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Abstract: The distributions of fragments produced by microcanonical multifragmentation of hot nuclei 
are compared with the cluster distributions predicted by a bond percolation model on a finite lattice. 
The conditional moments of these distributions are used together with the correlations between the 
largest three fragments in each event. Whereas percolation and statistical nuclear fragmentation 
agree in many details as in the usual plots of the averaged moments of the fragment distributions 
which yield the critical exponents, they turn out to be essentially different when less averaged 
quantities or correlations are considered. The differences between the predictions of the two models 
are mainly due to the particularities of the nuclear problem, especially the effect of the long-range 
Coulomb force which favours the break-up of the highly excited nucleus into two large fragments 
(pseudo-fission) and, to a somewhat lesser extent, enhances the possibility for the cracking of the 
nucleus into more than two large fragments. The fission events are, however, clearly separated from 
a second branch of critical correlations which shows up clearly in both nuclear fragmentation and 
percolation. We think that this critical correlation branch is due to the liquid-gas phase transition 
in finite nuclei. 

1. Introduction 

T h e  b r e a k - u p  o f  v e r y  h o t  nuc le i  is p r e s e n t l y  o n e  o f  the  m o s t  i n t e r e s t i n g  a reas  o f  

r e s e a r c h  in n u c l e a r  phys ics .  T h e s e  h i g h l y  e x c i t e d  p i eces  o f  n u c l e a r  m a t t e r  can  be  

p r o d u c e d  in m e d i u m  a n d  h i g h  e n e r g y  h e a v y - i o n  co l l i s i ons  a n d  in h i g h - e n e r g y  

p r o t o n - i n d u c e d  r eac t i ons .  S u c h  even t s  a re  c h a r a c t e r i z e d ,  e s p e c i a l l y  in the  m o r e  

v i o l e n t  co l l i s ions ,  by  the  p r o d u c t i o n  o f  a la rge  n u m b e r  o f  f r a g m e n t s  w h i c h  are  

t h o u g h t  to  resu l t  f r o m  the  d i s a s s e m b l y  o f  t he  h o t  nuc le i  p r o d u c e d  in t he  co l l i s ion .  

S e v e r a l  a p p r o a c h e s  h a v e  b e e n  u t i l i zed  to  s t udy  the  d i s a s s e m b l y  o f  such  h o t  nuc le i :  

(i) T h e  s ta t i s t ica l  d e c a y  o f  e q u i l i b r a t e d  v e r y  h o t  nuc l e i  w h i c h  s tar ts  f r o m  the  

s ta t i s t ica l  m e c h a n i c a l  a s s u m p t i o n  tha t  the  p h a s e  s p a c e  a v a i l a b l e  to t he  h o t  n u c l e u s  

is p o p u l a t e d  u n i f o r m l y .  T h e r e  h a v e  b e e n  seve ra l  c a l c u l a t i o n s  a l o n g  this  l ine  ~-3) in 
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a canonical as well as a microcanonical  ensemble. However,  by assuming equilibra- 
tion, these models cannot  provide any information about the dynamics of  the 
fragment formation process. The occurrence of  a phase transition in these statistical 
models has been observed and discussed by Gross and coworkers (see also ref. 4)) 
and Bondorf  and his coworkers (see also ref. 5)). 

(ii) Various models of  l iquid-gas transitions that see the break-up of  the hot 
nucleus as a reflection of a liquid-gas transition near the critical temperature Tc of 
nuclear mat t e r  6,7). The occurrence of the l iquid-gas transition in nuclear matter 
and the associated phase instabilities that may be reflected in nuclear fragmentation 
have been discussed by many authors 8-14). Theoretical studies indicate that infinite 
nuclear matter  behaves like a Van der Waals gas with a critical temperature of  
15-20 MeV [refs. 8.12)]. For temperatures T < Tc an infinite cluster (liquid) coexists 

with its vapor  whereas above Tc only small clusters and single particles can exist. 
However,  finite size and Coulomb effects may modify this transition drastically 15-17). 

