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SERRE CLASS AND THE DIRECT SUMS OF MODULES

MOHAMMAD SALEH

Communicated by Johnny A. Johnson

ABSTRACT. The purpose of this paper is to further the study of weakly
injective and weakly tight modules a generalization of injective modules.
For a Serre class KC of modules, we study when direct sums of modules from
K satisfies a property IP in K. In particular, we get characterization of
locally gq.f.d. modules in terms of weak tightness.

1. INTRODUCTION

Throughout this paper all rings are associative with identity and all modules
are unitary. We denote the category of all right R-modules by Mod-R and for
any M € Mod-R, o[M] stands for the full subcategory of Mod-R whose objects
are submodules of M-generated modules (see [28]). A class K of modules is called
a Serre class if it is closed under submodules, factor modules and extensions [9],
[4]. The class o[M] is a Serre class [4]. Given a module Xg, the injective hull
of X in Mod-R (resp., in o[M], in K) is denoted by E(X) (resp., X, Ex(X)).
The M-injective hull X is the trace of M in E(X), ie. X = S{f(M),f €
Hom(M,E(X))} [3], [28].

The purpose of this paper is to further the study of the concepts of weak
injectivity, tightness and weak tightness in a Serre class K a generalization of
o[M] studied in [4], [8], [21], [22], [23], [26], [29], [30]. In view of Theorem 2.9
every module X in K is a direct summand of a weakly injective module in K a
result that generalizes 2.12, , 2.13, 2.14, in [16], 2.1, 2.2., and 2.3 in [18]. For a
Serre class IC, we study when direct sums of modules from K are weakly tight in KC.

In particular, we get necessary and sufficient conditions for » -weak tightness of
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Key words and phrases. Tight, weakly tight, weakly injective, Serre class, locally q.f.d.,
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the injective hull of a simple module. As a consequence, we get characterizations
of ¢.f.d. rings by means of weakly injective (tight) modules given by A. Al-Huzali,
S.K. Jain and S.R. Lopez-Permouth.

Given two modules @ and N € K, we call Q@ weakly N-injective in K if for
every homomorphism ¢ : N — Ex(Q), there exists a homomorphism @ : N — Q
and a monomorphism o : Q@ — Ei(Q) such that ¢ = 0. Equivalently, there
exists a submodule X of Ex(Q) such that ¢(N) C X ~ Q. A module Q € K
is called weakly injective in K if for every finitely generated submodule N of
the K-injective hull Ex(Q), N is contained in a submodule Y of Ex(Q) such
that Y ~ Q. Equivalently, if @ is weakly N-injective for all finitely generated
modules N in Ex(Q). A module X is N-tight in Ex(Q) if every quotient of
N which is embeddable in the K-injective hull of X is embeddable in X. A
module is tight(R-tight) in IC if it is tight relative to all finitely generated (cyclic)
submodules of its K-injective hull, and @ is weakly tight (weakly R-tight) in K
if every finitely generated (cyclic) submodule N of Ex(Q) is embeddable in a
direct sum of copies of Q). It is clear that every weakly injective module in K is
tight in IC, and every tight module in K is weakly tight in IC, but weak tightness
does not imply tightness, (see [4], [30]). A module Mg is called locally ¢.f.d. [3],
[7], [17] in case every finitely generated (or cyclic) module N € o[M] has finite
uniform dimension. A module @ is called weakly (N-)injective (resp., tight,
weakly (N-)tight ) [16], [13], [14], [15] if it is weakly (N-)injective(resp., tight,
weakly (N-)tight) in X =Mod-R.

2. PRELIMINARIES

The class of weak injectivity (tightness, weak tightness) in K is closed under
finite direct sums, and essential extensions. Also, the domains of the class of
weak injectivity (tightness, weak tightness) in K are closed under submodules,
and quotients.

First, we list below some basic results on weak injectivity (tightness, weak
tightness) in C that generalizes those known results in o[M] that will be needed
through this paper (c.f.[4], [21], [22], [23], [29], [30]).

