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The Number of Homomorphisms from Z, XZ, X .. XZ,

into Z, XZ, x ..xZ,

M. Saleh, H. \fousef, and J. Abu Hiail"

ABSTRACT

In this paper, we generalize results by J.
¥Gallian and J. Van Buskirk, on the number of
group and ring Homomorphisms. For the group
case, we compuie the number of group
Homomorphisms from a [finite ahelian group
into a finite abelian group. For the ring case, wé
compute the number of ring Homomorphisns
from:

Zo, X2y, x oo X Z, Into Zy, X Zy, X .. X 2,

INTRODUCTION

The purpose of this article is to generalize
results given in (Gallian and Van Buskirk, 1984 %
We compute the number of group
homomorphisms from a finite abelian group into
a finite abelian group, which is a generalization of

4[2, First Theorem]. For the ring case, we compute

the number of ring homomorphisms from
Zm,X o X Zy  into Zklx o X Zy , which is a

generalization of [2, Second Theorem]. Let A and
B be two groups (respectively, two rings), Hom (A,
B) denotes the set of all group homomorphisms
(respectively, ring homomorphisms) from A into

B, and h (A, B) denotes the cardinality of Hom (A,
B).

The first theorem is a generalization of }2,
First Theorem]. Let G and H be finite abelian
groups of orders m and n, respectively. By the
fundamental theorem of finite abelian groups,
there exist m;, m,, ..., m, and n,, n,, ..., n_ such that

G is isomorphic to Z_ X .. XZ_ and H is
p m, m,

isomorphic to an X ... XZ, . Thus, it is enough

to compute the number of homomorphisms from
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n_

Z,,,Ix e X2y, into anx v XZ

n l‘
'heorem 1. The number of ' group

homomorphisms from Z“‘lx e X Z. into

Zk.X o XZy s

i=rj=s
H ged (m, kj)
i=l,j=1

Proof. The proof follows directly from the fact

that as groups Hom (Zmlx...mer.

i=rj=8

Z, x ..xz) =[] Hom@,,z,).

i=lj=1

Now, we are in a position to prove our main
result. First of all, notice that it is well-known that
if R, T,, i € I are rings with identities, then Hom

«
(R, TI T) = [1 Hom (R, T)) (see, [1, Proposition
iel i€l

16.4], [5, 11.10(2)]).

Consequently, Hom (Zm‘ X Zmzx o XZp,

j=s
Zy x.xZ )=T] Hom (Z,,,‘ X L XeoX Zpy s Zi)

i=1
and thus h Cop XLy X oo X Ly, Ly X oo X Zy ) =

i=s

I[1 h@Z, xZ,, x...

i=1

X Zm,» Zy)-

Let k=p\' py ... p; be the prime- power
decomposition of k in Z. By the Chinese
remainder Theorem, it follows that Z, is naturally
ring-isomorphic to Z:a'. X .. X Z:, Thus, we need

only to compute h(Z, XZ, X..XZn,Z.),

where p is a prime.
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Theorem 2. The number of ring homomorphisms

from Z, XZ, X..
by:

XZp, into ch is given

1+ Npe (ml, m,, .., m.),
where Npe (ml, m,, ..., m,) is the number of
elements in the sequence m,, m,, ..., m, that are

divisible by p°.

Proof. Let ¢ : Z; X ... XZp — Zpebe a ring

homomorphism. —Then ¢ is completely
determined by ¢ (e,), ..., ¢ (e) where e; is the
r—tuple with O's in each component except 1 in ith
component. These are idempotents in ch, and
hence, each must be either 0 or 1. Also, if ¢ (e) =

¢(e) =1 for i # j, then one obtains a contradiction
for:

0=00)=0(e)=0(e) @(e)=11=1
Thus, if @ is not the zero homomorphism, then @

(e;) =1 for exactly one value i, and moreover for

that i we must have p° divides m. Thus,
h(ZmeZmz X XZnp Zpe) =1+ Npc (ml,

m,, ..., m.), where Np: (ml, my, .., my) is
the number of elements in the sequence m,,
m,, ..., m_that are divisible by p°.

Theorem 3. The number of ring homomorphisms

. e, e,
Zop X oo X, into  Z' X .. XZ ¥,
where p, 1 < i < s, are primes not necessary

from

distinct, is:

H(l +Npei (mla mj, ..., mr))
i=1 ,‘
We generalize [2, Second Theorem] in the

following theorems using the notation found in
(Gallian and Buskirk, 1984).

Theorem 4. The number of ring homomorphisms
from Z_ X Z, into Z, is:

3u)(k) - (k/ged (m,n.k))
2w (k /gcd (m,n.k)) — o (k /gcd(m,k)) — o (k /gcd(n,k))
.2

where ®(t) is the number of distinct prime divisors
of t in Z.

