα(βγ) and K
γ
α
β = K [γ

α
β]. The non-metricity vectors are

defined as Qα ≡ Qαβ
β and Q̂α ≡ Qβα

β , and the torsion vector is defined as Tα ≡ T βα
β .

The Riemann tensor is

Rα
βγδ ≡ Γα

δβ,γ − Γα
γβ,δ + Γα

γµΓ
µ
δβ − Γα

δµΓ
µ
γβ

= R̊α
βγδ + 2∇̊[γL

α
δ]β + 2Lα

[γ|µ|L
µ
δ]β , (2.7)

where on the second line we have decomposed the Riemann tensor into the Levi-Civita and
distortion contributions. The Ricci scalar can be written as

R ≡ Rαβ
αβ = R̊+Q+ T + ∇̊α(Q

α − Q̂α + 2Tα)− (Qα − Q̂α)T
α +QαβγT

γαβ , (2.8)

where we have used (2.3)–(2.7) to separate the contributions of curvature, non-metricity and
torsion. The non-metricity and torsion scalars are defined as

Q ≡
1

4
QαβγQ

αβγ −
1

2
QαβγQ

γαβ −
1

4
QαQ

α +
1

2
QαQ̂

α

T ≡
1

4
TαβγT

αβγ −
1

2
TαβγT

γαβ − TαT
α , (2.9)

respectively. In teleparallel gravity, the curvature and non-metricity are usually taken to be
zero. In that case we have T = −R̊, neglecting total derivatives. Similarly in the symmetric
teleparallel case, torsion is zero and Q = −R̊. Actions linear in R, Q or T are equivalent:
the gravitational physics can be shifted between R, −Q and −T . However, the equivalence
is broken when these geometrical scalars are directly coupled to a scalar field (so the total
derivative terms contribute) or when the action is non-linear in the appropriate scalar (as
is well known from f(T ) and f(Q) theories) [8, 147, 167]. We will consider both scalar
field coupling and non-linearity, and take into account that non-metricity and torsion can be
simultaneously non-zero, in which case the cross-terms in (2.8) contribute.

2.3 Affine connection and spin connection

In the metric formulation, the assumption that non-metricity and torsion vanish determines
the connection uniquely to be the Levi-Civita connection. In the teleparallel formulation,
gravity is carried by torsion, and curvature and non-metricity vanish. The unique connec-
tion for which the Riemann tensor and the non-metricity tensor vanish is the Weitzenböck
connection

Γγ
αβ = eA

γ∂αe
A
β + eA

γωA
αBe

B
β , (2.10)

where ωA
αB is the spin connection, which defines the covariant derivative Dβ in the tangent

space as Dβe
A
α ≡ ∂βe

A
α + ωA

βBe
B
α.
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The Weitzenböck connection fixes the spacetime affine connection, but we also have
to account for the structure of the tangent space. Like the spacetime, the tangent space is
flat, and it has zero non-metricity and torsion, so it is Minkowski spacetime. It is therefore
possible to choose the tangent space coordinates (called a frame1) so that the spin connection
vanishes, though other choices may be more convenient. All tangent space frames are related
by local Lorentz transformations ΛA

B(x) that leave the tangent space metric invariant,

ηAB → ΛC
A(x)Λ

D
B(x)ηCD = ηAB , (2.11)

and transform the tetrad and the spin connection as

eAα → ΛA
Be

B
α (2.12)

ωA
αB → ΛA

Cω
C
αD(Λ

−1)DB − ΛA
C,α(Λ

−1)CB . (2.13)

Using (2.13) and the fact that there is a frame where the spin connection vanishes, the spin
connection in a general frame can be written in terms of the local Lorentz transformation as

(2.14)ωA
αB = −ΛA

C,α(Λ
−1)CB .

The spin connection contains 6 degrees of freedom, all of which are pure gauge. The tetrad
has 16 components: 10 describe the spacetime metric, and 6 correspond to the choice of
frame in tangent space. The information about the choice of frame is also carried by the spin
connection, so there are 6 redundant gauge degrees of freedom: we can specify the frame
using either the tetrad or the spin connection [8, 114, 122, 168, 169].

3 Teleparallel gravity coupled to a scalar field

3.1 The action

We consider teleparallel gravity coupled non-minimally to a scalar field and minimally to
other matter, with the action

S =

∫

d4x e

[

−
1

2
F (ϕ)T −G(ϕ)∇̊αT

α−
1

2
K(ϕ)gαβ∂αϕ∂βϕ−V (ϕ)

]

+S(m)(Ψ, ϕ, e
A
α, ω̊

A
αB) ,

(3.1)

where e ≡ det
(

eAα

)

, and we have included an arbitrary kinetic function K and potential
V . The matter part of the action, S(m), can depend on ϕ, other matter degrees of freedom

collectively denoted by Ψ, the tetrad eAα and the Levi-Civita spin connection ω̊A
αB (needed

for fermions and defined with (2.10) using the Levi-Civita affine connection), but it does
not depend on the affine connection Γγ

αβ nor on the spin connection ωA
αB. As we ignore

boundary terms, the torsion vector coupling function G is only defined up to an arbitrary
additive constant. The minimally coupled teleparallel case is obtained for F = 1, G = 0 (we
choose units such that Planck mass is unity).