Lemma 2.1. Given modules N, X € K. If X is quasi-injective and weakly N -
ingective in IC, then X is N-injective in IC.

PROOF. Let ¢ : N — Ex(X). It is enough to show that ¢(N) C X. By weak
injectivity of X, there exist a homomorphism ¢ : N — X and a monomorphism
0 : X — Ex(X) such that ¢ = op. Also Since X is quasi-injective, o(X) C X
and thus ¢(N) C X, proving that X is N-injective O
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Corollary 2.2. A quasi-injective and weakly R-injective module is injective.

Remark 2.3. Weak injectivity in Lemma 2.1 and Corollary 2.2 could be replaced
by tightness but we don’t know if it could be replaced by weak tighitness.

Lemma 2.4. Given X, N € K, X is weakly N-injective in IC iff

(i) for every submodule K of N and for every monomorphism ¢ : N/JK —
Ex(X), there exists a monomorphism @ : N/K — X and a monomorphism
0:X — Ex(X) such that ¢ = 0p; and

(i1) for every complement C of p(N/K) in X there exists C' C Ex(X) such that
C'No(N/K)=0 and C' ~ C.

PROOF. (i) is clear from the definition. To prove (ii) let C be a complement
of (N/K) in X. Then C' = ¢(C) is isomorphic to C' and independent from
o(N/K), proving (ii). Conversely, assume that (i) and (ii) hold and let ¢ : N/K —
Ex(X) be a monomorphism. By (i) there exists a monomorphism @ : N/K — X.
Let C be a complement of §(N/K) in X. Using (ii), we get a monomorphism
a: p(N/K)PC — Ex(X). Since p(N/K)PC C' X, we may extend a to
a monomorphism 8 : X — FEx(X). It follows that f@ = o, proving that X is
weakly N-injective in K. O

Corollary 2.5. A uniform module X € IC is tight in K iff X is weakly injective
in IC.

Lemma 2.6. A finite direct sums of weakly injective (tight, weakly tight) in K is
weakly injective (tight, weakly tight) in IC, and an essential extension of a weakly
injective (tight, weakly tight) module in K is weakly injective (tight, weakly tight)
in IC.

Lemma 2.7. A uniform module X € K is weakly tight (weakly R-tight) in K iff
X is weakly injective (weakly R-injective) in K.

PROOF. Let X be uniform and weakly tight in /C, and let IV be a finitely generated
submodule of Ex(X). Then N is embeddable in X(®) via a monomorphism, say,
¢. Let m; - X(®) — X be the ith projection map. Then N;eqker(mp) C ker ¢ = 0.
Since X is uniform then ker(m;¢) = 0, and thus N embeds in X, proving that X is
tight. By Corollary 2.5, X is weakly injective in C. The other case is similar. [

Lemma 2.8. Let K be a Serre class. Then every tight module in K is weakly
injective in KC.

PROOF. The proof follows from [16, Theorem 2.8]. O
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In [18], it is shown that any semisimple module is a direct summand of a weakly
injective module, the next lemma shows that in fact any module is a direct sum-
mand of a weakly injective module.

Theorem 2.9. FEvery module in K is a direct summand of a weakly injective
module in IC.

PROOF. For any module X € K, L = X @ (Ex(X))®), where « is an infinite
cardinal, is weakly injective in C. Let N be a finitely generated submodule of
Ex(L) = (Ex(X))®. Then N is contained in (Ex (X)), for some finite n.
Since X C Ex(X), there exists M C Ex(X) such that X ~ M. Let Y =
(Bx (X))@ @& M @ (Ex(X))™ C L. Then N CY ~ L, proving that L is weakly
injective. O

Theorem 2.9 answers an open question in [16] and generalizes 2.12, 2.13, 2.14, in
[16], 2.1, 2.2., and 2.3 in [18].

Example 2.10. (i) [16, Example 2.11], [18]. Let R be the ring of endomor-
phisms of an infinite dimensional vector space V over a field F. Then
M = Soc(RRr) ® R is tight but not weakly injective.
(i) [4]. Let R=Z7 and X = (Q/Z) ® (Z/pZ). Then X is weakly tight in o[M]
but not tight.
(i1i) [16, Example 4.4(d)]. Let F be a field. Then R = [ 0F } is weakly
00

0 F } as an R-module is not weakly

injective but the summand S = [
mjective.

