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Various formulations of pseudo second-order rate equations have been widely used in elucidating the rate
constants of a wide variety of sorption systems. In this paper, it is shown that a new formulation can be
obtained by making use of the mass balance equation of a single stage batch-type system. Two linear forms
of the equation were then used to analyze different sets of kinetic data. It is shown that the adequacy of
kinetic models should not be linked solely to linear correlation coefficients.

© 2014 Elsevier Ltd. All rights reserved.

Introduction

The obtained rate constants in sorption studies are usually phe-
nomenological, i.e. they are ‘observed’ values that depend on the set
of experimental parameters like initial concentration, volume of solu-
tion, mass of sorbent, pH and others. The kinetic aspect of the sorption
process is usually tested using various formulations of first and sec-
ond rate equations. In most cases, the pseudo first-order analysis of
sorption data is carried out using Lagergren’s equation. On the other
hand, pseudo second-order analysis can be performed using several
formulations that have been developed over the past decades. Four of
these formulations, which include Sobkowsk and Czerwinski, Ritchie,
Blanachard et al., and Ho equations were revised and discussed by
Kumar and Sivanesan [1]. Among these four formulations, Ho’s equa-
tion [2,3] has been intensively used during the last decade to test for
the correlation of the sorption data for pseudo second order kinetic
mechanisms. Furthermore, in our recent publications other formula-
tions of the pseudo first-order and second-order rate equations have
been used to analyze the sorption data on nano iron based materials
[4,5]. The corresponding two equations were formulated by consid-
ering the driving force of solute removal to be proportional to the
difference between its concentration at any time prior to equilibrium
and its concentration at equilibrium.

In this paper, it is shown that a pseudo second-order formulation
can be obtained by integrating the mass balance equation into the
related rate derivative. Three sets of kinetic data were subsequently
analyzed to test the new formulation.
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Derivation and discussion

In a batch system, as defined by Morel and Hering [6], the sorption
reaction can be simply represented as:

Ciaq) = Qs (1)

where C(,q) stands for the solute concentration in solution (mg L1
and Q) (mg g~ 1) stands for the adsorbed solute concentration. In this
equation, the role of sorption sites as a reactant is ignored, so that the
given reaction becomes a special case of a more general reaction:

Cag)+5 — Qs (2)

Here s represents the sorption sites. In this way, sorption is opera-
tionally considered to take place on the surface, whether the surface
is external or internal. This is in line with the nature of sorption as a
two dimensional interaction, although it can be tricky from a kinetic
perspective, as the accessibility to surface sites is usually easier than
that to internal sites due to diffusion barriers. In the reaction as writ-
ten, the sorption sites are presumed to be of equivalent energy and
negligible forces of interaction with each other. Including the sorp-
tion sites as a reactant is particularly important at higher loadings be-
cause they can affect the sorption process both thermodynamically
and kinetically. Thermodynamically, for a sorbent surface possess-
ing a certain sorption capacity, the energy barrier against sorption is
usually expected to increase as loading is increased, the thing that
affects the driving force of sorption. Kinetically, at lower loadings the
rate of sorption is normally determined by the sorbate concentration
in solution, but with increased loading, the rate of uptake becomes
increasingly controlled by the availability of the sorption sites.

In his derivation of pseudo first and second order rate equation
based on a surface coverage approach, Azizian [7], showed that the
first order rate equation is associated with high initial solute concen-
tration, while the second order rate equation is associated with low
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Table 1
Results of kinetic analysis performed using Eq. (9) for different sorption systems.

Sorption system Slope Intercept R? ko(L mg~! min~') Qmexp.(mgg!) Qmmodel (mg g~!)
Co%* jons and 0.03953 0.05688 0.9995 0.00695 80.0 253
nZVI/bentonite
Methyl orange and 0.02043 0.6159 0.9973 0.00066 50.0 49.0
nano iron
Methylene blue and 0.05488 0.14307 0.9998 0.00384 20.0 18.2
zeolite
Table 2

Values of Q obtained from experiment, values of Q predicted by Eq. (9), and the Chi-test values for the three sorption systems.

Time (min) Qexp(mg g71 ) Qmodel(mg g71 ) (Qexp - Qmodel )Z/Qmode]
Co-nZVI/bentonite
1 16.0 104 3.057085
5 215 19.6 0.176855
10 224 221 0.003786
30 23.1 24.1 0.040405
60 243 24.7 0.006405
120 25.2 25.0 0.001163
240 25.8 25.1 0.015235
480 24.0 25.2 0.054603
960 243 253 0.03301
1440 24.5 253 0.023149
x? 3.411696
MO-nano iron
5 7.7 6.9 0.092995
30 222 244 0.190564
60 33.0 325 0.005943
120 39.7 39.1 0.010406
210 42.7 42.8 0.000334
300 439 44.5 0.007624
360 44.2 45.1 0.018221
x2 0.326088
MB-zeolite
5 14.0 12.0 0.340501
10 15.5 14.5 0.075466
30 16.4 16.8 0.007935
60 17.3 17.5 0.001505
120 17.6 17.8 0.003044
240 18.1 18.0 0.000317
420 17.8 18.1 0.00523
960 18.0 18.2 0.001604
1440 18.4 18.2 0.002492
x? 0.438093
Table 3

Results of kinetic analysis performed using Eq. (11) for the sorption systems of MO-nano iron and MB-zeolite.

