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Abstract: The distributions of fragments produced by microcanonical multifragmentation of hot nuclei
are compared with the cluster distributions predicted by a bond percolation model on a finite lattice.
The conditional moments of these distributions are used together with the correlations between the
largest three fragments in each event. Whereas percolation and statistical nuclear fragmentation
agree in many details as in the usual plots of the averaged moments of the fragment distributions
which yield the critical exponents, they turn out to be essentially different when less averaged
quantities or correlations are considered. The differences between the predictions of the two models
are mainly due to the particularities of the nuclear problem, especially the effect of the long-range
Coulomb force which favours the break-up of the highly excited nucleus into two large fragments
(pseudo-fission) and, to a somewhat lesser extent, enhances the possibility for the cracking of the
nucleus into more than two large fragments. The fission events are, however, clearly separated from
a second branch of critical correlations which shows up clearly in both nuclear fragmentation and
percolation. We think that this critical correlation branch is due to the liquid-gas phase transition
in finite nuclei.

1. Introduction

The break-up of very hot nuclei is presently one of the most interesting areas of
research in nuclear physics. These highly excited pieces of nuclear matter can be
produced in medium and high energy heavy-ion collisions and in high-energy
proton-induced reactions. Such events are characterized, especially in the more
violent collisions, by the production of a large number of fragments which are
thought to result from the disassembly of the hot nuclei produced in the collision.
Several approaches have been utilized to study the disassembly of such hot nuclei:

(i) The statistical decay of equilibrated very hot nuclei which starts from the
statistical mechanical assumption that the phase space available to the hot nucleus
is populated uniformly. There have been several calculations along this line ') in
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a canonical as well as a microcanonical ensemble. However, by assuming equilibra-
tion, these models cannot provide any information about the dynamics of the
fragment formation process. The occurrence of a phase transition in these statistical
models has been observed and discussed by Gross and coworkers (see also ref. %))
and Bondorf and his coworkers (see also ref. °)).

(i) Various models of liquid-gas transitions that see the break-up of the hot
nucleus as a reflection of a liquid-gas transition near the critical temperature 7T, of
nuclear matter ®’). The occurrence of the liquid-gas transition in nuclear matter
and the associated phase instabilities that may be reflected in nuclear fragmentation
have been discussed by many authors *'*). Theoretical studies indicate that infinite
nuclear matter behaves like a Van der Waals gas with a critical temperature of
15-20 MeV [refs. ®'*)]. For temperatures T < T, an infinite cluster (liquid) coexists
with its vapor whereas above T, only small clusters and single particles can exist.
However, finite size and Coulomb effects may modify this transition drastically '*~'7).

(iii) Percolation models have also been wused to describe nuclear
fragmentation '*~*°). The picture of the nucleus in this approach is that of a single
connected cluster of nucleons. During the collision bonds between these nucleons
may be broken and the nucleons that remain bonded together in a finite nuclear
volume form clusters that correspond to the observed fragmentation products. The
problem is then analogous to that of bond percolation on a finite lattice where all
the lattice sites are occupied and the probability of having a bond between two
neighboring sites is denoted as p. If p is greater than a critical value p, it is found
that there is one big cluster that percolates through the whole lattice, while for p < p,
only small clusters can exist. This approach is interesting for several reasons. For
one, percolation is an especially simple model for phase transitions, depending only
on local geometry, so that deviations of the nuclear system from the percolation
predictions can be seen to reflect the importance of the long-range Coulomb force.
Moreover, percolation provides a useful method to study the fragment distributions
namely, to calculate the conditional moments of the fragment distribution for each
event. These moments have been used to investigate the percolation phase transition
and to elucidate the critical exponents that characterize its critical point. The
calculation of these moments allows for a comparison between the percolation
transition and any phase transition that may occur in hot nuclei. This is quite useful
since nuclei as a result of the Coulomb force are always finite so that there exists
no thermodynamic limit for the nuclear system and the nature of a phase transition
in such a system cannot be directly explored in contrast to percolation where the
transition towards the infinite system can be easily performed. Campi *°) has sug-
gested an interesting approach in this regard namely, to compare nuclear data with
results of percolation on finite lattices of a similar size. This method is expected to
deal, at least partially, with the problem of the finite size of nuclear systems.

Here it must be noted that the percolation model used in the present paper has
no isospin degrees of freedom since we are not interested in the isotopic distribution
of the fragments and since including such degrees of freedom may be an unwarranted
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complication of the percolation model for the purposes of the present work. It must
be mentioned though that the inclusion of such degrees of freedom in the percolation
model can and has been done ').