The above results show that the classes of weakly injective, tight, and weakly
tight modules are quite large.

A Serre class K is called weakly semisimple (weakly R-semisimple) iff every
module N € K is weakly injective (weakly R-injective) in K. As a direct applica-
tions of the above results, we state the following characterizations of semisimple
and weakly (R-)semisimple modules in terms of weak injectivity, tightness, and
weak tightness without proof.

Theorem 2.11. For a Serre class KC, the following are equivalent:

(a) K is semisimple;
(b) every weakly injective module in K is (quasi-)discrete;
(c) every weakly injective module in K is (quasi-)continuous;
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(d) every direct summand of a weakly injective module in K is quasi-injective in

K.

Theorem 2.12. For a Serre class K, the following are equivalent:

(a) K is weakly semisimple (resp., weakly R-semisimple);

(b) every direct summand of a weakly injective (or tight, weakly tight) (resp.,
weakly R-injective) (or R-tight, weakly R-tight) module in K is weakly injective
(or tight, weakly tight) (resp., weakly R-injective) (or R-tight, weakly R-tight)
in K.

In case K = R in the above two theorems we get characterizations of semisim-
ple, weakly semisimple, and weakly R-semisimple rings.

3. DIRECT SUMS OF CLASSES OF MODULES.

For a module X and a module property IP, X is said to be Y —IP in case every
direct sum of copies of X enjoys the property IP. A class K of modules is called a
Serre class if it is closed under submodules, factor modules and extensions. The
class o[M] is a Serre class [4].

Theorem 3.1. For a Serre class K, the following implications (a) = (b) = (¢) =

(d) = (e) = (f) always hold.

(a) every direct sum @, Ex of injectives in K is weakly injective in IKC;

(b) every direct sum €@, My of weakly injective modules in K is weakly injective
n IKC;

(c) every direct sum @, My of weakly injective modules in KC is tight in IC;

(d) every direct sum @, M of tight modules in K is tight in IC;

(e) every direct sum @, My of tight modules in K is weakly tight in IC;

(f) every direct sum @, Mx of weakly tight modules in K is weakly tight in K.

PROOF. (a) = (b). Consider the module X = @, M) a direct sum of weakly
injective modules in K. Let N be a finitely generated submodule of Ex(X). By
(a), the direct sum @, Ex(M)) is weakly injective in I and X = @, My <’
D\ Ex(My) C" Ex(@) Ex(My)). Thus by (a) there exists a submodule Y C
E)C(@A E)C(M)\ )) such that N C Y = @A EK(M,\). Write Y = @A EK(Y,\),
where Y; & M;,i € A. Since N is finitely generated, there exists a finite subset
I' = {/\17~--7)\m} C A such that N C @F E]C(Y)\) = EIC(@F(Y/\ )) Since Yi,
;o0 , Yy, are weakly injective in C, the finite direct sum Yy, &--- @ Y, is
weakly injective in K. Therefore, there exists X1 = @Yy = @ My such that
N C X; C Ex(@rYr). Thus N C X;& @,\ngA ~ X, proving that X is
weakly injective in .
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(¢) = (d). Consider the module X = @, M, a direct sum of tight modules in
K. Let N be a finitely generated submodule of Ex(X) = Ex (@, Ex(M»)). By
(¢) the direct sum €@, Ex(My) is tight in K. Thus N embeds in @, Ex(My)
via a monomorphism, say, ¢. Also ¢(N) is finitely generated and thus N C
Ex(My,) @ - @ Ex(My,,) = @31 Ex(My) for some finite {\;,..., \m} C A.
Since My, @---@® M,,, is tight then N ~ ¢(N) embeds in the finite direct sums
My, ®---® M), , proving that X is tight in K.