(iii) Percolation models have also been used to describe nuclear 
fragmentation ls-2o). The picture of  the nucleus in this approach is that of  a single 

connected cluster of  nucleons. During the collision bonds between these nucleons 
may be broken and the nucleons that remain bonded together in a finite nuclear 
volume form clusters that correspond to the observed fragmentation products. The 
problem is then analogous to that of  bond percolation on a finite lattice where all 
the lattice sites are occupied and the probabili ty of  having a bond between two 
neighboring sites is denoted as p. I f  p is greater than a critical value Pc it is found 
that there is one big cluster that percolates through the whole lattice, while for p < Pc 
only small clusters can exist. This approach is interesting for several reasons. For 
one, percolation is an especially simple model for phase transitions, depending only 
on local geometry, so that deviations of  the nuclear system from the percolation 
predictions can be seen to reflect the importance of the long-range Coulomb force. 
Moreover,  percolation provides a useful method to study the fragment distributions 
namely, to calculate the conditional moments  of  the fragment distribution for each 
event. These moments  have been used to investigate the percolation phase transition 
and to elucidate the critical exponents that characterize its critical point. The 
calculation of  these moments  allows for a comparison between the percolation 

transition and any phase transition that may occur in hot nuclei. This is quite useful 
since nuclei as a result of  the Coulomb force are always finite so that there exists 
no thermodynamic  limit for the nuclear system and the nature of  a phase transition 
in such a system cannot be directly explored in contrast to percolation where the 
transition towards the infinite system can be easily performed. Campi 20) has sug- 
gested an interesting approach in this regard namely, to compare nuclear data with 
results of  percolation on finite lattices of  a similar size. This method is expected to 
deal, at least partially, with the problem of the finite size of  nuclear systems. 

Here it must be noted that the percolation model used in the present paper  has 
no isospin degrees of  freedom since we are not interested in the isotopic distribution 
of  the fragments and since including such degrees of  freedom may be an unwarranted 
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complication of the percolation model for the purposes of  the present work. It must 
be mentioned though that the inclusion of such degrees of  freedom in the percolation 
model can and has been done 21). 

2. Calculations and results 

The normalized kth moment  of  the fragment  size distribution of a single event 
is defined as 2o) 

S~ =Z m(s)s~/Z m(s)s (1) 

where m(s) is the multiplicity of the fragments of  size s and the summation runs 
over all fragments except the heaviest one sin1 which is considered to be the equivalent 
of  the infinite percolation cluster that exists for infinite systems above the percolation 
threshold. These moments  are to be calculated for each event separately. Campi  20,22) 
has compared  plots of  averaged moment  distributions for percolation on cubic 63 
and 53 lattices with similar plots for the charge moment  distributions of  fragments 
of  367 experimental  events obtained from the break-up of high-energy gold nuclei 
(Z  = 79) impinging on emulsion 23). This data is inclusive data since no attention 

is given to the amount  of  energy deposited in the gold nucleus. He tried to elucidate 
from these moment  distributions the critical exponents of  the phase transitions that 
occur in these systems and came to the conclusion that the nuclei break up like 

finite systems that show a phase transition in the thermodynamic limit hut was not 
able to determine the nature of  the phase transition for the nuclear case although 
the critical exponents obtained were close to those that occur in l iquid-gas and 
percolation phase transitions. Better data with much more statistics is however 
needed for a definite classification of the phase transition. 

We have calculated the distributions of  the averaged moments  also within the 
statistical model of microcanonical  nuclear fragmentation. There is a remarkable 
similarity in the various correlations for the averaged moments  between percolation 
and nuclear fragmentation as has already been observed in earlier calculations 20,24). 
Certainly this indicates a high degree of similarity in the critical behaviour of  both 
systems. However,  if one is interested in the effects of  the different natures of  the 
forces in the two models (local order between nearest neighbours as opposed to 
long-range Coulomb forces) then the details of  the distributions of  these moments  
provide the answer as they contain a wealth of  information especially if these 
moments  are not averaged in any way. In the absence of experimental data with 
sufficient statistics the present work is mainly devoted to comparing the event 
moment  distributions for percolation and for microcanonical nuclear frag- 
mentat ion 2). 