Sorption system Slope Intercept R? ky(Lmg~" min—1) Qmexp.(mgg") Qmmodel(mg g~')
Methyl orange and 0.5375 0.02237 0.9952 0.00083 50.0 44.7

nano iron

Methylene blue and 0.0729 0.05708 0.9694 0.00783 200 17.5

zeolite

solute concentrations. For the sake of derivation in this work, Azizian
result could justify assuming that the concentration of the solute is
much smaller than the concentration of the sorption sites such that
the latter is assumed to be almost constant, and the observed rate
constant can then be taken equivalent to k[s]. Under this pseudo con-
dition Eq. (1) becomes justified, and can form a basis for the derivation
of a pseudo second order rate equation.

In light of the above, the rate of removal of the solute from solution
can be represented by pseudo second order rate kinetics as:

dc
T kyC2 (3)

Here k;, represents the ‘observed’ rate constant for the reaction. Inte-
grating Eq. (3) using the boundary conditions: C=Cpatt=0,and C=C

at t = t gives the well known second order integrated rate equation:

1 1

— — — =kt 4
cT R (4)
A single-stage batch operation of sorption and the associated typical
mass balance curve are represented in Fig. 1. The concentration of
the solute in solution is related to that on the solid phase by the well
known equation:

m(Q—Qo)=(Co-C)V (5)

Co stands for the initial solute concentration in solution (mg L~1),
Qo is the initial solute concentration on the solid (mg g~1), m is the
mass of the sorbent (g), and V is the solution volume (L). If none of
the particular sorbate species is initially present on the solid then Qg
can be eliminated, and the above rate equation might be rewritten in
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Table 4

Values of Q obtained from experiment, values of Q predicted by Eq. (11), and the Chi-test values for the sorption systems of MO-nano iron and MB-zeolite.

Time (min) Qep(mg g 1) Quodel(Mg g1) (Qexp — Qmocer)*/ Qmocer
MO-nano iron
5 7.7 7.7 0.000000
30 222 24.8 0.276164
60 33.0 319 0.034515
120 39.7 37.2 0.164984
210 427 40.1 0.161973
300 439 414 0.150180
360 442 419 0.130729
X2 0.918545
MB-zeolite
5 14.0 13.9 0.000263
10 15.5 155 0.000000
30 16.4 16.8 0.008850
60 17.3 17.1 0.001584
120 17.6 17.3 0.004667
240 18.1 17.4 0.027560
420 17.8 17.4 0.007144
960 18.0 17.5 0.015666
1440 18.4 17.5 0.047937
X2 0.113671
terms of Q and Cy as:
: Q 0‘1 M, Q 0
—— — — =t (6)
CO — Q (m/v) CO
This equation can be rearranged to yield: Vv, C,
m Ckat o — =
V= Cokt+1 Batch Sorption Stage v,C
Noticing that multiplying V/m with C, yields the amount of solute =>
that would be sorbed if the sorption reaction goes to completion and
denoting this value by Qn, the above equation can then be rearranged
to give:
Cokyt
_ Qm 02 (8) M, Q
Cokzt +1
This equation can be linearized in the following form:
t 1 1 (a)
t 9)

Q~ QuCok: ~ Qm
With this formulation, plotting t/Q vs. t should yield a linear plot
with the rate constant being obtained from the intercept. Notice that
the unit of ky will depend on the unit of concentration. Hence the
unit of k, will be L min—! mg if the concentration is expressed in
terms of mg L~!, and L min~! mol if the concentration unit is mol L1,
It is notable that Egs. (8) and (9) look similar to the corresponding
equations suggested by Ho, which are given by [2,3]:

Qe ot 11,
T Qekot+1 Q  Q%k Qe

However the differences between the two equations include the in-
terpretation of Qn (vs. Qe), the unit of k, and its method of determi-
nation.

In order to illustrate the applicability of Eq. (9), sorption data ob-
tained from different sorption systems were used. These include data
corresponding to sorption of Co?* on a composite of nano iron and
bentonite [4], sorption of methyl orange on ‘greener’ nano iron [5],
and sorption of methylene blue on clinoptilolite (unpublished data).
The obtained results of ky, Qp in addition to the linear correlation
coefficients are given in Table 1, and the corresponding linear fits are
shown in Figs. 2(a), 3(a), and 4(a).