(e) = (f). Consider the module X = €, M) a direct sum of weakly tight mod-
ulesin KC. Let N be a finitely generated submodule of Ex(X) = Ex (D) Ex (M )).
By (e) the direct sum @, Ex (M) is weakly tight in K. Thus N embeds in
(@, Ex(My))®) via a monomorphism, say, ¢. Also ¢(N) is finitely generated
and thus N C E}C(M)\1> DD EIC<M)\,,,L) = iz;n E;C(M,\) for some finite
{M,s Am} C A Since My, &--- @ My, is weakly tight then N ~ Ex(N)

embeds in a direct sums of copies of (My,®--- @ M), ) and thus embeds in a

m

direct sums of X, proving that X is weakly tight in IC.
Clearly, (b) = (¢) and (d) = (e). O

The next theorem provides several characterizations of a Serre class K which
extends the main results in [24, Theorem 2.7, Corollary 2.8], [25, Theorem 1.10,
Theorem 1.11]. Consequently, we get the main result in [2, Theorem] as a corollary
to the main results of this section.

Theorem 3.2. For a Serre class IC, the following conditions are equivalent:

(a) every cyclic module in K has finite uniform dimension;

(b) every finitely generated module in KC has finite uniform dimension;

(c) every direct sum @, Ex of injectives in K is weakly injective in IC;

(d) every direct sum @, Ex of tight modules in K is tight in IC;

(e) every direct sum @, Ex of weakly tight modules in I is weakly tight in IC;

(f) every direct sum @, Ex of weakly tight modules in K is weakly N-tight IC, for
every cyclic module N in IC;

(g) every direct sum €, Ex(Py), where Py is simple in KC, is weakly N-tight in
IC, for every cyclic module N in K.

PROOF. (a) = (b). Follows by an argument similar to that in [7].

(b) = (c). Consider the module X = @, M, a direct sum of injective mod-
ules in K. Let N be a finitely generated submodule of Ex(X). By (b), N
contains as an essential submodule a finite direct sum of uniform submodules
@, Ux. Since X is essential in Ex(X), for each 4, choose 0 # z; € U; N X. Then
@i? ;R C @:ZL M,, for some \}s and @i? ;R C @, Ux <’ N. It follows
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that @.=} M, contains an K-injective hull E of @'=" z;R. Since E is injective
in K and contained in X, we may write X = F & K, for some submodule K of
X. On the other hand, let Ex(N) be an K-injective hull of N in Ex(X). Then
Ex(N) = E)C(@:j z;R = F). Since @Z? x; R is essential in Ex(N), it follows
that Ex(N)NK =0. Solet Y =Ex(N)®# K =E®K =X. Then N CY = X,
proving that X is weakly injective in /.

(¢) = (d). Consider the module X = @, M) a direct sum of tight modules
in IC. Let N be a finitely generated submodule of Ex(X). By (c¢) the direct sum
@D, Ex (M) is tight in £ and thus N embeds in @, Ex(M,) via a monomor-
phism, say, ¢. Also ¢(N) is finitely generated and thus N C Ex(My,) ® -+ @
Ex(M,,,) for some finite {A1,..., A} € A. Since My, ©---@ M), is tight then
N ~ ¢(N) embeds in My, @---@® M), and thus embeds in X, proving that X is
tight /.

(d) = (e). Consider the module X = @, M, a direct sum of weakly tight
modules in . Let N be a finitely generated submodule of Ex(X). By (d)
the direct sum @, Ex(M)) is tight in K. Thus N embeds in @, Ex(M,) via a
monomorphism, say, . Also ¢(V) is finitely generated and thus N C Ex (M, )@
- -®E(M,,,) for some finite {1, ..., A\, } € A. Since My, &---D M),

m

.. is weakly
tight then N ~ ¢(N) embeds in a finite direct sums of (M), ®--- & M, ) and

m

thus embeds in a finite direct sums of X, proving that X is weakly tight in .