In teleparallel gravity, it is usually assumed that the tetrad postulate holds, i.e. the
tetrad is covariantly constant. Together with vanishing curvature, this gives the Weitzenböck

1The term frame has two different meanings. It refers both to the choice of coordinates in tangent space

and the choice of coordinates in the space of fields formed by the metric, connection and matter fields. Which

is meant should be clear from the context.
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connection. However, the tetrad postulate is not invariant under changes of field space
coordinates, in particular under conformal transformations. We thus include a coupling
function P (ϕ) in the tetrad postulate: we assume that (in the Jordan frame in which (3.1)
is written) we have

(3.2)∇β [P (ϕ)e
A
α] = 0 ,

where ∇ is the total covariant derivative that acts both on spacetime and tangent space
indices, ∇βe

A
α = ∂βe

A
α+ω

A
βBe

B
α−Γγ

βαe
A
γ . Note that P is defined only up to an arbitrary

multiplicative non-zero constant. As the curvature is zero, the connection is Weitzenböck for
the tetrad PeAα. In terms of the tetrad eAα the connection is, according to (2.10),

Γγ
αβ = eA

γ∂αe
A
β + eA

γωA
αBe

B
β + δγβ∂α lnP . (3.3)

In terms of the metric, (3.2) corresponds to ∇γ(P
2gαβ) = 0, i.e.

Qγαβ = −2gαβ∂γ lnP = −2
P ′

P
gαβ∂γϕ , (3.4)

where prime denotes derivative with respect to ϕ.
Using the decomposition (2.8) of the Ricci scalar in the action (3.1), inputting R = 0

and the non-metricity tensor (3.4), and dropping a boundary term, we obtain the action in
terms of the Levi-Civita curvature scalar,

(3.5)
S =

∫

d4x e

[

1

2
FR̊+

(

2F
P ′

P
+G′ − F ′

)

Tα∂αϕ

−
1

2

{

K + 6F
P ′

P

(

P ′

P
−
F ′

F

)}

gαβ∂αϕ∂βϕ− V

]

+ S(m)(Ψ, ϕ, e
A
α, ω̊

A
αB) .

We get two qualitatively different theories, depending on whether or not the derivative cou-
pling to the torsion vector on the first line vanishes.

3.2 Zero torsion vector coupling

3.2.1 Einstein frame action

Let us first consider the case when the derivative coupling to the torsion vector in the ac-
tion (3.5) vanishes,

P ′

P
=
F ′ −G′

2F
. (3.6)

The action (3.5) then reads

(3.7)S =

∫

d4x e

[

1

2
FR̊−

1

2

(

K−
3

2

F ′2 −G′2

F

)

gαβ∂αϕ∂βϕ−V

]

+S(m)(Ψ, ϕ, e
A
α, ω̊

A
αB) .

Doing the conformal transformation eAα → F−1/2eAα, taking into account e → F−2e and

R̊→ F
(

R̊− 3
2g

αβ∂α lnF∂β lnF + 3�̊ lnF
)

, and dropping a boundary term, we get

S =

∫

d4x e

[

1

2
R̊−

1

2

(

K

F
+

3

2

G′2

F 2

)

gαβ∂αϕ∂βϕ−
V

F 2

]

+ S(m)[Ψ, ϕ, F
−1/2eAα, ω̊

A
αB(F )] ,

(3.8)
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where ω̊A
αB(F ) is the Levi-Civita spin connection corresponding to the tetrad F−1/2eAα.

The action has been reduced to the usual Einstein-Hilbert term of general relativity written
with the Levi-Civita connection plus a minimally coupled scalar field. The effects of the
non-minimal couplings and the tetrad postulate coupling have been transferred to the scalar
field kinetic term and potential.

If the tetrad postulate holds in the original Jordan frame, P ′ = 0, we have G = F ,
and the action is identical to that of a non-minimally coupled scalar field in the metric
formalism [42, 170–176]. We get the same action for G = −F , which corresponds to P = F .
This case is halfway between the metric and the Palatini formalism, and non-metricity is
non-zero in both in the original Jordan frame and in the Einstein frame. The case when the
tetrad postulate holds in the Einstein frame, P 2 = F , corresponds to G = 0, i.e. the absence
of a coupling to ∇̊αT

α in the original action (3.1). The final action (3.8) is then identical to
that of a non-minimally coupled scalar field in the Palatini formalism [35].