It is necessary to note that the data used in the plots correspond
to the pre-equilibrium stage of sorption, as kinetic analysis pertains
fundamentally to variation of concentration with time, which occurs
during the initial period of the experiment. The linear correlation co-
efficients, provided in Table 1, indicate excellent correlation between

/

Equilibrium Partitioning Curve

Operational Path

c € C

(b)

Fig. 1. (a)Atypical schematic representation of inlet and outlet sorbate concentrations
in a single stage batch sorption unit. Co and Qg are the initial sorbate concentrations,
Cand Q are the sorbate concentrations at equilibrium, V is the volume of the solution,
and M is the mass of the sorbent. (b) A typical isotherm and an operational path in a
single stage batch sorption operation. The slope of the operational line stands for the
(=V/M) ratio.
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Fig. 2. (a) Linear plot of Co-nZVI/bentonite sorption data obtained using Eq. (9) and
(b) comparison of the experimental values of Q with the Q values predicted by Eq. (9).

the sorption data and Eq. (9) in all cases. However, linear correlation
by itself might be misleading in certain cases. Hence, in order to check
this result, the obtained values of k; and Qn, were inserted in Eq. (8)
which was in turn used to obtain the model prediction. Figs. 2(b),
3(b), and 4(b) show a comparison of the experimental data and data
predicted using Eq. (8). According to the results, the best correlation
is obtained for MO sorption on nano iron, and the worst is seen in the
case of Co?* sorption on nZVI-bentonite composite. On the overall,
although very close results are obtained in MO sorption case, the fig-
ures do not display the outstanding correlation reflected by the linear
plots and linear correlation coefficients, in particular, during the early
stages of sorption.

As another means of checking the results, the experimental and
model values of Q, were compared, as provided in Table 1. The ex-
perimental value of Qn, is defined by CoV/m, and any convenient fit
should provide a Qp, value with little departure from its experimental
value. The results show close values in the cases of MO sorption on
nano iron, and MB sorption on zeolite. However, a large difference
is seen in the case of Co?* sorption on nZVI-bentonite composite.
The Qn check confirms that Eq. (9) is appropriate for correlating the
sorption data of MO and MB. The Co?* data, however, could not be
accounted for although its correlation is high and shows nice linear
fit.
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Fig. 3. (a) Linear plot of MO-nano iron sorption data obtained using Eq. (9) and (b)
comparison of the experimental values of Q with Q values predicted by Eq. (9).

For further assessment of the difference between experimental
values and predicted values, Chi-square values were calculated using
the equation [3]:

2 _ - (Qexp - Qmodel)2 10
X 21: Qmodel ( )

The smaller the value of x?2 the smaller is the difference between
experimental and predicted values. As reflected by the values given
in Table 2, except for Co2+ sorption case, the values of x 2 are less than
1.0 indicating very small discrepancies. This confirms the adequacy of
Eqg. (9) to MO and MB sorption data, but raises further concern about
the adequacy of the same equation to describing the sorption data of
Co?+ in spite of the high correlation coefficient of the linear fit.

Given the discrepancy in the data of Co?*, Eq. (8) was linearized in
another form and used to test the sorption data of the three systems.
The new linear form is expressed as:

1 1 1 1

- l 11
Q Qm QmCOkZ <t) ( )
Plotting 1/Q vs. 1/t should yield a linear plot, with Qn, being again an
adjustable parameter. It is evident from the linear regression plots in
Fig. 5 that, unlike MO and MB sorption data, the data of Co?* does
not yield a linear plot. This is confusing at the first glance as both of
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Fig. 4. (a) Linear plot of MB-zeolite sorption data obtained using Eq. (9) and (b) com-
parison of the experimental values of Q with Q values predicted by Eq. (9).

Q, mg/g

—m— Experimental
—— Model Prediction

Eqgs. (9) and (11) originate from the same equation. After trying many
sets of kinetic data, the most probable explanation for the confusion
seems to stem from errors due to linearization. Such errors have been
reported to accompany different linear forms of Langmuir isotherm
[8,9]. In Eq. (9), the existence of the variable t in both the x- and
y-coordinates seems to falsely contribute to the linearization of the
plot even if the x and y data are not changing linearly. The regression
results provided in Tables 2 and 4 show that the model predictions
of MO and MB regression came out to be close regardless of whether
Eq. (9) or Eq. (11) is used. Notice that the data of Co2* sorption are
not included in Tables 3 and 4 as it was decided based on Fig. 5(a)
that the pseudo second equation derived in this study does not apply
properly to Co%+ case.

From the above discussion it is evident that Eq. (11) gave better
results than Eq. (9). For more convenient results, nonlinear forms
should be preferred. If linear forms are to be used, the results should
be checked and verified by model predictions.

Conclusions

A pseudo second order equation can be obtained by combining
the mass balance equation with second order rate derivative. When
testing for the correlation of the sorption data with the equation, the
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Fig. 5. Linear plot of obtained using Eq. (11) for the sorption system of (a) Co-nZVI/
bentonite, (b) MO-nano iron, and (c) MB-zeolite.

adequacy of the equation should not be linked solely to the linear
correlation coefficient. This is because linearizing non-linear equa-
tions generate/create errors as evidenced by plotting t/Q vs t. Model
prediction check, such as Chi-test are useful in verifying the results.
On the overall, it is more convenient to apply Eq. (11) to the tested
kinetic data.
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