Clearly, (e) = (f) = (9)-

(9) = (a). Let C be a cyclic module in K, and suppose C' is not finite di-
mensional. Then C' contains an essential submodule which is a direct sum of
infinitely many nonzero uniform submodules €@, Ux. Then Ex(C) = @, Ex(Ux)
= Ex (@, Ex(Uy)). By (9), @, Ex(Uy) is weakly C-tight. Therefore, C' is em-
beddable in (@, Exc(Ux))®). Then C is embeddable in @ Ex(Uy), for some
finite subset I' = {A1, ..., A,y } € A. Thus Ex(C) embeds in @ Ex(Uy), showing
that Uy = 0 for all A ¢ ', a contradiction. O

Combining Theorem 3.1 and Theorem 3.2 we get the following

Theorem 3.3. For a Serre class IC, the following conditions are equivalent:

(a) every cyclic module in KC has finite uniform dimension;

(b) every finitely generated module in K has finite uniform dimension;

(¢c) every direct sum @, Ex of injectives in K is weakly injective (or tight, weakly
tight, Weakly R-injective, R-tight, weakly R-tight) in K;

(d) every direct sum @, Ex of weakly injectives in K is weakly injective (or tight,
weakly tight, weakly R-injective, R-tight, weakly R-tight) in IC;
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(e) every direct sum @, My of tight modules in K is tight (or weakly tight, R-
tight, weakly R-tight) in KC;

(f) every direct sum @, My of weakly tight modules in K is weakly tight ( or
weakly R-tight) in IC;

(g) every direct sum @, Ex(Py), where Py is simple in IC, is weakly N-tight for
every cyclic module N in K;

(h) every direct sum @, Ex(P»), where Py is simple in IC, is weakly R-tight in
K.

Taking K = o[M], M-singular modules in o[M] in Theorem 3.3 we get [24,
Theorem 2.7, Corollary 2.8], [25, Theorem 1.10] as a corollary. Recall that a
module M is called q.f.d.(g.q.f.d.) if every finitely M-generated (every finitely
M-generated M-singular) module in o[M] has finite uniform dimension.

Corollary 3.4. [24, Theorem 2.7] For a module Mg, the following conditions are

equivalent:

(a) Mis q.f.d.;

(b) every direct sum @, Ex of injectives in o[M] is weakly injective (or tight,
weakly tight, weakly R-tight, R-tight, weakly R-tight) in o[M];

(c) every direct sum @, Ex of weakly injective in o[M] is weakly injective (or
tight, weakly tight, weakly R-tight, R-tight, weakly R-tight) in o[M];

(d) every direct sum of tight modules in o[M] is tight (or weakly tight, R-tight,
weakly R-tight ) in o[M];

(e) every direct sum of weakly tight modules in o[M] is weakly tight (or weakly
R-tight) in o[M];

(f) every direct sum €D, ]3;, where each Py is simple, is weakly N-tight for every
cyclic module N in o[M];

(9) every direct sum @, ]/3;, where each Py is simple, is weakly R-tight in o[M].

Corollary 3.5. [25, Theorem 1.10] For a module Mg, the following conditions

are equivalent:

(a) M is g.q.f.d.;

(b) every direct sum @, Ex of nonsingular injectives in o[M] is weakly injective
(or tight, weakly tight, weakly R-injective, R-tight, weakly R-tight) in o[M];

(¢c) every direct sum €, Ex of nonsingular weakly injective in o[M] is weakly
injective (or tight, weakly tight, weakly R-injective, R-tight, weakly R-tight)
in o[M];

(d) every direct sum of nonsingular tight modules in o[ M| is tight (or weakly tight,
R-tight, weakly R-tight) in o[M];
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(e) every direct sum of nonsingular weakly tight modules in o[M] is weakly tight
(or weakly R-tight) in o[M];

(f) every direct sum @, 1/3;, where each Py is nonsingular simple, is weakly N-
tight for every cyclic module N in o[M];

(g9) every direct sum €D, 1/3;, where each Py is nonsingular simple, is weakly R-
tight in o[M].

In case M = Rp in Corollaries 3.4, 3.5 we obtain characterizations of q.f.d.
rings that generalizes Theorem 2.6 and Corollary 2.7 in [29] and the main theorem
in [2].