Finally, if |G′|6= F ′ 6= 0, we obtain a new kind of a modification to the kinetic
term. For example, if F = 1 and G′2 ≫ K, the field with a canonical kinetic term is

χ = ±
√

3
2G(ϕ) + χ0, so the potential becomes V [G−1(±

√

2
3χ ∓

√

2
3χ0)], where G

−1 is the

inverse function of G. By choosing G(ϕ) appropriately, it is then possible to obtain infla-
tion almost regardless of the shape of the potential V (ϕ). If 1/G′(ϕ) → 0 suitably fast as
ϕ → ϕ0 for some finite ϕ0, the kinetic term makes any smooth potential V (ϕ) suitably flat
for inflation when written in terms of χ. This is the α-attractor mechanism [177–179].

3.2.2 The Higgs case

Let us now take ϕ to be the Standard Model Higgs, in which case it appears only in even
powers and the tree-level potential is

V =
λ

4
(ϕ2 − v2)2 . (3.9)

If we consider only terms up to dimension 4 not just in the potential but also in the coupling
functions, we have (recalling that G is defined only up to an additive constant)

K = K0

F = F0(1 + ξϕ2)

G = G1ϕ
2 , (3.10)

where K0, F0 and G1 are constants. Note that unless G′ = (1− n)F ′, where n is a positive
integer (n = 0 and n = 1 correspond to the metric and the Palatini case, respectively), the
function P 2 given by (3.6) is not polynomial.

Let us first consider the usual inflationary regime ξϕ2 ≫ 1, where the effective potential
U = V/F 2 is asymptotically flat. The transformation between ϕ and the canonical field χ is
(neglecting constant rescalings of λ and v by putting K0 = F0 = 1)

dχ

dϕ
= ±

√

1 + (ξ + 6G2
1)ϕ

2

(1 + ξϕ2)2
≃

√

ξ + 6G2
1

ξ2
1

ϕ
, (3.11)

so the potential is exponentially flat in terms of χ. To leading order, the spectral index
ns = 1 − 2/N depends only on the number of e-folds N , and is in good agreement with
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observations. The amplitude of scalar perturbations As and the tensor-to-scalar ratio r
depend on ξ and G1 (see e.g. [38]),

As =
N2

12π2
λ

ξ + 6G2
1

r =
12

N2

ξ + 6G2
1

6ξ2
=

λ

6π2Asξ2
= 8× 106

λ

ξ2
, (3.12)

where in the last equality we have input the observed value As = 2× 10−9 [180]. If ξ ≫ 6G2
1,

the situation reduces to the Palatini case with λ/ξ = 10−10 and r = 2
ξN2 ≪ 1 [35]. In the

opposite limit 6G2
1 ≫ ξ, we get the new result λ/G2

1 = 6× 10−10 and r = 12
N2

G2
1

ξ2
. Two things

are noteworthy. First, the value of ξ is decoupled from the amplitude of the perturbations:
the small value of As does not imply a large value of ξ (but a large value of G1). Second, the
tensor-to-scalar ratio can be enhanced compared to the Palatini case as much as desired by
adjusting G2

1/ξ
2.

In the case ξϕ2 ≪ 1 (again taking K0 = F0 = 1), the shape of the potential is only
modified by G. In the limit G1ϕ

2 ≪ 1, we have the unmodified ϕ4 Higgs potential. In the
limit G1ϕ

2 ≫ 1, the potential in terms of the canonical field becomes

U =
λ

6G2
1

χ2 , (3.13)

and in between the potential interpolates between the quadratic and the quartic case. The
quadratic potential gives a good fit to observations, except for the predicted tensor-to-scalar
ratio r ≈ 0.1, which is too high [180]. In the Palatini formulation, r can be brought down
by including a R2 term in the action [31]. However, in section 3.4 we will see that a similar
mechanism may not work in the teleparallel case, because if the action is non-linear in T ,
the derivative coupling to the torsion vector will not vanish unless G′ = 0. Let us see what
happens when the coupling to the torsion vector is not zero.