2. Calculations and results

The normalized kth moment of the fragment size distribution of a single event
is defined as *°)

S =Y m(s)s*/¥ m(s)s (1)
where m(s) is the multiplicity of the fragments of size s and the summation runs
over all fragments except the heaviest one s,,, which is considered to be the equivalent
of the infinite percolation cluster that exists for infinite systems above the percolation
threshold. These moments are to be calculated for each event separately. Campi ***?)
has compared plots of averaged moment distributions for percolation on cubic 6°
and 5° lattices with similar plots for the charge moment distributions of fragments
of 367 experimental events obtained from the break-up of high-energy gold nuclei
(Z =179) impinging on emulsion **). This data is inclusive data since no attention
is given to the amount of energy deposited in the gold nucleus. He tried to elucidate
from these moment distributions the critical exponents of the phase transitions that
occur in these systems and came to the conclusion that the nuclei break up like
finite systems that show a phase transition in the thermodynamic limit but was not
able to determine the nature of the phase transition for the nuclear case although
the critical exponents obtained were close to those that occur in liquid-gas and
percolation phase transitions. Better data with much more statistics is however
needed for a definite classification of the phase transition.

We have calculated the distributions of the averaged moments also within the
statistical model of microcanonical nuclear fragmentation. There is a remarkable
similarity in the various correlations for the averaged moments between percolation
and nuclear fragmentation as has already been observed in earlier calculations ****).
Certainly this indicates a high degree of similarity in the critical behaviour of both
systems. However, if one is interested in the effects of the different natures of the
forces in the two models (local order between nearest neighbours as opposed to
long-range Coulomb forces) then the details of the distributions of these moments
provide the answer as they contain a wealth of information especially if these
moments are not averaged in any way. In the absence of experimental data with
sufficient statistics the present work is mainly devoted to comparing the event
moment distributions for percolation and for microcanonical nuclear frag-
mentation ?).

Fig. 1 is a log-log plot of the largest fragment charge Z,,, in each event versus
the corresponding second moment S, of the event for the fragment charge distribu-
tions of gold nuclei obtained in a microcanonical Metropolis sampling calculation
that includes sequential proton evaporation **) and has an excitation energy distribu-
tion that simulates experimental proton-nucleus data **). Fig. 2 is a similar plot of
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the largest fragment s,,, versus S, for percolation on a cubic 4° lattice. The sizes of
the two systems are slightly different (64 percolation sites as compared to Z =79
for gold nuclei) and this accounts for some of the differences between the two plots
like the largest value for Z,,, (or s,,,). Both plots have similar features namely, they
consist of two branches: the upper branch with high values for Z,, (or s,,,)
corresponds, in the nuclear case, to T < T, and, in the percolation case, to p> p.;
while the lower branch corresponds to T > T, and p < p., respectively. The different
colors used in these and the following figures reflect the division of the various
events into 4 different types depending on the number n of fragments in the event
with charge (or size) greater than or equal to a certain threshold value, Zth (or sth)
here taken to be 5. Each event is classified a pseudo-evaporation, a pseudo-fission,
a cracking or a vaporization event if n=1, n=2, n>2 or n =0, respectively *°).

There is a difference, however, in the details of the structure of the moment
distributions predicted by percolation and microcanonical nuclear multifragmenta-
tion as can be seen by examining figs. 1 and 2. In particular in the nuclear case
there is an additional concentration of events that are marked by large values for
both Z,,, and S,. These are pseudo-fission events in which two large fragments are
produced as can be seen from the colored plots and they reflect a specific feature
of the nuclear case namely, the existence of the long-range Coulomb force whereas
percolation is governed by local geometrical properties.

It must be stressed that these fission events are not cold-fission events since the
energy deposited in the nucleus in such events is at least 200 MeV and can be as
high as 800 MeV. This is also verified by considering the charged-fragment multi-
plicity which is found for the events with lowest energy to be 6.1 on the average
(in addition to 4.6 neutrons) and increases to 21.2 charged fragments (and 14.1
neutrons) for an excitation energy of 800 MeV. If these fission events are excluded
from fig. 1 then the upper and lower branches in nuclear fragmentation are very
similar to the corresponding branches in percolation indicating that these branches
represent the respective phase transitions (the liquid-gas transition in the nuclear
case versus the percolation phase transition). It is from the slopes of these branches
that the critical exponents of the phase transitions must be evaluated. Averaging
over events with the same value of Z,,, as has been done in refs. °***) would mix
the fission events with the upper-branch events.