Corollary 3.6. [24, Corollary 2.8] For a ring R, the following conditions are

equivalent:

(a) R is q.f.d.;

(b) every direct sum @, Ex of injectives is weakly injective (or tight, weakly
tight);

(¢c) every direct sum @, Ex of weakly injective is weakly injective (or tight, weakly
tight);

(d) every direct sum of tight modules is tight (or weakly tight);

(e) every direct sum of weakly tight module is weakly tight (or weakly R-tight);

(f) every direct sum @, E(P»), where each Py is simple, is weakly N-tight for
every cyclic module N;

(g9) every direct sum @, E(Py), where each Pyis simple, is weakly R-tight.

Corollary 3.7. [25, Theorem 1.11] For a module Mg, the following conditions

are equivalent:

(a) R is g.q.f.d.;

(b) every direct sum @, Ex of nonsingular injectives is weakly injective (or tight,
weakly tight, weakly R-injective, R-tight, weakly R-tight);

(¢c) every direct sum @, Ex of nonsingular weakly injective is weakly injective
(or tight, weakly tight, weakly R-injective, R-tight, weakly R-tight);

(d) every direct sum of nonsingular tight modules is tight (or weakly tight, R-tight,
weakly R-tight);

(e) every direct sum of nonsingular weakly tight modules is weakly tight (or weakly
R-tight);

(f) every direct sum @, E(Py), where each Py is nonsingular simple, is weakly
N-tight for every cyclic module N;

(g9) every direct sum @, E(Py), where each Pyis nonsingular simple, is weakly
R-tight.
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A class K is called q. f.d. if every cyclic module in K has finite uniform dimension
or equivalently if it satisfies any of the equivalent conditions in Theorem 3.3.

Theorem 3.8. A ¢.f.d. Serre class K is weakly semisimple (weakly R-semisimple)
iff every uniform cyclic in KC is weakly injective or tight, or weakly tight (resp.,
weakly R-injective, or R-tight, or weakly R-tight) in IC.

PROOF. Since K is q.f.d. it follows that any X in X contains as an essential
submodule a finite direct sums of cyclic uniforms and thus weakly injective (resp.,
tight, or weakly tight, weakly R-injective, R-tight, weakly R-tight) submodules
and thus the sum is weakly injective (resp., tight, or weakly tight, weakly R-
injective, R-tight, weakly R-tight). By Lemma 2.6, it follows that X is weakly
injective (resp., tight, or weakly tight, weakly R-injective, R-tight, weakly R-
tight) in X, proving that K is weakly semisimple (resp., weakly R-semisimple).
The converse is trivial. g

A module X in K is called compressible (resp., R-compressible) if it is embed-
dable in its essential (cyclic essential) submodules. A module X in K is called
strongly compressible (resp., strongly R-compressible) if for essential (cyclic es-
sential) submodule N of X there exists Y C Ex(X) such that X CY ~ N.

Lemma 3.9. Let K be a Serre class. Then every (uniform)cyclic in K is weakly
injective (or tight, or weakly tight) (resp., weakly R-injective or R-tight, weakly
R-tight) in K iff every (uniform) cyclic is compressible (R-compressible).

PRrROOF. Let X be a uniform cyclic module and let NV be an essential submodule
of X. By weak tightness of X, it follows that X is embeddable in N, proving
that X is compressible. Conversely, assume X is a uniform cyclic and thus a
compressible module. Let 2R be a cyclic submodule of Ex(X). Since ztRN X
is an essential submodule of xR, xR embeds in xR N X, and thus embeds in
X, proving that X is tight and thus by Lemma 2.6 it is weakly injective in .
Similarly for the other case. O

Lemma 3.10. Let K be a Serre class, and let X € K be finite dimensional. Then
X is compressible iff X is strongly compressible.