3.3 Non-zero torsion vector coupling

3.3.1 Tetrad equation of motion

We now consider the case when the derivative coupling to the torsion vector in the action (3.5)
does not vanish. Variation of the action (3.1) with respect to eAα, taking into account the
tetrad postulate (3.2), gives the equation of motion

−
1

2
gαβFT + FSγ

β
δTγαδ + gαβG,γT

γ −G,αTβ −G,βTα −G,γTβ
γ
α

− e−1gγβe
A
α

(

eFSδ
γµeA

δ + eG,δg
δµeA

γ − eG,δg
δγeA

µ
)

,µ

+
(

FSγβ
δeBαeA

γ +G,γg
γδgµβe

B
αeA

µ −G,βe
B
αeA

δ
)

ωA
δB (3.14)

+
(

FSαβ
γ +G,δg

δγgαβ −G,βδ
γ
α

) P,γ

P
=

1

2
gαβg

γδKϕ,γϕ,δ −Kϕ,αϕ,β + gαβV + T
(m)
αβ ,

where Sαβγ ≡ Kβαγ + gαβTγ − gαγTβ = Sα[βγ] is the superpotential, and T
(m)
αβ ≡

−e−1eAαgβγ
δS(m)

δeAγ
= T

(m)
(αβ) is the energy-momentum tensor of the matter fields in S(m).

The spin connection (properly constrained to depend on the Lorentz transformation
according to (2.14)) can also be varied. However, as the action is invariant under local Lorentz
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transformations, which affect both the tetrad and the spin connection, any variation of the
spin connection can be transformed into a variation of the tetrad, so the equation of motion
of the spin connection is contained in the tetrad equation of motion [109, 114, 115, 117, 181].
Hence the spin connection equation of motion is given by the antisymmetric part of (3.14).
Because of this redundancy, it would be consistent to set the spin connection to zero in the
action by fixing the local Lorentz transformations. This would not lose any equations of
motion or change the number of physical degrees of freedom [182] (for the case of redundant
degrees of freedom in the metric, see [183]). We leave the frame free to make it transparent
that the results do not depend on the choice of frame.

3.3.2 Perturbed FRW case

We consider a linearly perturbed Friedmann-Robertson-Walker (FRW) spacetime with a spa-
tially flat background, relevant for inflationary and post-inflationary universes. The back-
ground tetrad can be chosen to be diagonal, so the full tetrad reads, writing down the most
general perturbation possible,

(3.15)
eAα = ēAα + δeAα

= a

[

1 +A −β,i + βi
−ζ,i + ζi (1− ψ)δij − ǫij

k (σ,k − σk) + E,ij − E(i,j) + Eij

]

,

where overbar denotes background quantities and δ denotes perturbations, a is the cosmolog-
ical scale factor, A,E, ψ, β and ζ are scalars, σ is a pseudoscalar, Ei, βi and ζi are transverse
vectors, σi is a transverse pseudovector and Eij is a transverse traceless tensor. We are
interested in scalar perturbations, which at the linear level mix only with other scalars and
pseudoscalars. Furthermore, around the FRW background, pseudoscalars do not mix with
the scalars at linear order, as there are no background spatial pseudovectors. We therefore
drop the pseudoscalar, vectors, the pseudovector and the tensor. The metric corresponding
to (3.15) is then

ds2 = a(η)2
{

−(1 + 2A)dη2 − 2(ζ − β),i dηdx
i + [(1− 2ψ)δij + 2E,ij ]dx

idxj
}

, (3.16)

where η is conformal time. We see that ζ − β corresponds to metric perturbations, so
ζ + β is a gauge degree of freedom that corresponds to perturbations in the local Lorentz
transformations.

It is consistent with the choice of background tetrad (3.15) to set the background spin
connection to zero, ω̄A

αB = 0 [169]. As the perturbations of the tetrad (3.15) are the most
general possible, we could also set the perturbed spin connection to zero. We keep the
perturbation of the spin connection general and write it in terms of the perturbed Lorentz
transformation

(3.17)ΛA
B = δAB + δΛA

B ,

where we have taken into account that the background spin connection is zero, so Λ̄A
B is

constant. From the condition (2.11) (which says that ΛA
B is a local Lorentz transformation)

it follows that δΛAB = −δΛBA. The six independent components correspond to three local
boosts bi and three local rotations ri. We write δΛAB as

(3.18)δΛAB =

[

0 bi
−bi ǫij

krk

]

,
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so the full local Lorentz transformation is

(3.19)ΛA
B =

[

1 −bi
−bi δij + ǫij

krk

]

,

and according to (2.14) the spin connection is

(3.20)ωA
αB =

[

0 bi,α
bi,α −ǫij

krk,α

]

.

In the scalar sector we consider, the perturbation of the spin connection (like the perturbation
of the tetrad) contains one scalar b given by bi = b,i and one pseudoscalar r given by ri = r,i.