Fig. 1 is a log-log plot of  the largest fragment  charge Z,,t in each event versus 
the corresponding second moment  $2 of the event for the fragment charge distribu- 
tions of  gold nuclei obtained in a microcanonical  Metropolis sampling calculation 
that includes sequential proton evaporation 2s) and has an excitation energy distribu- 
tion that simulates experimental  proton-nucleus data 23). Fig. 2 is a similar plot of 
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the largest fragment S,,l versus $2 for percolation on a cubic 43 lattice. The sizes of  
the two systems are slightly different (64 percolation sites as compared to Z = 79 
for gold nuclei) and this accounts for some of the differences between the two plots 
like the largest value for Z,,1 (or s,,~). Both plots have similar features namely, they 
consist of  two branches: the upper  branch with high values for Zml (or Sml) 
corresponds, in the nuclear case, to T < Tc and, in the percolation case, to p > Pc; 
while the lower branch corresponds to T > Tc and p < Pc, respectively. The different 
colors used in these and the following figures reflect the division of  the various 
events into 4 different types depending on the number  n of  fragments in the event 
with charge (or size) greater than or equal to a certain threshold value, Z th  (or sth) 

here taken to be 5. Each event is classified a pseudo-evaporat ion,  a pseudo-fission, 
a cracking or a vaporization event if n = 1, n = 2, n > 2 or n = 0, respectively 26). 

There is a difference, however, in the details of  the structure of  the moment  
distributions predicted by percolation and microcanonical nuclear multifragmenta- 
tion as can be seen by examining figs. 1 and 2. In particular in the nuclear case 
there is an additional concentration of events that are marked by large values for 
both Z,,~ and $2. These are pseudo-fission events in which two large fragments are 
produced as can be seen from the colored plots and they reflect a specific feature 
of  the nuclear case namely, the existence of  the long-range Coulomb force whereas 
percolation is governed by local geometrical properties. 

It must be stressed that these fission events are not cold-fission events since the 
energy deposited in the nucleus in such events is at least 200 MeV and can be as 
high as 800 MeV. This is also verified by considering the charged-fragment multi- 

plicity which is found for the events with lowest energy to be 6.1 on the average 
(in addition to 4.6 neutrons) and increases to 21.2 charged fragments (and 14.1 
neutrons) for an excitation energy of 800 MeV. I f  these fission events are excluded 
from fig. 1 then the upper  and lower branches in nuclear fragmentation are very 
similar to the corresponding branches in percolation indicating that these branches 
represent the respective phase transitions (the liquid-gas transition in the nuclear 
case versus the percolation phase transition). It is from the slopes of  these branches 
that the critical exponents of  the phase transitions must be evaluated. Averaging 
over events with the same value of Z,,~ as has been done in refs. 20.24) would mix 

the fission events with the upper-branch events. 
Furthermore the details of  the upper  and lower branches seem to be different in 

figs. 1 and 2 with the peaks occuring at different places and the percolation lower 
branch extending all the way down to the origin. This difference is, however, not 
very serious and is mainly due to the uniform probabili ty distribution used in the 
percolation calculations. To test how much the results depend on the probability 
distribution, we have carried out several percolation calculations with various 
differently-weighted probabili ty distributions and found that, whereas the details 
of  the two branches depend on the distribution being used and can be made to look 
more similar to the corresponding branches in the nuclear case, their slopes, which 
yield the critical exponents,  are always independent  of  the distribution. 
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In fig. 3 the logarithm of  the product of  the two largest charges is plotted versus 
the logarithm of the corresponding second moment SI, which is obtained by 
excluding the largest two charges from the summations in 
eq. (1). Fig. 4 is a similar plot for the heaviest two fragments in percolation. An 
interesting feature of such a plot is that the fission events are cleanly separated from 
the other types of  events. It is clear that the fission peak that appears prominently 
in the nuclear case is completely absent in the percolation case. The separation of  
the events into four types depends on the threshold charge (or size) used and the 
appearance of  well-separated peaks for fission and evaporation in fig. 3 indicates 
that this separation is more or less independent of the threshold size. The situation 
is different however for the lower ridge (which is the equivalent of the lower branch 
in figs. 1 and 2) where a gradual transition from one type to another indicates a 
certain sensitivity to the threshold size used. For a threshold size of 12 the lower 
ridge consists almost entirely of vaporization events. 

The differences between the predictions of percolation and nuclear multifrag- 
mentation also appear in a triangular plot of  the correlations between the largest 
three fragments in each event. These are shown in figs. 5 and 6 where only events 
with at least one fragment with charge (size) greater than or equal to the threshold 
value Zth (or sth) are included, that is vaporization events are excluded. In the upper 
corner of the triangle there is a concentration of evaporation events in which the 
largest fragment is much larger than the two next largest fragments while in the 
lower righthand corner there is a clustering of  cracking events in which the three 
fragments are all of  comparable size and all greater than Zth (or Sth) together with 
pseudo-fission and pseudo-evaporation events in which the three largest fragments 
are close to the threshold value. In the right-angled corner one finds the fission 
events in which the largest two fragments are of comparable size and much larger 
than the third one  Zrn 3 (or  Srn3). The hypotenuse of  the triangle corresponds to 
events in which the second and third fragments are equal. 