Furthermore the details of the upper and lower branches seem to be different in
figs. 1 and 2 with the peaks occuring at different places and the percolation lower
branch extending all the way down to the origin. This difference is, however, not
very serious and is mainly due to the uniform probability distribution used in the
percolation calculations. To test how much the results depend on the probability
distribution, we have carried out several percolation calculations with various
differently-weighted probability distributions and found that, whereas the details
of the two branches depend on the distribution being used and can be made to look
more similar to the corresponding branches in the nuclear case, their slopes, which
yield the critical exponents, are always independent of the distribution.
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In fig. 3 the logarithm of the product of the two largest charges is plotted versus
the logarithm of the corresponding second moment S5, which is obtained by
excluding the largest two charges from the summations in
eq. (1). Fig. 4 is a similar plot for the heaviest two fragments in percolation. An
interesting feature of such a plot is that the fission events are cleanly separated from
the other types of events. It is clear that the fission peak that appears prominently
in the nuclear case is completely absent in the percolation case. The separation of
the events into four types depends on the threshold charge (or size) used and the
appearance of well-separated peaks for fission and evaporation in fig. 3 indicates
that this separation is more or less independent of the threshold size. The situation
is different however for the lower ridge (which is the equivalent of the lower branch
in figs. 1 and 2) where a gradual transition from one type to another indicates a
certain sensitivity to the threshold size used. For a threshold size of 12 the lower
ridge consists almost entirely of vaporization events.

The differences between the predictions of percolation and nuclear multifrag-
mentation also appear in a triangular plot of the correlations between the largest
three fragments in each event. These are shown in figs. 5 and 6 where only events
with at least one fragment with charge (size) greater than or equal to the threshold
value Z,,, (or s,,) are included, that is vaporization events are excluded. In the upper
corner of the triangle there is a concentration of evaporation events in which the
largest fragment is much larger than the two next largest fragments while in the
lower righthand corner there is a clustering of cracking events in which the three
fragments are all of comparable size and all greater than Z,, (or s,) together with
pseudo-fission and pseudo-evaporation events in which the three largest fragments
are close to the threshold value. In the right-angled corner one finds the fission
events in which the largest two fragments are of comparable size and much larger
than the third one Z,; (or s,,;). The hypotenuse of the triangle corresponds to
events in which the second and third fragments are equal.

For the evaporation events both models seem to give almost similar distributions
although a careful examination of the details of the evaporation peak in the upper
corner shows some noticeable differences. Moreover, percolation appears to produce
much less cracking events than the nuclear multifragmentation model, as can be
seen by examining the lower right-hand corner, and the fission peak is completely
absent in percolation.

It is also of interest to compare these triangular plots with a similar plot, fig. 7,
for the available experimental data ***’). Keeping in mind the difference in statistics,
only 367 experimental events as compared with several million events for the
theoretically-generated plots, it is nevertheless obvious that the experimental points
have a much better correlation with the nuclear multifragmentation model than with
percolation. In particular percolation predicts very few events in a wide area around
the right-angled corner of the triangle which is contradicted by both the data and
the results of the nuclear multifragmentation model as can be seen by comparing
figs. 5 and 7, where a close similarity exists between the two plots in this particular
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Fig. 1. The logarithm of the largest fragment charge Z,,, produced per event as a function of the logarithm
of the corresponding second moment S, for the microcanonical multifragmentation of hot '*’Au nuclei.
The plot represents 107 such events and the size of the character plotted at each point is proportional
to the number of events belonging to that point. To enhance the details of the plot, the intensity maximum
which occurs at the upper most left point of the plot has been suppressed by a factor of 32. The different
colours reflect the division of the events into four types as explained in the text, with black, red, green,
and blue representing pseudo-evaporation, pseudo-fission, cracking and vaporization events, respectively.

Fig. 2. The same as fig. 1 but for 2 million events of bond percolation on a cubic 4° lattice with uniformly
distributed values of the bond probability 0 < p <1. Here s,,, is the largest percolation cluster per event.
Because percolation for high values of p tends to produce single clusters that span the whole lattice,
only about 1.4 million events are actually included since at least two clusters must be produced in an
event in order to generate a point in this plot. This situation does not arise in the nuclear case (fig. 1).
To enhance the details of the plot the intensity maximum which occurs at the uppermost left point of
the plot has been suppressed by a factor of 64. Otherwise the intensities and colours have the same
meaning as in fig. 1.