Finally, the general energy-momentum tensor of matter other than ϕ can, without loss
of generality, be decomposed with respect to a four-velocity uα as [184]

T
(m)
αβ = (ρ+ p)uαuβ + pgαβ + 2u(αqβ) +Παβ , (3.21)

where ρ, p, qα and Παβ are the energy density, pressure, energy flux and anisotropic stress,
respectively. The quantities qα and Παβ are orthogonal to uα, and Παβ is traceless. As we
only consider the scalar sector and linear perturbations, we have

(3.22)
T (m)α

β = T̄ (m)α
β + δT (m)α

β

=

[

−ρ̄− δρ −(ρ̄+ p̄)(v + q + ζ − β),i
(ρ̄+ p̄)(v + q),i p̄δij + δpδij + p̄(Π,ij −

1
3δij∇

2Π)

]

,

where we have written ui = −a−1v,i and q
i = −a−1(ρ̄+ p̄)q,i.

Let us start with the antisymmetric part of the tetrad equation of motion (3.14). At
the background level, it is satisfied identically due to the FRW symmetry. At first order in
perturbations, it reads, given (3.19),

(3.23)

(

2F̄
˙̄P

P̄
+ ˙̄G− ˙̄F

)[

(

ψ +
H
˙̄ϕ
δϕ

)

,i

−
1

2
ǫi
jkrj,k

]

= 0

(3.24)

(

2F̄
˙̄P

P̄
+ ˙̄G− ˙̄F

)

ǫi
jkbj,k = 0 ,

where dot denotes derivative with respect to η, and H = ȧ/a is the conformal Hubble
parameter. The background prefactor in (3.23) and (3.24) is precisely the combination that
appears in the derivative coupling to the torsion vector in the action (3.5). If it vanishes, we
are back to the case discussed in (3.2), and the antisymmetric part of the equation of motion
is satisfied identically. In the present case, (3.24) simply gives bi = b,i as anticipated above.
Contracting (3.23) with δil∂l leads to

(3.25)∇2

(

ψ +
H
˙̄ϕ
δϕ

)

= 0 ,

which gives

ψ +
H
˙̄ϕ
δϕ = 0 . (3.26)
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Inserting this back into (3.23) gives ri = r,i. If there is no matter other than ϕ, the combi-
nation (3.26) is the comoving curvature perturbation, which is identically zero.

The symmetric part of the tetrad equations of motion for the background then reads

− 3 ˙̄G
˙̄P

P̄
− 3 ˙̄GH− 3F̄

˙̄P
2

P̄ 2
− 6F̄

˙̄P

P̄
H− 3F̄H2 = a2ρ̄−

1

2
K̄ ˙̄ϕ2 − a2V̄ , (3.27)

− 2F̄
˙̄P

P̄
H+ 2 ˙̄F

˙̄P

P̄
+ 2F̄

¨̄P

P̄
+ ¨̄G+ 2F̄ Ḣ+ 2 ˙̄FH− 5F̄

˙̄P 2

P̄ 2
− 3 ˙̄G

˙̄P

P̄
− ˙̄GH+ F̄H2 (3.28)

= a2p̄−
1

2
K̄ ˙̄ϕ2 + a2V̄ .

We adopt the gauge δϕ = E = 0, in which case (3.26) reduces to ψ = 0, and the perturbation
of the symmetric part of the equation of motion reads

−

(

2F̄
˙̄P

P̄
+ ˙̄G+ 2F̄H

)

∇2 (ζ − β) = a2δρ+ 2a2
(

ρ̄− V̄
)

A (3.29)

−

(

2F̄
˙̄P

P̄
+ ˙̄G+ 2F̄H

)

A = a2 (ρ̄+ p̄) (v + q + ζ − β) (3.30)

−

(

2F̄
˙̄P

P̄
+ ˙̄G+ 2F̄H

)

Ȧ = a2δp+ 2a2
(

p̄+ V̄
)

A+
2

3
a2p̄∇2Π (3.31)

F̄A− ( ˙̄F + 2F̄H)(ζ − β)− F̄ (ζ̇ − β̇)−

(

2F̄
˙̄P

P̄
+ ˙̄G− ˙̄F

)

(b− β) = a2p̄Π . (3.32)

If there is no matter other than ϕ, then (3.30) yields A = 0 (it follows from the background
equations that the left-hand side prefactor is non-zero). Then (3.29) gives ζ = β and (3.32)
gives β = b, leaving only a gauge degree of freedom. So if there is no matter apart from ϕ,
there are no scalar metric perturbations. This result has previously been discussed in [108,
119, 123].

If other matter is included, the combination (3.26) remains zero regardless of the form
of the matter action S(m). The reason is that as long as the matter fields do not couple to
the spin connection, they do not contribute to the spin connection equation of motion, which
is equivalent to the antisymmetric part of the tetrad equation of motion. (The fact that the
energy-momentum tensor is symmetric is an expression of this.) However, the comoving cur-
vature perturbation will be sourced by other matter components, and will no longer be equal
to (3.26), and the other metric perturbations are in general non-zero, as (3.29)–(3.32) show.