For the evaporation events both models seem to give almost similar distributions 
although a careful examination of the details of  the evaporation peak in the upper 
corner shows some noticeable differences. Moreover, percolation appears to produce 
much less cracking events than the nuclear multifragmentation model, as can be 
seen by examining the lower right-hand corner, and the fission peak is completely 
absent in percolation. 

It is also of  interest to compare these triangular plots with a similar plot, fig. 7, 
for the available experimental data 23,27). Keeping in mind the difference in statistics, 
only 367 experimental events as compared with several million events for the 
theoretically-generated plots, it is nevertheless obvious that the experimental points 
have a much better correlation with the nuclear multifragmentation model than with 
percolation. In particular percolation predicts very few events in a wide area around 
the right-angled corner of  the triangle which is contradicted by both the data and 
the results of  the nuclear multifragmentation model as can be seen by comparing 
figs. 5 and 7, where a close similarity exists between the two plots in this particular 
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Fig. 1. The logarithm of the largest fragment charge Z,,,~ produced per event as a function of the logarithm 
of the corresponding second moment $2 for the microcanonical multifragmentation of hot 197AH nuclei. 
The plot represents 107 such events and the size of the character plotted at each point is proportional 
to the number of events belonging to that point. To enhance the details of the plot, the intensity maximum 
which occurs at the upper most left point of the plot has been suppressed by a factor of 32. The different 
colours reflect the division of the events into four types as explained in the text, with black, red, green, 
and blue representing pseudo-evaporation, pseudo-fission, cracking and vaporization events, respectively. 

Fig. 2. The same as fig. 1 but for 2 million events of bond percolation on a cubic 43 lattice with uniformly 
distributed values of the bond probability 0 < p < 1. Here s,,,t is the largest percolation cluster per event. 
Because percolation for high values of p tends to produce single clusters that span the whole lattice, 
only about 1.4 million events are actually included since at least two clusters must be produced in an 
event in order to generate a point in this plot. This situation does not arise in the nuclear case (fig. 1). 
To enhance the details of the plot the intensity maximum which occurs at the uppermost left point of 
the plot has been suppressed by a factor of 64. Otherwise the intensities and colours have the same 

meaning as in fig. 1. 

Fig. 3. The logarithm of the product of the largest two fragment charges Z,,,~Z,,,2 produced per event 
as a function of the logarithm of the corresponding second moment S~, of the event for the microcanonical 
multifragmentation of hot 197Au nuclei. The plot represents the same events as in fig. 1. The intensity 
maximum has been suppressed by a factor of 16. Otherwise the intensities and colours have the same 

meaning as in fig. 1. 

Fig. 4. The logarithm of the product of the largest two fragments s,,,as,,,2 produced per event as a function 
of the logarithm of the corresponding second moment S" of the event for percolation events on a cubic 
43 lattice with uniformly distributed values 0 < p < 1. The events used to generate this plot are the same 
as those that are used in fig. 2 but, since at least three fragments must be produced in each event used 
for this plot, only about 1.2 million events are actually plotted. The intensity maximum has been suppressed 

by a factor of 32. Otherwise the intensities and colours have the same meaning as in fig. 1. 

Fig. 5. Triangular plot of the correlations of the largest three fragment charges in each event in the 
microcanonical multifragmentation of a hot 197Au nucleus. The difference between the largest two charges 
is plotted versus the third charge. Each charge is normalized by dividing it by the sum of the three 
charges in the event Z y = Z . , l + Z . , 2 + Z . ,  3. The plot represents the same events as in figs. 1 and 2 but 
the vaporization events have been excluded. The intensity maximum has been suppressed by a factor of 

16. Otherwise the intensities and colours have the same meaning as in fig. 1. 

Fig. 6. Triangular plot of the correlations of the largest three fragments in each event for percolation 
on a cubic 43 lattice with uniformly distributed values 0 < p < 1. The events used to generate this plot 
are the same as those that are used in Figures 2 and 4 but the vaporization events have been excluded. 
The difference between the largest two fragments is plotted versus the third fragment. Each fragment is 
normalized by dividing it by the sum of the three fragments in the event s x - s,,,~ + s,,,2 + s,,,3. The intensity 
maximum has been suppressed by a factor of 16. Otherwise the intensities and colours have the same 

meaning as in fig. 1. 
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corner. Moreover, a careful examination of  the evaporation peak shows that even 
its details are similar in these two figures and different from those predicted by 
percolation, see fig. 6. In addition to the triangular plots, it is also possible to make 
other types of  plots (In Zml versus In $2 and In (Zm,Zm2) versus In S~) for the 
experimental data. These tend to be in general agreement with the predictions of 
the statistical nuclear fragmentation model although the poor statistics of  the 
experimental events prevents a more definite conclusion. 