Proof. Any ring homomorphism from Z x Z,
into Z, is completely determined by its action on
e, = (1, 0) and e, = (0, 1). Also, since e, and e,
are idempotents in Z_x Z , their images must be

idempotents in Z,. Let k=p]1(1 p]s(“be the

prime-power decomposition of k in Z. By the
Chinese remainder Theorem, it follows that Z, is

naturally ring-isomorphic to the direct product

Z];'l X ... XZ];:. Now, suppose that a, b are
elements of ~Zk where a and b are ring-
homomorphic images of e, and e,, respectively.
In the direct sum, let a = (a,, ...,a) and b = (b,, ...,
b,) where each a, b, is an idempotent of

Zl;'f. If p:(‘ divides gcd (m, n, k), then we have
three cases: a; is 0 and b; is 0, a; 1s 0 and b; is 1 or
a,is 1 and b, is 0. As in [2, Second Theorem], the

number of prime divisors p;, of k such thatp:(i
divides ged(m, n, k) is (k) — ok / gcd(m, n, k)).
Thus, we have 3¢&-oWeedmnl) choices. 1f pli("

divides gcd(m, k), but p:(" does not divide
ged(n,k), then we have two choices a, = 0 or 1 and
b, = 0. The number of prime divisors p; such that

p:( " divides ged (m, k) but does not divide ged(n,
k)is ® (k) — @ (k / ged (m, k)) - [0 (k) - © (kK/
ged (m, n, k)] = o (k/ ged (m, n, k)) — » (k/ ged
(m, k)). Similarly, if p!l(i divides ged (n k) but

p:(" does not divide ged (m, k), then we have two
choices a, = 0 and b, = 0 or 1. The number of

prime divisors p, of k such that p:(‘ divides gcd (n,
k), but does not divide gcd(m, k) is @ (k) — © &K/
ged (n, k) - [o (k) — o (K/ ged (m, n, k)] = @ (k
/ ged (m, n, k)) — ® (k / ged (n, k)).

So we have 22(1) (k /ged (m,n.k)) — ok/ged(m,k)) ~ w(k/ged(n,k))
choices. Thus, the
homomorphisms is:

number of ring
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3m(k) - w(k/ged(m, n, k))

22(1) (k /gcd (m,n,k)) — axk/ged(mk)) - w(k/ged(n,k))

Corollary 1. The number of ring
homomorphisms from Z x Z_ into Z,_is:

3 o (k) - o (k/ged(k, n))

Theorem 5. The number of ring homomorphisms

from Z,into Zy X ... X Z, is given by:
(Y aok)- 21 o (k;/ ged (k;,n))
t=1 i=

Proof. The proof follows directly from the fact
i=s

that as rings Hom (Z,, Zy, x..x Zy )=[] Hom
j=1

(Zn, ij_ ).

Following similar arguments as in Theorem 4,
we get the following.

Theorem 6. The number of ring homomorphisms

from Z, X .. XZ,, intoZ, is:

J(my, m,, .., m)=

S () 5
J=0 J Ag{ml "My ey my}
(r -+ 1)

lAl=r=i4j
and,

@ (d) is the number of distinct prime divisors
of d in Z.

We illustrate the above Theorems by the
following examples:

Example 1. Compute h (Z, X Z,,Z,; X Z, x Z,,)
using Theorems 5 and 3.

w(k.‘/ng(k,aeA)))

Solution. First notice that 18 = 32, 2, 16 = 2*.

" 3Z[2]2]2°
10 0 [1]1]0
4 0[1]1]0
(1+ N,..(10,4,6,5) [ 1 | 3|3 1

where Npe(ml, m,, ..., m.) is the number of
elements in the sequence m,, m,, ..., m, that are

divisible by p°.

By Theorem 3, h (Z,, X Z,,Z,s X Z, X Z,) =
1.3.3.1=09.

Using Theorems 4 and 5, h (Z,( X Z,,Z,; X Z,
X Zyg) = h(Zy X Z,,Z5). h (2, x Z,,Z, ) .
h (Zyy X Zy, Zy) = 3@ (18 -@ (18/ged(104,18))

920 (18/ged(10,4,18)) —w (18/gcd(10,18)—a (18/gcd(4,18))

% 39Q@) -0 (2 ged(10,42))
920 (2/ged(10,4,2) ~@ (2/ged(10,2)—w (2/ged(4,2))
x 30 (16)~@ (16/gcd(10,4,16))

920 (16 /ged(10, 4, 16)) - (16 /ged(10, 16)-a (16 /ged(4, 16))

=3.20.3.2°.3% 20=9,

Example 2. Compute h (Z, X Z, X Z¢ X Zs, Z,; X
ZyXZigXZs).

Solution. First notice that 18 = 3% . 2, 16 = 2% 15
=3.5.

* 32[2[2]27[5]3
10 0 (1]1]0[1]0
4 0(1]1]0]0]0
6 0[1[1]0]0]1
5 0(0[0[0][1]0
(1+N,~(10,4,6,5) |1 |4|4| 1|32

By Theorem 3, h (Z,, X Z, X Z X Z, Zyx Z,
XZigXZs)=144.132 = 96.
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