In summary, a single scalar field does not source linear scalar perturbations, and so
does not give a working inflationary model, unless the coupling functions of the torsion
scalar, torsion vector and the tetrad postulate in the original action (3.1) are related by the
condition (3.6) so that the derivative coupling to the torsion vector vanishes in the Einstein
frame action (3.5). For example, a theory with a direct coupling only to the torsion scalar
(and no non-metricity) is not viable, nor is a theory with only a derivative coupling to the
torsion vector (and no non-metricity).

3.4 Non-linearity in the torsion scalar

3.4.1 The general case f(T + 2µ∇̊αT
α, ϕ)

One much discussed extension of the simplest action for teleparallel gravity is the the-
ory where the gravitational action is non-linear in T . We first consider the general case
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f(T + 2µ∇̊αT
α, ϕ) [89, 99, 106, 114, 115, 117, 118, 185–188], where µ is a constant and ϕ

is a scalar field. Let us see how the action is transformed into an action that is linear in
T + 2µ∇̊αT

α and how our results apply. We start with the action

(3.33)
S =

∫

d4x e

[

1

2
f(T + 2µ∇̊αT

α, ϕ)−G(ϕ)∇̊αT
α −

1

2
K(ϕ)gαβ∂αϕ∂βϕ

]

+ S(m)(Ψ, ϕ, e
A
α, ω̊

A
αB) ,

where, as before, Ψ denotes matter degrees of freedom other than ϕ. Note that the term
f(T +2µ∇̊αT

α, ϕ) includes the case where the linear terms T and ∇̊αT
α couple to the same

function of ϕ, so now (for µ 6= 0) G parametrises the difference between the scalar field
coupling of these two linear terms. By introducing the auxiliary field θ, we can write the
action as [81, 102]

S =

∫

d4x e

[

−
1

2
F (θ, ϕ)T − [G(ϕ) + µF (θ, ϕ)]∇̊αT

α +
1

2
θF (θ, ϕ) +

1

2
f(θ, ϕ)

−
1

2
K(ϕ)gαβ∂αϕ∂βϕ

]

+ S(m)(Ψ, ϕ, e
A
α, ω̊

A
αB) ,

(3.34)

where F (θ, ϕ) ≡ −∂f
∂θ . If ∂2f

∂θ2
= 0, we have f(θ, ϕ) = −F (ϕ)θ − 2V (ϕ), and the action

reduces to the linear case we have already considered. If ∂2f
∂θ2

6= 0, it is straightforward to

verify that by varying (3.34) with respect to θ gives θ = T + 2µ∇̊αT
α and we recover (3.33)

by substituting it back into the action. Repeating now the steps of using (2.8) to write
the torsion scalar in terms of the Levi-Civita Ricci scalar, non-metricity tensor and torsion
vector, writing the non-metricity tensor in terms of the coupling function P (θ, ϕ) with the
tetrad postulate (3.2), and making the conformal transformation eAα → F−1/2eAα, we get
the Einstein frame action

S=

∫

d4xe

[

1

2
R̊−F−2Tα

{

F∂α lnP
2+∂α[G+(µ−1)F ]

}

−
3

4
gαβ∂α ln

P 2

F
∂β ln

P 2

F

−
1

2

K

F
gαβ∂αϕ∂βϕ−U

]

+S(m)[Ψ,ϕ,F
−1/2eAα, ω̊

A
αB(F )] ,

(3.35)

where U(θ, ϕ) ≡ −[12θF (θ, ϕ) +
1
2f(θ, ϕ)]/F (θ, ϕ)

2. We will not embark on a full analysis of
the conditions for this theory to support scalar perturbations, and only consider some special
cases.

Because G is a function of ϕ only, whereas F depends on both θ and ϕ, the torsion vector
coupling vanishes only if P 2 = F 1−µ and G = 0. Let us first assume that this is the case.
Then there is no problem with the scalar perturbations. As in the non-minimally coupled
scalar field cases discussed in section 3.2, the theory is identical to the metric formulation if
the tetrad postulate holds in the Jordan frame, and to the Palatini formulation if it holds
in the Einstein frame. We have a two-field model unless P 2 = F (i.e. µ = 0). A particular
case is µ = 1 (i.e. P = 1), when the tetrad postulate holds in the original Jordan frame and
we can write f(T + 2µ∇̊αT

α, ϕ) = f(−R̊, ϕ) directly in the action (as (2.8) shows), so we
get the metric formulation of f(R,ϕ) theory [22]. If µ = 0, the tetrad postulate holds in
the Einstein frame, and the theory reduces to a single-field model that is identical to the
Palatini formulation of f(R,ϕ) theory [18, 21–23]. In particular, for f(T ) = −T + 2αT 2,
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the only effect of the T 2 term during slow-roll inflation is to suppress the tensor-to-scalar
ratio [39]. However, it is not possible to use this mechanism to bring the predictions of the
Higgs inflation model based on the dominance of G′2 in the kinetic term (discussed at the
end of section 3.2.2) into agreement with observations. The reason is that if the original
action is non-linear in T , and G′ 6= 0, then the coupling to the torsion vector is necessarily
non-zero in the Einstein frame final action, leading to problems with perturbations.