3. Conclusion 

The second moment (ln $2) of the charge distribution in a single event of nuclear 
break-up, averaged over all events with the same largest fragment charge, shows 
close similarity to the equivalent quantity in bond percolation on a finite lattice 
of  similar size2°). Only the fluctuating nonaveraged In $2 shows important 
differences between statistical nuclear fragmentation and percolation. In both (see 
figs. 1 and 2) we find a curved mountain ridge that starts at large Zmt (or sm~) and 
In $2 = 0 with a negative slope then bends near In Zm,--3,  In $2 = 1 and continues 
towards the origin with a positive slope. We suggest that in the nuclear case the 
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region  at which  this b e n d i n g  occurs  is the  cri t ical  reg ion  o f  the l iqu id-gas  t rans i t ion  

in finite nuclei .  A d d i t i o n a l l y  there  is a s econd  p e a k  on a near ly  hor i zon ta l  m o u n t a i n  

r idge  in the nuc lea r  case which  is en t i re ly  due  to pseudo- f i s s ion  events  that  are 

to ta l ly  absen t  in pe rco la t ion .  This  add i t i ona l  r idge  is the f ingerpr int  o f  the long- range  

C o u l o m b  force  in the nuc l ea r  case. By carefu l ly  c o m p a r i n g  nuc l ea r  b r e a k - u p  with 

p e r c o l a t i o n  on finite lat t ices,  as has  been  sugges ted  in ref. 2o), it has  the re fore  been  

poss ib le  to ident i fy  the  l i q u i d - g a s  t r ans i t ion  in finite nuclei .  

The c o m p a r i s o n  with the  ava i lab le  expe r imen t a l  da t a  shows r e m a r k a b l e  s imi lar i ty  

be tween  it and  the p red i c t i ons  o f  m i c r o c a n o n i c a l  nuc lea r  f r agmen ta t i on  for  the 

t h r ee -body  cor re la t ions  involv ing  the largest  three  charges  espec ia l ly  in the  enhance-  

ment  o f  the  pseudo- f i s s ion  and ,  to a s o m e w h a t  lesser  extent ,  the c rack ing  events.  

This  aga in  emphas izes  the  role  o f  the C o u l o m b  force which  tends  to p r o d u c e  larger  

f ragments  in o r d e r  to r educe  the C o u l o m b  repu l s ion  energy be tween  the f ragmenta-  

t ion p roduc t s  whereas  pe r co l a t i on  tends  to p r o d u c e  smal le r  f ragments  for  the 

phys ica l ly  in teres t ing  ranges  o f  p. The ava i l ab i l i ty  o f  expe r imen ta l  da t a  with a much  

h igher  n u m b e r  o f  events w o u l d  be most  we lcome  in o rde r  to make  these  conc lus ions  

abou t  the na tu re  o f  the  b r e a k - u p  o f  hot  nuclei  more  definite.  

M a n y  in teres t ing  d i scuss ions  with X. C a m p i  are gra tefu l ly  a c k n o w l e d g e d  as well  

as his con t inuous  in teres t  in this  work  and  espec ia l ly  his he lp  in eva lua t ing  the 

expe r imen ta l  mater ia l .  One  o f  the au thors  (H.R.J . )  wou ld  l ike to t hank  the A l e x a n d e r  

von H u m b o l d t  F o u n d a t i o n  for  f inancial  suppo r t  and  the H a h n - M e i t n e r - I n s t i t u t  for  

its hospi ta l i ty .  G.P.  t hanks  the " S t a b s a b t e i l u n g  In t e rna t i ona l e  Beziehungen,  

Kar l s ruhe ,  G e r m a n y "  for  s u p p o r t  t h rough  the b i l a te ra l  c o o p e r a t i o n  B R D / H u n g a r y .  
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