PROOF. Let X be compressible and let N be an essential submodule of X. Then
X embeds in N via, say, ¢. Thus ¢ is extended by ¢ : Ex(N) — Ex(X). Since
X is finite dimensional, ¢ is an isomorphism. Let Y = ~!(X) C Ex(N). Then
X CY ~ N, proving that X is strongly compressible. g

Theorem 3.11. For a Serre class IC, the following conditions are equivalent:
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(a) K is weakly semisimple;

(b) K is q.f.d. and every finitely generated module in K is weakly injective (tight,
weakly tight) in KC;

(c) K is q.f.d. and every cyclic module in K is weakly injective (tight, weakly
tight) in KC;

(d) K is q.f.d. and every uniform cyclic module in K is weakly injective (tight,
weakly tight) in IC;

(e) K is q.f.d. and every uniform cyclic module in K is compressible;

(f) K is q.f.d. and every uniform finitely generated module in K is compressible;

(9) K is q.f.d. and every uniform finitely generated module in K is strongly com-
pressible;

(h) K is q.f.d. and every finitely generated module in K is strongly compressible.

PROOF. (a) = (b). Follows from Theorem 3.3.

Clearly, (b) = (¢) = (d), and (f) = (e), (d) < (e) by Lemma 3.9

(d) = (f). Let N be a finitely generated module in I and let K C’ N. Since
K is q.f.d., N has finite uniform dimension. Thus there exists cyclic uniform
submodules U;,i = 1,...,n, of N such that ®:=1U; C’ K C N. Since each U; is
uniform it follows that each U; is weakly injective in K and thus &!=7U; is weakly
injective in K. Lemma 2.6 implies that K is weakly injective in K and thus N
embeds in K, proving that N is compressible.

(d) = (a). Follows from Theorem 3.8. O

As a consequence of Theorem 3.11 we get Theorem 3.1 in [8].
In case L = R we obtain characterizations of weakly semisimple rings that
generalizes those known results.

Corollary 3.12. For a ring R, the following conditions are equivalent:

(a) R is weakly semisimple;

(b) Ris q.f.d. and every finitely generated module is weakly injective (tight, weakly
tight);

(c) R is q.f.d. and every cyclic module in is weakly injective (tight, weakly tight);

(d) R is q.f.d. and every uniform cyclic module in is weakly injective (tight,
weakly tight);

(e) R is q.f.d. and every uniform cyclic module is compressible;

(f) R is q.f.d. and every uniform finitely generated module is compressible;

(9) R is q.f.d. and every uniform finitely generated module is strongly compress-
ible;

(h) R is q.f.d. and every finitely generated module is strongly compressible.
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Following similar arguments as in Theorem 3.11, we get

Theorem 3.13. For a Serre class IC, the following conditions are equivalent:

(a) K is weakly R-semisimple;

(b) K is g.f.d. and every finitely generated module in K is weakly R-injective
(R-tight, weakly R-tight) in K;

(c) K is q.f.d. and every cyclic module in K is weakly R-injective (R-tight, weakly
R-tight) in K;

(d) K is q.f.d. and every uniform cyclic module in K is weakly R-injective (R-
tight, weakly R-tight) in IC;

(e) K is q.f.d. and every uniform cyclic module in K is R-compressible;

(f) K is q.f.d. and every uniform finitely generated module in K is R-compressible;

(9) K is q.f.d. and every uniform finitely generated module in K is strongly R-
compressible;

(h) K is q.f.d. and every finitely generated module in K is strongly R-compressible.

In case K = R we obtain characterizations of weakly R-semisimple rings that
generalizes those known results.

Corollary 3.14. For a ring R, the following conditions are equivalent:

(a) R is weakly R-semisimple;

(b) R is q.f.d. and every finitely generated module is weakly R-injective (R-tight,
weakly R-tight);

(c) R is q.f.d. and every cyclic module is weakly R-injective (R-tight, weakly
R-tight);

(d) R is q.f.d. and every uniform cyclic module is weakly R-injective (R-tight,
weakly R-tight);

(e) R is q.f.d. and every uniform cyclic module is R-compressible;

(f) R is q.f.d. and every uniform finitely generated module is R-compressible;

(9) Ris q.f.d. and every uniform finitely generated module is strongly R-compress-
ible;

(h) R is q.f.d. and every finitely generated module is strongly R-compressible.
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