Let us then consider the case when we have P 2 = F , but µ 6= 0 or G′ 6= 0. We then have
a single field model with a derivative coupling to the torsion vector, as the variation with
respect to θ gives an algebraic equation that determines θ as a function of ϕ, gαβ∂αϕ∂βϕ and
Tα∂αϕ. The resulting dependence on the torsion vector is, in general, rather complicated,
and it is not straightforward to see whether linear scalar perturbations can be non-zero.

3.4.2 The special case f(T + 2µ∇̊αT
α)

Let us now consider the special case when there is no scalar field to begin with, so the gravity
part of the action is proportional to f(T +2µ∇̊αT

α) [47–50, 99, 167]. This case corresponds
to (3.34) with K = G = 0, and no dependence on ϕ in F , P and the matter action. The
only case with non-zero scalar perturbations is the one where the derivative coupling to the
torsion vector vanishes, P 2 = F 1−µ. The Einstein frame action then reads

(3.36)S =

∫

d4x e

[

1

2
R̊−

3

4
µ2
F ′2

F 2
gαβ∂αθ∂βθ +

θF + f

2F 2

]

+ S(m)[Ψ, F
−1/2eAα, ω̊

A
αB(F )] ,

where prime now denotes derivative with respect to θ.

If µ = 1, we have P ′ = 0, and the tetrad postulate holds in the original Jordan frame
used in (3.33). Then the action (3.36) corresponds to f(R̊) theory in the metric formalism,
with its extra dynamical scalar field [22]. Note that any value µ 6= 0 will lead to a viable
theory with perturbations, but the theory agrees with the metric f(R) case only if µ = 1.

If µ = 0, the tetrad postulate holds in the Einstein frame, P 2 = F . Then the scalar
field does not have a kinetic term, and its equation of motion gives a constant value of θ.
The gravitational part reduces to the Ricci scalar plus a cosmological constant, and the non-
trivial form of f just contributes to the value of the latter. This is identical to the result
for f(R) theory in the Palatini formalism. In this case there is no extra scalar degree of
freedom (and hence no scalar perturbations unless supported by the matter in S(m)), as is
well known [18, 21–23, 189, 190].

4 Discussion

The number of degrees of freedom and stability. Consider the non-minimally coupled
theories that have no problem with linear perturbations. The simplest possibilities are those
where the tetrad postulate is satisfied in the original Jordan frame or in the Einstein frame.
The theory then reduces to the metric or the Palatini formulation, respectively. This shows
that the equivalence between the teleparallel and the metric (or the Palatini) formulation
holds for a wider class of theories than the minimally coupled Einstein-Hilbert case. However,
with a different choice for the tetrad postulate function, the teleparallel theory has new
features, and does not reduce to the metric nor the Palatini theory. In any case, the theories
have the two usual massless propagating gravitational degrees of freedom of the metric plus
the scalar field degree of freedom.
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As for the theories where there are no linear scalar perturbations, it is possible they
suffer from linearisation instability, so that solutions of the linearly perturbed equations are
not a linearisation of the solutions of the full equations. Often linearisation instability goes in
the other direction, with the linear equations missing non-linear constraints. In the present
case, we would instead have the situation that there are non-linear perturbations that the
linear equations miss, which could point to a strong coupling problem around the FRW
background [46, 52, 119, 191, 192].

For the f(T ) theory there are different results in the literature regarding the number
of propagating degrees of freedom [119, 191–197]. We find that there are no cases where
there are scalar perturbations around the FRW background. One subcase is equivalent to
the Palatini formulation of f(R) theory, where the absence of extra degrees of freedom is
known to hold at the non-linear level [18, 21–23, 189, 190]. However, other cases may suffer
from linearisation instability or strong coupling. In the f(T +2µ∇̊αT

α) theory (with µ 6= 0),
the cases where there are scalar perturbations reduce to the usual Einstein-Hilbert action
plus a minimally coupled scalar field with a positive kinetic term. This means there are
three propagating modes (the two usual massless gravitons, plus one scalar), as in the metric
f(R) theory. Whether the scalar is massless, massive or tachyonic depends on the effective
potential U(θ) = (θf ′ − f)/(2f ′2) appearing in (3.35).