Fig. 3. The logarithm of the product of the largest two fragment charges Z,,,Z,,, produced per event
as a function of the logarithm of the corresponding second moment S’ of the event for the microcanonical
multifragmentation of hot '7Au nuclei. The plot represents the same events as in fig. 1. The intensity
maximum has been suppressed by a factor of 16. Otherwise the intensities and colours have the same

meaning as in fig. 1.

Fig. 4. The logarithm of the product of the largest two fragments s,,, s,,,, produced per event as a function

of the logarithm of the corresponding second moment S% of the event for percolation events on a cubic

4? lattice with uniformly distributed values 0 < p < 1. The events used to generate this plot are the same

as those that are used in fig. 2 but, since at least three fragments must be produced in each event used

for this plot, only about 1.2 million events are actually plotted. The intensity maximum has been suppressed
by a factor of 32. Otherwise the intensities and colours have the same meaning as in fig. 1.

Fig. 5. Triangular plot of the correlations of the largest three fragment charges in each event in the

microcanonical multifragmentation of a hot '°” Au nucleus. The difference between the largest two charges

is plotted versus the third charge. Each charge is normalized by dividing it by the sum of the three

charges in the event Z.=Z2,,,+ Z,,,+ Z,,5. The plot represents the same events as in figs. 1 and 2 but

the vaporization events have been excluded. The intensity maximum has been suppressed by a factor of
16. Otherwise the intensities and colours have the same meaning as in fig. 1.

Fig. 6. Triangular plot of the correlations of the largest three fragments in each event for percolation

on a cubic 4° lattice with uniformly distributed values 0< p < 1. The events used to generate this plot

are the same as those that are used in Figures 2 and 4 but the vaporization events have been excluded.

The difference between the largest two fragments is plotted versus the third fragment. Each fragment is

normalized by dividing it by the sum of the three fragments in the event s; = s,,, +5,,, + 5,,,3 . The intensity

maximum has been suppressed by a factor of 16. Otherwise the intensities and colours have the same
meaning as in fig. 1.
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Fig.7. Experimental data for the correlations between the three largest fragment charges from high-energy
proton-induced break-up of *’Au nuclei, plotted in the same way as in figs. 5 and 6.

corner. Moreover, a careful examination of the evaporation peak shows that even
its details are similar in these two figures and different from those predicted by
percolation, see fig. 6. In addition to the triangular plots, it is also possible to make
other types of plots (In Z,, versus In S, and In(Z,,Z,,) versus In S}) for the
experimental data. These tend to be in general agreement with the predictions of
the statistical nuclear fragmentation model although the poor statistics of the
experimental events prevents a more definite conclusion.

3. Conclusion

The second moment {In S,) of the charge distribution in a single event of nuclear
break-up, averaged over all events with the same largest fragment charge, shows
close similarity to the equivalent quantity in bond percolation on a finite lattice
of similar size 2°). Only the fluctuating nonaveraged InS, shows important
differences between statistical nuclear fragmentation and percolation. In both (see
figs. 1 and 2) we find a curved mountain ridge that starts at large Z,,; {or s,,,) and
In S, =0 with a negative slope then bends near In Z,,,=3, In §,=1 and continues
towards the origin with a positive slope. We suggest that in the nuclear case the
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region at which this bending occurs is the critical region of the liquid-gas transition
in finite nuclei. Additionally there is a second peak on a nearly horizontal mountain
ridge in the nuclear case which is entirely due to pseudo-fission events that are
totally absent in percolation. This additional ridge is the fingerprint of the long-range
Coulomb force in the nuclear case. By carefully comparing nuclear break-up with
percolation on finite lattices, as has been suggested in ref. *°), it has therefore been
possible to identify the liquid-gas transition in finite nuclei.

The comparison with the available experimental data shows remarkable similarity
between it and the predictions of microcanonical nuclear fragmentation for the
three-body correlations involving the largest three charges especially in the enhance-
ment of the pseudo-fission and, to a somewhat lesser extent, the cracking events.
This again emphasizes the role of the Coulomb force which tends to produce larger
fragments in order to reduce the Coulomb repulsion energy between the fragmenta-
tion products whereas percolation tends to produce smaller fragments for the
physically interesting ranges of p. The availability of experimental data with a much
higher number of events would be most welcome in order to make these conclusions
about the nature of the break-up of hot nuclei more definite.
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