We would expect that from the point of view of the quantum theory, both non-minimal
coupling and non-linear torsion scalar terms have to be included in the action (even if we
restrict to only dimension 4 terms), as in the metric and the Palatini case. Even the simplest
terms can lead to complicated phenomenology, as in the metric case [74, 75, 198–213]. In
the teleparallel case, keeping to parity-conserving terms, we could couple the scalar field
separately to the three different dimension 2 scalars formed from the torsion tensor that
appear in (2.9). This would be a generalisation of new general relativity, where these terms
appear with constant coefficients [45, 46]. We could also include more complicated covariant
derivatives of the torsion tensor than ∇̊αT

α. If we do not require parity to be conserved, new
terms quadratic in torsion can be constructed, and we could also include a derivative coupling
of the scalar field to the axial torsion vector T̂α = 1

6ǫ
αβγδTβγδ (coupling to a pseudoscalar

field would give a parity-conserving term).

How stable is the result that there are no scalar perturbations to adding new torsion
terms? If the scalar field does not generate scalar perturbations to begin with, the higher
order terms we have considered do not change the situation. If there is originally no problem
with the scalar perturbations, the situation is less clear. If the original coupling to the torsion
vector is zero (G = 0), the situation corresponds to the Palatini formulation, and we retain a
single-field theory with scalar perturbations when adding higher order terms in T (possibly
coupled to the scalar field), though not if we add terms that are non-linear in T + 2µ∇̊αT

α

with µ 6= 0. Likewise, if we consider the metric-equivalent case with P = 1 and G = F , and
add higher order terms in T + 2∇̊αT

α, the scalar perturbations remain, although we get a
two-field theory, as is well known in the metric formulation [74, 199, 201–213]. In contrast,
if F ′ 6= G′ 6= 0, adding terms non-linear in T or T + 2µ∇̊αT

α generates a coupling to the
torsion vector. We then have either a two-field model or a single-field model with complicated
dependence on the torsion vector, and the situation with scalar perturbations is not clear.
Thus, taking into consideration stability to higher order terms, it remains an open question
whether the only teleparallel theories that have no problem with perturbations are those that
are equivalent to metric or Palatini theories.
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The strong coupling problems have been discussed in the literature [46, 52, 119, 191, 192],
although many papers have missed the issue, sometimes by neglecting the antisymmetric
part of the tetrad equations or not considering how the perturbations of the extra degrees
of freedom behave. It is not clear for which backgrounds (other than spatially flat FRW)
the linear scalar perturbations are zero. The general answer to this question requires a
non-perturbative Hamiltonian analysis [194, 196, 197].

5 Conclusions

Results and open issues. We have considered gravity in the teleparallel formulation, cou-
pled to a scalar field ϕ. A non-minimally coupled scalar field can potentially distinguish be-
tween different formulations of gravity. Phrased differently, different formulations of general
relativity that are equivalent for the Einstein-Hilbert action with minimally coupled matter
can potentially provide different phenomenology when scalar fields are present. As we know
that there is a Higgs field, this is not optional. In addition to the coupling F (ϕ) to the torsion
scalar and G(ϕ) to the torsion vector, we have also included the coupling function P (ϕ) that
takes into account that the tetrad postulate can be taken to hold in different conformal frames.

Transforming to the Einstein frame, we find that the scalar field sources linear scalar
perturbations only if the total coupling to the torsion vector due to the functions F , G and
P vanishes. If this is the case, the theory can be equivalent to the metric or the Palatini
formulation, or can have new kind of behaviour, depending on the relation between the three
functions. In particular, for Higgs inflation, restricting to dimension 4 terms and the tree-
level potential, we retain the successful prediction for the spectral index and can raise the
tensor-to-scalar ratio up to any value.

Theories based on the f(T ) Lagrangian are just theories that are linear in T but have
a scalar field, written in different coordinates in field space, so our results apply to them
as well. In none of them can the gravity sector alone support linear scalar perturbations.
However, theories based on the Lagrangian f(T + 2µ∇̊αT

α), with a constant µ 6= 0, allow
linear scalar perturbations, for suitable choices of the relation between f and P . For µ = 1,
these theories reduce to the metric formulation of f(R) theories, as is well known, but there
are also other cases.

Considering f(T +2µ∇̊αT
α, ϕ) theories, where we have both a non-linear gravitational

action and a non-minimally coupled scalar field, allows us to consider the stability of the
results to adding more complicated torsion terms. If linear scalar perturbations are disallowed
by the lower order terms already, such terms do not change the situation. In the opposite
case where linear scalar perturbations are allowed by the lowest order action, the new terms
cannot remove the linear scalar perturbations when the teleparallel formulation is equivalent
to either the metric or the Palatini formulation. In other cases the issue remains open. It
also remains an open problem how the results generalise to teleparallel theories with a more
complicated gravitational sector that includes invariants other than the torsion scalar and
the gradient of the torsion vector.
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